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MAXIMAL INEQUALITIES AND SPACE-TIME REGULARITY
OF STOCHASTIC CONVOLUTIONS
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Abstract. Space-time regularity of stochastic convolution integrals
J= / S(- = ) Z(r) dW (r)
0

driven by a cylindrical Wiener process W in an L2-space on a bounded domain is investi-
gated. The semigroup S is supposed to be given by the Green function of a 2m-th order
parabolic boundary value problem, and Z is a multiplication operator. Under fairly general
assumptions, J is proved to be Holder continuous in time and space. The method yields
maximal inequalities for stochastic convolutions in the space of continuous functions as well.
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differential equations
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0. INTRODUCTION
Let us consider an abstract stochastic semilinear parabolic equation
(0.1) dX = AX dt+ f(¢t, X)dt + o(t, X) dW, X(0)=¢

in a Hilbert space H, A: Dom(A) — H being an infinitesimal generator of an
analytic Cp-semigroup S(¢) on H and W an infinite-dimensional Wiener process in
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H. Investigating regularity (or even only sample paths continuity) of mild solutions
of (0.1), which are given by the variation of constants formula

(0.2) X(@)=S@{t)(+ /0 St —s)f(s,X(s))ds+ /0 S(t—s)o(s, X(s))dW (s),

one faces the fact that it is the third term on the right hand side of (0.2) that causes
the most serious problems. It turns out that a thorough understanding of properties
of the stochastic convolution

W(t):/o S(t— s)(s)dW(s),  t>0

for an operator-valued process v is indispensable when dealing with the equation
(0.1). If the Wiener process W has a nuclear covariance operator then a general pro-
cedure (the so called factorization method), proposed by G. Da Prato, S. Kwapien
and J. Zabczyk, is available, see the paper [2] for the additive noise case, i.e. ) = I
(the identity operator), and [4] or [6], Chapter 7.1, for the general case of an L(H)-
valued process 1), where L(H) denotes the space of all bounded linear operators in
H. Using this method it is straightforward to show that, under weak restrictions on
1, the process ¥ has Holder continuous sample paths in the real interpolation space
(H,Dom(A))a,2 for any a < %, see [11], [21]. In applications to parabolic problems,
H = L?(D) for a domain D C R?, and A is given by a 2m-th order elliptic differ-
ential operator in D. Then (H,Dom(A)), 2 is a subspace of the Slobodeckil space
W?2me:2(D) and the Sobolev embedding theorem yields that ¥ is Hélder continuous
in both the time and space variables provided 2m > d.

Unfortunately, the situation is much more complicated if W is a standard cylin-
drical Wiener process (that is, with the covariance operator I). Even in the simple
case H = L*(]0,1[), ¢ = I and A = A (the second derivative operator) with homoge-
neous Dirichlet boundary data it can be shown that ¥(t) € W?2*2(]0, 1[) if and only
if @ < 1 (see [13], Example 3.1, cf. also [20] for a different proof), but W2*2(]0, 1])
embeds into €([0,1]) only if & > 1. On the other hand, Hélder continuity of the
random field ¥ was established for many particular choices of the operator A and/or
the process 1, see e.g. [7], [26], [16], [3], [9], [10], [14], [1]. Except for the paper [3],
where a functional analytic proof (that seems to apply only in the additive noise
case) was proposed, all other proofs we know are based on the Kolmogorov test for
sample paths continuity. A new version of this argument was used also in [5] (cf. [6],
Chapter 5.5) and developed further in [18] to cover stochastic convolutions of the
form

(0.3) J(t) = /0 t S(t—$)Z(s)dW(s), t=0



in L2(]0,1[), where A = A and Z(s), s > 0, are now generally unbounded multi-
plication operators in L2(]0,1[). Let us recall that multiplication operator valued
processes appear if the diffusion coefficient o in (0.1) is a superposition operator,
which is the most common case.

In the present paper, we aim at establishing the space-time Hoélder continuity of
the random field J defined by (0.3) if A is a general 2m-th order elliptic differen-
tial operator in a bounded domain & C R?. We assume that 2m > d as otherwise
the operators S(t), t > 0, are not Hilbert-Schmidt and the process J need not be
well-defined in L?(&) (see Theorem 2.1 below for a precise statement). We show
that J(t,-) € WP(0) for certain s > 0 and p € |2, oo[ with p sufficiently large for
the embedding theorem to imply Hélder continuity (see Theorem 2.2). Moreover,
under stronger assumptions, the same method yields the differentiability of J(¢,-)
and makes it possible to describe the behaviour of J(,-) on the boundary ¢ (The-
orem 2.3). Finally, we establish Holder continuity of J in time (Theorem 2.4); as a
consequence, a maximal inequality for stochastic convolutions in the space of con-
tinuous functions follows. This result seems to be new even in the case d = m =1,
0 =10,1], Z = 1, where we obtain

it p
/ S(t—s)dW(s) < const. T1727¢
0 %([0,1])

E sup
0<t<T

foranyp>8and5€]0,§—2[.

Our results are closely related to those obtained by P. Kotelenez in [14]. He consid-
ered more general pseudo-differential operators in not necessarily bounded domains;
on the other hand, the results of [14] apply only to stochastic convolutions with an
L*°-valued process Z, and no maximal inequalities are established there. The case
of unbounded multiplication operators Z may be of some importance in investigat-
ing stochastic parabolic equations, cf. the paper [18] for some applications of this
kind. Furthermore, we believe our proofs to be more straightforward and lucid. In
particular, we avoid the use of the Kolmogorov test, but instead we rely directly on
the Sobolev embedding theorem, as was first proposed in [12] (cf. also the proof of
Theorem 3.4 in [6]).

The paper is organized as follows. In the first section we introduce some notation
and recall a few facts about Sobolev-Slobodeckii spaces, Green functions and infinite-
dimensional It6 integrals, whilst in Section 2 the main results are stated. In Section
3, some useful estimates of the Green functions are derived, and Section 4 provides
proofs of our theorems.



1. NOTATION AND PRELIMINARIES

In this section we will introduce some notation and quote some results that are
frequently used in what follows.

First, Ay will stand for Lebesgue measure on RY. Let @ C RY be an open
bounded set, let s = k + A for some & € N and A € ]0,1[. By °(Q) we denote
the space of all functions on @) having k-th order derivatives which are A\-Holder

continuous on Q. The space €°(Q) is equipped with the norm

|DYu(x) — D u(y)|
lz —y|*

ulgs @) = Z sup |[D"u(z)| + Z sup

lv|<k TEQ vi=k THEQ
The L%(Q)-spaces, 1 < ¢ < oo, are defined in the standard way, let us denote by
L(LY(Q), LP(Q)) the space of all bounded linear operators from L4(Q) into LP(Q).
The Hilbert-Schmidt norm of an operator Y € L(L*(Q)) is denoted by [|Y]|us)-
If s € N and ¢ € [1,00[ then W#9(Q) stands for the standard Sobolev space. If
s=k+ X keN, X\e]0,1[ then by W=59(Q) we denote the Sobolev-Slobodeckif
space (see e.g. [15], §8.3). Namely, W*4(Q) is the space of all u € W*4(Q) such
that

_ | D u(x) — D u(y)|* Va
[ulwe.aQ) = (|u|%vk,q(Q) + Z /Q/Q o — g dz dy < 0.
v|=k

For further references we recall the Sobolev embedding theorem (see e.g. [25], The-
orem 4.6.1).

Theorem 1.1. Let Q C RY be a bounded domain with a Lipschitz boundary.
Let s € 10,00[, ¢ € |]1,00[ and A € [0,00[. Then W*9(Q) — ¥*(Q) provided
s> X+ N/q.

Throughout the paper & C R? will be a fixed bounded domain, and

o =o(x,D)= Y ax)D’, z€0,

v|<2m

a fixed 2m-th order elliptic differential operator. Let {B;; j =1,...,m} be a system
of boundary operators,

Bj=Bj(x, D)= Y by(x)D", j=1,..,m, x€dO.

|v|<r;
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We assume:

(i) 00 is of the class €24 for a A > 0.
(ii) The coefficients {a,} are Holder continuous functions on &.
(iii) .« is uniformly elliptic on &; that is, there exists a § > 0 such that

(D)™ > ay(@)¢” < =d¢P™ forallz € O and £ € RY.

[v|=2m

(iv) One has 0 < 7; < 2m — 1 and {b;,} CE€*™ " T1(d0) for an n > 0.

(v) The system {B;} fulfils uniformly the complementarity condition on 9& (see
[22], §1, for the definition).

We will employ many times the following results (see [8], Theorem 1.1, cf. also [23],
Theorem 2): Under the above assumptions, there exists a Green function G for the
system {7, B1,...,Bp}. Thatis, G: ]0,00[x & x & — R is a continuous function,
continuously differentiable with respect to the first variable, and has continuous

derivatives of orders less than or equal to 2m with respect to the second variable.
Further, G fulfils

(5i-)6tm=0 mlxixo,

(1.1)
BjG(,,-y) =0 on]0,00[ x 00

for any y € 0, and

Jim [ GLayfW)dy=[@). ac0. [eBD).
7

Moreover, G satisfies heat kernel type estimates:

Theorem 1.2. For every T > 0 there exist constants C,c > 0 such that

2m/(2m1)>

for allt €)0,T], z,y € O, and for any multi-index v, |v| < 2m.

Ty
£1/(2m)

DY G(t, , )] < Ot~ @D/ @) ey (

Here and in the sequel, DYG refers to the partial derivatives of the function z —
G(t,z,y).
Let g € ]1, 0o[, define

Dom(A4,) = {u e W*™4(0); Bju=0on 90 for j =1,...,m},
Aqu = &u for ue Dom(A4,).
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Then A, is an infinitesimal generator of a Cy-semigroup S, on L(0) (see e.g. [24],
Theorem 3.8.2), and

(12)  S,(ulx) = /ﬁ Gtayuly)dy,  telo,oof, ze0, ueLi(0).

The formula (1.2) defines a Cyp-semigroup S; on L'(&) as well, note that S,(t) =
Sp(t) on L1(O) for all ¢ > p, so we will omit the subscript with no danger of confusion.
Moreover, (1.2) together with Theorem 1.2 yield that the operators S(t), t > 0, map
the space L(0) into L>°(0).

Let (2, #,(%#)i>0, P) be a filtered probability space. Let W(t) be a cylindrical
Wiener process on L?(€). That is, W (t) € L(L*(0), L*(£2)), E(W (t)(h)W (t)(g)) =
t{h,g) for any t > 0, h,g € L*(0), and (W (t)(h)):>0 is a real valued (.%,;)-adapted
Wiener process with covariance \h|i2( o). Let us fix an orthonormal basis {ex}72,
in L?(0) and set Wi(t) = W(t)(er). Then {W}} is a sequence of independent
real valued (%;)-adapted Wiener processes and formally W (t) = > Wy(t)er. This
series does not converge in L2(&) but converges almost surely in any Hilbert space
containing L?(&) with a Hilbert-Schmidt embedding.

If &: 2 % [0,T] — L(L?*(0)) is an (%;)-adapted measurable stochastic process

satisfying
T
P{ | el at < oo} —1

then the stochastic It6 integral

/0 g(s)dW(s),  te(0,T),

is a well-defined L?(&)-valued process, and
¢ Y
/ &(s)dW (s) = Z/ £(s)ep dWi(s)  in L%(0),
0 i Jo

where the series converges in probability. We refer the reader to the books [17], §15
and §16, and [6], Chapter 4.3, for a systematic exposition of stochastic integration
with respect to a cylindrical Wiener process.

From now on, we take a fixed T' > 0. Let 6 € [1,00][, 7 € [1,00] and ¢ € [1, o¢]. By
Ps.r.q we denote the space of all measurable (%;)-adapted L7(&)-valued stochastic
processes Z = (Z(t),0 < t < T') such that

T 5/rq1/8
{E(/ |Z(5)|2q(ﬁ)ds> } < o0 if r < o0,
0
12115, = 1/6
{E ess sup |Z(s)|‘zq(0)} < oo if r = o0.
0<s<T
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We say that Z € Py, 4 if Z is a measurable (#;)-adapted L9(€)-valued stochastic

process fulfilling
T
P{/ 1Z(8)La(gyds < oo} =1.
0

Any function g € LY(0), q € [2, 00|, may be viewed as a multiplication operator
g: L2(0) — L*Y@D(6),  ur— gu.
Note that the Holder inequality implies

(1.3) 19l L(22(6), 120/ 042 (6)) < |9]La(0)-
(Here we set 200/(00 + 2) = 2.) Consequently, if Z € ;5 then
s— S(t—8)Z(s), s €10,t],

is an L(L?(0))-valued process for each t € [0,7] due to (1.3) and (1.2).

Finally, throughout the paper we adopt the convention that, for any number ¢ €
[2, 0], g stands for the dual index to ¢/2. That is,q = ¢/(¢—2) and 30 = 1. Moreover,
we set ¢’ = 2g. Occasionally, we will denote p = 1/(2m), thus 2m/(2m — 1) =
1/(1 — ). Let k > 0 be an integer and let 2m > d + 2k, we define

24 d 1) & 2
G(k):ma ﬁ(q’k)_ﬁ(1?)+ﬁ’ V(Q’k):T(q,k)’

0=000), Blg)=050), () =(q0).

Bla, k) = 2= (1+2> Lk
q m

Note that

2m
moreover, 3(q, k) € ]0, 1] provided g > 0(k).

2. MAIN RESULTS

In the first theorem, we present a sufficient condition for the stochastic convolution
integral to be an L2(&)-valued stochastic process.

Theorem 2.1. Assume that 2m > d and suppose that Z € £ ,» for an

r E}zﬁl”zd,oo] Then

t
/0 IS(t — s)Z(s) H%HS) ds < oo P-almost surely
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for all t € [0,T]. Consequently, the stochastic convolution
t
JZ(0) :/ S(t—8)Z(s)dW(s),  tel0,1],
0

is a well-defined L?(&)-valued stochastic process. Moreover, there exists a constant
K = K(m,d,r,T) < co such that

2
sup E|JZW)|,, .. < K||Z
P, T2, (@) Il

”5,7',2

for any 7Z € P, 2.

Therefore, under the assumptions of Theorem 2.1 we can define the random field
t
T7(t,2) = (/ S(t— 5)2(s) dW(s)> (2), O0<t<T, zco.
0

A priori, JZ(t,-) is defined only as an element of L2(&), this means \4-almost ev-
erywhere. Our next theorem shows that, in fact, the space regularity of JZ is much
better. Prior to stating the result let us note that, obviously, » > 4m/(2m — d) if
q >0 and r > v(q).

Theorem 2.2. Assume that 2m > d, q € |0,00], 7 € |y(q),00] and § € [2,00].

Set
b:m(l—ﬁ(q)F)/\1:<m(r—2) d d)/\l.

F

Then for each s € ]0, b there exists a constant L = L(q,r,6,s) < oo such that

1) sup BTt )y < LN

for every Z € Ps,,.4. Hence J%(t,-) € W*°(0) P-almost surely, and if § > d /b then
J%(t,-) € €*(0) P-almost surely for each \ € [0,b— d/§].

As a simple consequence of the theorem we have

Corollary 2.1. (i) If2m—d=1and Z € ()| Psrq for a certain 6 > 2d then
r,q>2

J%(t,-) € €2(0) for A € [0,1/2—d/5] and t € [0, T).
(i) If2m —d > 1 and Z € (| Ps,q for a certain § > d then JZ(t,-) € €*(0)

T,q>2

for A € [0,1—d/é[ and t € [0,T].
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As usual in analogous situations, a local uniqueness argument makes it possible
to weaken the integrability assumptions upon the process Z.

Corollary 2.2. Assume that 2m > d, let q € |0, 0], r € ]v(q), ], and suppose
that Z € Py, 4. Then for any t € [0,T] and X\ € [0,b[ one has J%(t,-) € €*(0)
P-almost surely.

Varying the proof of Theorem 2.2 we can investigate—under strengthened
hypotheses—higher smoothness of the function J#(¢,-), namely, we will prove the

following assertion.

Theorem 2.3. Assume that 2m > d+ 2k for an integer k > 0. Let q € 10(k), o0},
r € |v(q, k),00] and § € [2,00[. Set

Then for each s € |0, b(k)[ there exists a constant L = L(q,r,6, s) < 0o such that

sup E|D"JZ(t,)|}ye(0) < LIZ|
0<t<T

)
d,mq

for all processes Z € Ps,, and any multi-index v, |v| < k. Hence J%(t,-) €
Wkts9(g) P-almost surely, and if § > d/b(k) then JZ(t,-) € €*+*(6) P-almost
surely for each A € [0,b(k) — d/d][.

Note that Theorem 2.2 is a particular case of Theorem 2.3, but we have treated
the case k = 0 separately because of its special importance. As a consequence
of the preceding theorem we can show that the stochastic convolution satisfies (in
the classical sense) some of the boundary conditions that are fulfilled by the Green
function G. Recall that Bs,..., B,, are boundary operators of orders r1,...,7m,
respectively, and B;G(-,-,y) =0 on]0,7] x 90 for any y € 0.

Corollary 2.3. Assume that 2m > d+2k for an integer k > 0. Let q € |0(k), oc],
r € ]v(g, k), 0], § € 1b(k), 0], and Z € Ps, 4. Then

B;J%(t 0 P-almost surely

")|60:
for any t €10,T) and j € {1,...,m} such that r; < k.

Our last theorem deals with the space-time regularity of JZ. It is worth noticing
that JZ is less regular in time than in the space variables.
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Theorem 2.4. Assume that 2m > d, g € 16, 00], 7 € |y(q),00] and § € [2, 00].
Then for each s € |0, (1 — 5(¢)T)/(2F)| there exists a constant M = M (q,r,0,s) < 00
such that

(2.2) E|JZ (- )ives go.rixe) < MIIZ]

5
d,r.q

for every 7 € Ps,q. Consequently, JZ(-,-) € W*°(]0,T[x &) P-almost surely.
Moreover, if

2r(d+1)

then J7(-,) € €*([0,T] x 6) P-almost surely for each \ satisfying

1-Blgr d+1

(2.4) 0 o 5

N

A<

After simple calculations we obtain

Corollary 2.4. If2m >d and Z € (| Psrq for a certain § > % then
r,q>2

JZ(-,-) € €2([0,T] x O) for any X satisfying

The estimate (2.2) can be viewed as a maximal inequality for stochastic convolu-
tions. We state this result explicitly since maximal inequalities are very useful.

Corollary 2.5. Let the assumptions of Theorem 2.4 be satisfied and let (2.3)
hold. Then for any X fulfilling (2.4) and any « fulfilling

0<n<5(1_6(q)F—d+1—)\)

2r )

there exists a constant M < oo such that

3
_ < MTH)Z|3,.,
©\(@)

E sup
0<t<T

/0 S(t—s)Z(s)dW (s)

whenever Z € Ps 4.

The proofs of the above theorems are postponed to the final section.
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Remark. Tracing the proofs one can see easily that the particular form of the
operators o/ and {B;} has never been used, only the fact that the semigroup S(t) is
given by a kernel G satisfying the estimates of Theorem 1.2 is relevant. So we can
treat the case of a (parabolic) system of operators with coefficients dependent on time
as well, as just such systems are investigated in the papers [8], [23] we have relied on.
We have contented ourselves, however, with the simplest case of a single operator
having time independent coefficients not to obscure the basic idea. Moreover, all
proofs virtually remain valid for a (cylindrical) Wiener process with an arbitrary
covariance operator; we have chosen the standard cylindrical Wiener process with
the covariance operator [ as it is, in a sense, the worst possible case. On the other
hand, the adopted method does not take into account the possible regularizing effect
of nuclearity of the covariance operator.

3. AUXILIARY ESTIMATES

Let & > 0 be a fixed integer, everywhere in this section we assume that 2m > d+2k
and ¢ € [2,00]. Generic constants independent of z,¢ are denoted by C; in each
proof independently. Recall that 6(k), 5(q, k) and v(q, k) are defined at the end of
Section 1.

Lemma 3.1. For all q € ]0(k), 0] and p € [1,3(q, k)~![ there exists a constant
L, = Ly(q,p) < oo such that

t
/0 |D"G(s, x, ')|2L€’(0) ds < Lyt Plakp

for allt € [0,T], x € O, and any multi-index v with |v| < k.

Proof. Let ¢ < oo (that is, ¢ > 2). By Theorem 1.2 we have

t t , 2p/q’
[ 10rGtsa gyas= [ [ 16 an) T as
0 “(0) 0o \Jo
r—y

t 1/(1—p) 2p/q
< C’l/ s~ (dFlvhp/m (/ exp [ —cq’ dy) ds
0 o st

¢ 1/(1-p) 2p/d
<Oy [ s ldHRp/m exp | —cq' ﬂ’ dy ds
0 Rd SH

¢ , 2p/q’
< Cz/ g~ (d+k)p/mtdp/(mq’) [/ exp (—cq/|z|1/(17“)> dz} ds
0 R4

t
< 03/ sP@kP gy = 1, 11-Bak)p,
0
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The case ¢’ = co can be treated similarly. (|

Corollary 3.1. Let g € ]0(k), 0] and r € ]y(q, k), o0]. Then we have

t
v 2 —\1/7,1/F—
A |D G(t - 5T, )g(S) |L2(ﬁ) ds < Ll(qa T)l/ tl/ Alak) ‘gﬁﬁ([o,T];Lq(ﬁ))

forallt € [0,T], z € O, g € L"(|0,T]; LY0)), and any multi-index v, [v| < k.

Proof. Notethat 7 € [1,3(q, k)" '[if r > (g, k). Applying the Holder inequal-
ity we obtain

t
/ / DY Gt — 5,2, y)g(s, y)|* dy ds
0 72
t
é/o |9(3)|%q(0)|DVG(t*5=$a')|iq’(ﬁ)d3

2 v 2
< 9lzrqo,rza(op PG 2 ) Lo 0,000 (0

and Lemma 3.1 yields the desired conclusion. O

Lemma 3.2. Assume that q € |0(k), ], p € [1,8(q, k)| and a €]0,2m(1 —
B(q, k)p) A 2p[. Then there exists a constant Ly = La(q, p, ) such that

t
/ |D"G(s,x1,-) — D"G(s, w2, -)\ii,(ﬁ) ds < Lgtlfﬁ(q’k)pfa/(zm”xl — xq|*
0

for all x1,x9 € O, t € [0,T], and any multi-index v, |v| < k.

Proof. Notethat k+1 < 2m, thus by Theorem 1.2 and the mean value theorem

we have

1
DYG(s,21,y) — D'Gls,22,)| = / DaD¥G(s,1 + (s — 21), ) (w3 — 1) dr
(0]

1/(1—p)
> dr

x1+T7(E2 —21) — Y
SH

1
< Chlzy — 2] / s~ (dHvI+Dm exp(—c
0

< 0287(d+k+1)”|332 — x1],
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where D, stands for the Fréchet derivative with respect to the variable x. Take an
a €10,2m(1 — B(q, k)p) A 2p[ and set ¢ = a/(2p). Then g € ]0,1[ and

‘DVG(S,QE27y) 7DVG(871.17y)|
= [DYG(s,22,y) — D'G(s,71,9)|? |[D"G(s,22,y) — D" G (s, 21,9)['~°

< Oy — 2|2~ TV DV G s, 22, y)' ¢ + [DYG(s,21,y)] ¢}

)+

r1T —Y
sH

T2 —Y

1/(1=p)
SH ’

< Cslzy — J;1|Qs_(d+k+9)”{ exp (c(g -1)

1/(1=p)

)}

+ exp (c(g -1)

Assuming for simplicity that ¢ > 2 we obtain
! 2
| 1D Gl = DGl ) ) s

t 1/(1-n) /e
< Cylas — J:1|2p9/ s~ (d+k+op/m [/d exp <cq'(g -1 L%‘ ) dy} ds
0 R s

t
< C5|:E2 —_ a?1|°‘/ S*B(Q:k)l)*gp/m dS,
0

and it remains to observe that 5(q, k)p + a/(2m) < 1 due to the choice of . O

Corollary 3.2. Let q € |0(k), 0], r € ]v(q, k), 0], and o €]0,2m(1 — (g, k)T) A
27[. Then we have
‘ 2
/0 [D"G(t - .21, — D' Gt = 5,2, )](s) 22 ) ds
< Lo(q, 7, ) /T A @R el Gmn) g $2|Q/F|g|ir([0,T};LQ(

0))

for all z1,29 € O, t € [0,T], g € L"([0,T]; L4(0)), and any multi-index v with
lv] < k.

Lemma 3.3. Let q € ]0,00] and p € [1,3(q)![. Then there exists a constant
L3 = L3(q,p) < oo such that

h
/ |G(5,I)|i{;,(ﬁ) ds < Lghlfﬁ(Q)p
0

for all z € 0 and h € [0,T].
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Proof. From Theorem 1.2 we obtain easily

h h
/ |G(S,$7')‘i€,(ﬁ) dS < Cl/ 376(Q)p dS,
v 0

and the desired estimate follows. O

Corollary 3.3. Let g € ]0,¢], r € |7(q),00]. Then one has

t+h
2 1/ PN
/t |G(t+h —s,x, -)g(s)|L2(ﬁ) ds < La(a, ™) 19l 0.1, pa (o h PO

forallz € 0,t€[0,T[, h € [0,T —t] and for any g € L"([0,17; L9(0)).

Lemma 3.4. For arbitrary q € |0,00], p € [1,B(q)_1[ and o € 10,1 — B(q)p]
there exists a constant Ly = L4(q, p, @) < oo such that

t
/0 Gls 4 o) = Gls.a, )2y ds < Lat' =000 o

forallz € 0,t€[0,T[ and h € [0,T — t].
Proof. From (1.1) and Theorem 1.2 we have

0
’%G(v, z,y)| = |FG(v,z,y)|

r—y
vH

< C'lv*l*d“ exp <c

1/(1—u)>

"o
‘/0 EG(S +ryx,y)dr

for all z,y € &, v € [0,T]. Hence

|G(S + }L,I,y) - G(Svmay” =

h
< C’g/ (s + r)fl*d“ dr < Cohs 1,
0

Take an a € 10,1 — B(q)p[ and set o = a/(2p). Then

|G(s+ h,z,y) — G(s,z,y)|
< O§nes— 0+ LG (s, 2,y)[17¢ + |G (s + h,z,y)| =2}

1/(1u)>

+ Czhog—e(+du) (s + h)—(l—g)du exp (c(g —1)

< C3h?s™ 2 Mexp (c(g —-1) ’:c ;y
s

7y
(s + h)r

1/(1u)>

= Il(s,m,y) —|—Iz(8,l',y)-
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First,

t
2p
AT iia

¢ o= PP
< C’gph%ﬁ’/ s72Pe= 2Pl loxp [ c(o — 1) . ds
0 S L (6)
t
< C’4h0‘/ s—a=B@p 1
0
and the last integral is convergent by the choice of a. Further,
t t
Vo ) gy s < o [ stz g
0 0
t
= Csha/ s—oUFdu) (g 4 py=Bloptade qg = [,
0
Note that aud — 5(q)p = pd{a — (1 +2/q)p} < 0, thus we have
S*Q(Hdu)(s + h)*ﬁ(q)eradu < s~ otdp) g=Blgptadp — g—a—f(gp,
Hence
t
I3 < Osh™ / s o PP g5
0
and, since « + 8(q)p < 1, the integral is finite, which completes the proof. O

Corollary 3.4. Let g € ]0,00|, r € |7(q),00] and a € 10,1 — 3(q)T[. Then we
have

/0 ’(G(t +h—s,2z,)—G(t—s,zx, -))g(s)’iz(ﬁ) ds

< La(gq,7, )Tt TED g1 6 1 pagey BT

for allt € [0,T[, h € [0,T —t], z € O and for any g € L"([0,T]; LY(0)).
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4. PROOFS

Proof of Theorem 2.1. For every u € L*(€) one has

[S(t=9)2()l() = [ Gt~ s-2) 2o uly) o

o

Hence (see e.g. [19], Theorem VI.23)

1S(t = 9)Z(s)Itus) =1G(t = 5. ) Z(5, )2 (0 0)-

This yields

/ IS(t —s)Z ”(HS ds—//</|Gts x,y| dx) (5,9)]* dy ds
z—vy 1/(1-p)
C’//(/ (t—s) d/mexp(Zc )dz>|Z(s,y)|2dyds

E—s)
<G / (t— )™ |Z(s, ) 2a g ds
0

T 2/r T B 1/7
<ar [ 126 agas) ([ smemas)
0 0

and it remains to note that dr/(2m) < 1 provided r > 4dm/(2m —d). If Z € &5 ,.»
then

t
E|J%(t))72(0) = E/O 1S(t = 5)Z(5)|[tusy ds < C2E|Z|%r(0,7y:12(09)

by the preceding estimate. O

The proofs of Theorems 2.2 and 2.3 are based on the possibility to switch between
the Hilbert space approach to stochastic evolution equations and the random fields
setting, namely on the following lemma.

Lemma 4.1. Let B(t) be an (%#;)-adapted one-dimensional Wiener process on
Q. Let p: [0,T] x 2 — L?(0) be an (%;)-adapted measurable stochastic process
satisfying

(41) E/ ‘Lz ﬁ) dS < o0,
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and such that for Ag-almost every x € O, (¢(s,w)(x), 0 < s < T) is a well-defined
real valued (%#;)-adapted measurable stochastic process. Define

K Qx0-—R (0,5)— /tgp(s)(x)dB(s), 0<t<T
Then
(4.2) /0 p(s)dB(s) = K; in L?(02 x 0)

for every t € [0, 1.

Proof. Fixt € [0,T]. First, note that the definition of K} is correct, since (4.1)
implies

)\d{x €0, E/Ot lo(s)(x)|? ds = oo} =0.

Hence K(-,z) is well-defined for A\j-almost every x € €, and K; € L%(2 x 0). The
assertion (4.2) is obvious if ¢ is a step function. The general case may be proved by
a standard approximation argument. O

Let Z satisfy the assumptions of Theorem 2.2. By the definition of the stochastic
integral we have

0ot
It =3 / S(t— 8)Z(s)en dWi(s)  in L2(2; L2(0)).
k=10
Hence there exists a subsequence {l,} such that for A\g-almost every = € 0,
ln t
JZ(t,z) = lim Z (/ St —s)Z(s)er AWy, (s)> (x) P-almost surely.

Further, we claim that the series

oo et

> / [S(t — $)Z(s)ex] () AWk (s)

k=170
converges in L?(§2) for A4-almost every z € . Indeed,

ZE/ (Gt —s,2,-)Z(s, -),ek(-)>’2 ds = E/ |G(t — s,z,-) 7 (s, ')|i2(0> ds < o0
k=1 0 0
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by Corollary 3.1, so the independence of {Wk} yields

ZE/| (t — $)Z(s)ex] (@) ds

1t[S(t—s)Z( k) (@) dWi(s

(t—s,2,y)Z(s,y)er(y) dy ds

l
=2
k=n
! t
:,§E/0 (G(t —s,2,-)Z(s,-),en(-))] dsm’o

Consequently, by Lemma 4.1 we obtain

Lemma 4.2. Let 2m > d, g € ]0,00], r € |7(¢), ] and Z € P, 4. Then for
each t € [0,T] there exists a measurable set A (t) C € such that A\g(A (t)) =0 and

P{J%(t,x) = Z/ [S(t — s)Z(s)ex](z) AW (s)} =1
k=170

for every x € 0\ N (t).

Lemma 4.3. Suppose that 2m > d, let ¢ € ]0,00], r € ]v(q), 0], and o €
10,2m(1 — B(q)7) A2F[. Then there exists a constant Ls = Ls(q,7,0, ) < 0o such
that

BLIZ (ta1) = J7 (t.22) 0 < LTP0/T=PO=0/ Crr) 2 78 Ly — o3/
for any Z € Ps, , and for all t € [0,T], z1,22 € O\ N (1).
Proof. Proceeding as in the proof of Lemma 4.2, using the Burkholder-Gundy

inequality and Corollary 3.2 we obtain

E|JZ(t,:E1) - ‘]Z(taxQ)V;

Z/ {[S(t = 5)Z(s)ex](x1) = [S(t — 5)Z(s)ex](z2) } dWp(s)
k=170

é

t o 6/2
<aum( / >[It = s)z(s)enen) = 8(e = )z (e )

5/2
2
= ( -8 Tla') 7G(t78:-7323')]Z(S")|L2(ﬁ) dS)
\8/2
C1E (La(q,7, ) UTfl/T Bla)~a/(@mm) |Z\Lr([o,T];Lq(ﬁ))|$1 —$2|a/r)
5 6(1 —B(q)—a/(2mT))/2 7I2|a6/(2F)’
and Lemma 4.3 follows. O

24



Proof of Theorem 2.2. First, using the above procedure and Corollary
3.1 we get

B2y = [ BT (t0)f s

¢ 5/2
i [ B[ 160500260 05)
172 0

< O Z)13 1 -

Now, let s € ]0,b[, where b is defined in Theorem 2.2. Then one can choose an
a €127s,2m(1 — B(q)F) A 2F]. Lemma 4.3 and the Fubini theorem yield

[J4 (¢, @) — JA(ty)l°
E/ﬁ/ﬁ dz dy

|Q; _ y|d+56
< GlIZIL,, /ﬁ /ﬁ o |~/

Since §(—s+a/(2F)) > 0 the double integral is finite, therefore there exists a constant

L < oo such that

)

E|JZ(t, )iy (o) < LIZ1G g

which proves (2.1). Now note that if 6 > d/b and A € [0, b— d/d[ then one can choose
an s € |d/6 + A\, b[. Consequently, W*9(&) — €*(6) by Theorem 1.1. O

Proof of Corollary 22. Fix A € [0,b] and find § € [2,00[ such that
A+ d/d < b. Define stopping times 7y, N € N, by

t
() = inf {1 € 0.7]; / 1Z(s, ) fa(y ds > N},
0
with the convention inf ) = T. Setting
ZN(S,',CU) = X{TN(M)>S}Z(S7'7W)7 N S Na

we can easily see that Zx € P54, thus JZV (t,-) € €*(6) P-almost surely for any
fixed ¢t € [0,77] due to Theorem 2.2. Moreover, let 2y = {w; 7a(w) = T'}, then for
any t € [0, 7] one has

TN (L) = J4(t,-) P-almost surely on 2y

according to a well known property of stochastic integrals. Obviously,

P(Q\ U QN) -0

N>1

by the choice of the process Z, and Corollary 2.2 follows. O
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Proof of Theorem 2.3. As usual, we denote by Z(&) the space of all
% *°-functions with compact supports in &, and by 2’(€) its dual space (i.e., the
Schwartz distributions on &'). As was already mentioned, the proof proceeds along
the lines of the proof of Theorem 2.2, so we will discuss only the differences.

Fix ¢t € ]0,7T], a multi-index v with |v| < k, and a process Z € P5,,. Let us
define operators m; € L(L?(0)) by

7%f:/JVG@nwﬂwd% f e L(0).
17

Then ,
B [ e 2(6) sy s < o

by the same argument as in the proof of Theorem 2.1, so we can set

M(t,) = /0 s Z(s) AW (s).

Repeating the proof of Lemma 4.2 we find a set & C & such that A\y(&) =0 and
ot
P{M(ta) =Y / s Z(s)ex) (@) dWi(s)} = 1
k=170

for any x € €'\ &. We aim at proving
(4.3) P{D"J%(t,-) = M(t,-) in 2'(0) } = 1.

To avoid clumsy notation, we verify (4.3), with no essential loss of generality, only in
the case v = (1,0, ...,0). Let p € Z(0) be arbitrary but fixed, set e = (1,0,...,0) €
R? and find hg > 0 such that

supp(p) C ﬂ (O + he).
[h|<ho

First, note that

(44) lim 0JZ(t,x) “"(“h‘;)"ﬁ(x) de = /,7 JZ(t,x)Dp(z)dz  in L2(£2)

by the dominated convergence theorem. Moreover, for h € [—hg, ho] one has

/ T2 () ez + ht;) —¢(2)

_ %{ /ﬁ Tt = eyl - /,7 T2 (¢, 2)p(x) da:}

z xr — he)— z x
:/ JZ(t, ;h) I o e
(7
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Further, we proceed as in the proofs of Lemma 4.3 to obtain the following estimates:

2

z _ _ 1z
B /{J (t,x — he) — J*(t,x) +M(t,x)}ga(m)dx
6 h
JZ(t,x — he)— JZ(t,x 2
<|«pi2(ﬁ)/ﬁE' ( h) ( )—l—M(t,x) dz
= /! G(t — s,z — he,y) — G(t — s,z,y)
g 22 E 3 ) 5y
oo | ,Z/L{ /
2
—i—D”G(t—5,x,y)}Z(s,y)ek(y)dyde(s) dz
(Gt —s,z—he-)—Gt—s,mz,-
< |90\2L2(ﬁ)/ﬁE/0 { ( h) ( )
2
+D"G(t—5,x,-)}Z(s, ) dsdz
L*(0)
HGt—s,z—he)—Gt—s,x,-
<l [ [ Az
o
+ D"G(t — s,x,-) dsduz.
L7 (o)
Obviously,

lim { G(S,I B heay) — G(S,?ﬂ,y)

h—0 h D G(s,x,y)} =0

for any x,y € €, s € ]0,T] and by the mean value theorem we have

’ G(S,l‘ - heay) — G(vaay)

DV
y D G(s. )

1/(1—p) T 1/(1—p)
) +on(- )}

for a ¢ € ]0,1]. So applying the dominated convergence theorem twice we obtain

t
lim
h—0 Jo Jo

This yields

r — hoe —y
SH

-y
SH

< O @HD/@m) {exp (_c

G(s,x — he,-) — G(s,z,-) o

- + D"G(s,x,-)

dsdz = 0.

LY (6)

@5) i [ J7(t) olo + h‘z) — ) gy /ﬁ Mt 2)p(x)de in LX(2).
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Comparing (4.4) and (4.5) and taking into account that ¢ was arbitrary we see that

(4.6) {/,7 JZ(t,z) D" o / M (t, z) } =1

holds for any ¢ € 2(€). The space 2(0) is separable and first countable, hence

{/ JZ(t,x) D" a(x) /th r)dr forally € 2(0 )}—1,
7

which is equivalent to our claim (4.3).
Finally, the required estimate

E|M(t7 ) ’Ws,é(g) < L H|Z|"§,r,q

can be derived by exactly the same procedure as the related estimate of JZ in the
proof of Theorem 2.2. O

Proof of Corollary 23. Fixte]0,7], j € {1,...,m} with r; < k and
Z € Psrq; take h € 00 arbitrary. We may assume that the coeflicients b, of the
operator B; are defined on the whole & and b;, € €2 "i+"({). We know that
there exists a measurable set & C & such that \y(&) = 0 and

P{B;J*(t,z) = li/ot (/ﬁ B;G(t — s,z,v)Z(s,v)e;(v) dv) dWi(s)} =1

for any z € 0\ &. Let us find y; € 0 \ & satisfying y; — h as | — oo; we aim at
proving that

(4.7) Jim 213,77 (1) = 0.

Since y; ¢ & we obtain

5/2
2
E|BjJZ(tayl <C1E </ |B G S, Yl ) ’.)|L2(ﬁ) dS)

S - 5/(27)
e, ( [ |BjG<s,yl,->|L’;/(,,>ds) -

By the properties of the Green function,
lim B;G(s,y;,2) =0
l—o0
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for any s € ]0,7] and z € €. Furthermore, as has been already established,

< CZSfﬁ(qak)F’

sup |BjG(Sa Y, ) ’ii’(g)

leN

hence

l—o0

t
. oF
lim /0 ’BjG(s,yl, -)|Lq,(ﬁ) ds=0

by the dominated convergence theorem, and (4.7) holds true. At the same time
B;jJ%(t,") € €(0) P-almost surely, so (4.7) yields that B;J%(t,h) = 0 almost
surely. Therefore, Corollary 2.3 follows by continuity of B;JZ(t,) on 0. |

To prove Theorem 2.4 we need the following lemma.

Lemma 4.4. Assume that 2m > d, q € 10, 00|, r € ]7(q), 0], and 0 € [2,00].
Then for any a € |0,1 — 3(q)7[ there exists a constant Lg = Lg(q, T, 9, ) < 0o such
that

(4.8)  E|J7(tr,2) = J7(t2.2)|" < LeT°/T PO Z5  [tr — o]0/ CT)

holds for all Z € P54, t1,t2 € [0,T] and any x € O\ (N (t1) U A (t2)).

Proof. For definiteness, assume that t1 < to. If & ¢ A (t1) U A (t2) then
by Lemma 4.2, the Burkholder-Gundy inequality, and by Corollaries 3.3 and 3.4 we
have

E|JZ(t2,:L') — JZ(tl,:L')|‘s

0 to t1 J
=E kzl{ /0 [S(t2 = s)Z(s)ex)(x) dWi(s) — /0 [S(t1 — 8)Z(s)ex])(z) de(s)}
) to 6
<C,E Z/ [S(ta — s)Z(s)ek](x) AW (s)
k=11
oo t1 s
+GiE|Y / {[5(t2 — ) Z(s)er](x) — [S(ts — S)Z(s)ek](x)} AWi(s)
k=170
to 8/2
< CQE(/t |G(t2 — s,2,)Z(s, -)\%2(0) d5>
t1 5 6/2
+ CQE(/O ‘[G(tz —s,x,+) — G(t1 — s,x,)] Z(s, -)|L2(ﬁ) ds)
XA {(t2 — 4,)(A=B@M8/(27) 4 po(1-BlOT=a)/(2T) (4, _ tl)aé/(%)} ,
which proves (4.8). O
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Set
N ={((tr,21), (t2,72)) € ([0, T] x 6)°; 21,22 & N (1) U N (£2)}.
Obviously, A2gt2(.#") = 0. Combining Lemmas 4.3 and 4.4 we obtain

Corollary 4.1. Under the assumptions of Theorem 2.4, for any a € 10,1 — B(q)F|
there exists a constant L7 = Lz(q, 7,6, «) < oo such that

7—B(q)—a/T as/(2r
E|J? (t1,21) — T (s, 22)|° < LeTPV/TB@—M2 7010 (1), 20) — (L, )7

for any Z € Ps,.q and all ((t1,11), (t2,72)) € ([0,T] x 6)*\ A

Proof of Theorem 2.4 and Corollary 2.5. We can complete the
proof of Theorem 2.4 proceeding in the same way as in the proof of Theorem 2.2.
We repeat the main steps as now we are interested in the dependence of constants
on 7. First,

T ¢ 5)2
1 2
E]JZ(-,-)|L5GO’T[X(7)<Cl/ﬁ/0 E</0 |G(t—5,x,-)Z(5,-)|L2((7)ds) dt dz

T
<CalZ1,, [ 0TI 0y

< CuT PN 78

Further, for any « € ]27s,1 — 3(¢)7[ we have

E/ / [77(t,y) = I (1. 2)|° dr dz dt dy
o.1ixe Jorixe |(ty) — (7, x)[d+1+sd

< C4T5(1fafﬂ(q)?)/(2?) |||Z|||g7r,q

by Corollary 4.1. Hence for any o fulfilling

(4.9) 0<p<é <21_ @ — s)

there is a constant Cs (dependent on p) such that the estimate

5
E|JZ('= ) ’WS:J(]O,T[X 0) < GsT* |||Z|H§,r7q
holds.
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To prove Corollary 2.5, assume that (2.3) is fulfilled and take s > A + (d + 1)/,

then

Z 4 VA 4 z 5
EOE?ET’J (¢ ')|‘g*(5) S E‘J ("')’%*([O,T]xﬁ) < CGE’J ('7')’Ws,6(]O,T[><0)

< OsCeT2l 2013 1.4

for any o satisfying (4.9). Since we can take s arbitrarily close to A + (d + 1)/d the

proof is completed. O
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