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Jet spaces as nonrigid Carnot groups

Ben Warhurst
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Abstract.  We define a product on the jet spaces J*(R™ R") which makes
them Carnot groups. The Carnot group contact structure coincides with the
classical contact structure in the Lie-Backlund setting. Therefore, by prolonga-
tion, they are nonrigid Carnot groups, meaning that the space of contact maps
is infinite dimensional. We also show that strata dimensions are not rigidity in-
variants. This is demonstrated by constructing two distinct Carnot groups with
strata dimensions (3,2,1) but with opposite rigidity.
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1. Introduction

A Carnot group G is a connected, simply connected, stratified nilpotent Lie
group, equipped with a left-invariant sub-Riemannian metric, defined on the left-
invariant sub-bundle of the tangent bundle corresponding to the first level of the
stratification. The sub-bundle is called the horizontal bundle and the metric
is called the Carnot—Carathéodory metric. Diffeomorphisms which preserve the
horizontal bundle are called contact maps and G is said to be rigid when the
space of contact maps is finite dimensional. Quasiconformal maps are defined with
respect to the Carnot—Carathéodory metric and the definition implies they must
also be contact maps in some weak sense. Carnot groups are naturally equipped
with a family of dilations which, together with left translations, provide trivial
examples of contact maps which in the rigid cases tend to be the only examples.

Rigidity arises from the fact that contact maps are P-differentiable, a
concept due to Pansu [12]. The cases studied in the literature, e.g., [4], [12], [14],
suggest that rigidity is common and according to [6], this is cause for concern. The
euclidean spaces, the real and complex Heisenberg groups and the model filiform
groups are the established examples of nonrigid groups, see [13], [7], [8], [16] and
[17].

Recently, Tyson [18] asked the question: Are there Carnot groups of step
3 or higher which are nonrigid and support quasiconformal maps which are not
conformal? The answer is yes, the simplest examples being the model filiform
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groups. In [4], it was observed that the four dimensional real model filiform group is
not rigid and arises as the nilpotent part of the Iwasawa decomposition of Sp(2,R).
The analogous part of Sp(2n,R), n > 1, is rigid. In [20], all model filiform groups
are shown to be nonrigid. The Heisenberg and model filiform groups are related
by the fact that they are the generic jet spaces J'(R™,R") and J*(R,R). This
suggests that all generic jet spaces might be nonrigid Carnot groups. This is in
fact the case and is the subject of this paper.

The generic jet spaces J*(R™,R") are fundamental to the geometric study
of partial differential equations and arise in the literature as examples of sub-
Riemannian or Carnot-Carathéodory manifolds, of which in some sense Carnot
groups are the ideal models. These manifolds are equipped with a distribution
given by a frame of vector fields which generate the tangent space at each point by
Lie brackets. Again, a transformation of the manifold is a contact transformation
if it preserves the distribution and the question of rigidity applies. There is a
classical rigidity theorem of Backlund which shows that jet spaces are nonrigid,
however the contact condition is somewhat restrictive.

In this paper we construct an explicit multiplication on the generic jet
spaces so that they become Carnot groups. The multiplication gives rise to a
contact structure which coincides exactly with the jet space contact structure
thus providing a large family of nonrigid Carnot groups supporting a nontrivial
quasiconformal mapping theory. The difficulty in determining the multiplication
arises from the complexity of the Baker—-Campbell-Hausdorff formula.

2. Carnot Groups

A nilpotent Lie algebra g is said to admit an n-step stratificationif g = g1P®- - -Dgn,
such that g;11 = [g1,9,], where j =1,...,n—1, and g, is contained in the center
Z(g). A Carnot group is a connected, simply connected nilpotent Lie group G,
with stratified Lie algebra equipped with an inner product such that g, 1 g; when
i 7.

For simply connected nilpotent Lie groups, the exponential map exp : g —
G is a diffeomorphism which becomes an isomorphism (g, *) — G when we define

X +Y = exp '(exp(X) exp(Y)).

The Baker—Campbell—Hausdorff formula is the explicit expression

n+1
X*Y = Z > Cri(adX)P (adY)® .. (adX)P" (adY )Y
i g

where (adX)Y = [X,Y], Cpy = pila!. . pul@a! > pi + ¢; and the last term is
(adX)P~'X when ¢, = 0. The expansion to order 4 takes the form

XY = X4V 45X, Y] + = (IX, [X, V] + [V, [V, X]])

2 12
¥4 (VX [Y XT] 4+ [, 5 X YT+

Choosing a basis for g identifies (g,*) with R4™8 and X Y becomes
polynomial of degree at most n — 1. A coordinate system of this type is said to
be normal of the first kind.
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In a similar fashion we obtain normal coordinates of the second kind. Given
a basis {e;}9™9 of g, the map ® : g — G given by

7j=1
®
X = ijej — Hexp(:vjej)
J J

is a diffeomorphism [19, p. 86], which becomes an isomorphism (g, ®) — G when
we define

XOY =3do(X)0(Y)).

As before, X ®Y becomes polynomial of degree at most n — 1.

Left translation, denoted 7,Y", is the analogue of translation in euclidean
spaces. Specifically 7, Y = X *Y in coordinates of the first kind and 7, Y = X©OY
in coordinates of the second kind. An important feature of Carnot groups is an
analogue of dilation. For ¢ > 0, the dilation §; : g — g is given by 6,(X) =
> X where X = 370 | X; with X; € g;, which defines dilation on G via
the coordinate systems.

The sub-bundle of the tangent bundle given by left translation of g; is
called the horizontal space or contact structure, and a contact transformation is a
transformation which preserves the contact structure pointwise. Left translations
and dilations are contact transformations.

3. Jet Spaces

3.1. Introduction.. In this section we establish the standard apparatus of jet
spaces, see for example [3], [10], [11], [16] and [17].
A function f : R™ — R has d(m, k) = (m+,f_1) distinct k-th order partial

derivatives

okf (20)
—\X
Ozl .. Oxim
where the k-index, I = (iy,...,14,,) satisfies |I| =i, + -+ + 4, = k. We denote
the set of k-indexes by I(k) and let

a]f<l’0) =

I(k)=1(0)U---UI(k).
For I € I(k) and t € R™ we define
I'=iViy! . iy! and  tf = (DD (¢,
moreover the k-th order Taylor polynomial of f at xg is given by

(t — .’L'())I

T () = D 0rf(wo)—7—

Iei(k)

If D CR™ is open and p € D, then two functions fi, f, € C*(D,R) are defined to
be equivalent at xo, denoted fy ~y, fa, if and only if TF (f;) = T% (f,). The k-jet
space over D is given by

J*(D,R) = UsyepC*(D,R)/ ~a (1)
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where elements are denoted jgljo (f). It comes equipped with the following projec-
tions

z:J*(D,R) — D and 7 : J*(D,R) — J*/(D,R), j=1,...,k,
where .
2(d5,(F)) = o and 7} (4, (F) = juy (F).
Global coordinates are given by ¥®* = (2, u®) where

ur(j¥ (F)) = 0sf(z0), 1€ I(k),

and )
u®) = {u; | I € I(k)}.

It follows that
J¥(D,R) = D x RUm™O) 5 RAUMD 5 ... 5 RAMK),

If f =(f',...,f") isamap f: D — R" then we apply the jet apparatus
to the coordinate functions f’. Thus global coordinates are denoted by ®®*) =
(z,u®), where

(i, (F)) = 20 and wy(jy,(f) = 0rf(x), Ie€l(k), C=1,...n,

and )
ut) ={ub | Tel(k), t=1,...,n}.

It follows that
Jk(D,Rn) =D x Rnd(m,()) % Rnd(m,l) NI, Rnd(m’k)_

When making comparisons between jet spaces of different orders, we add
the superscript (¢) to coordinate expressions on J'(R™,R"). In particular we
replace « by z® and we use

u® =l T e d(t), 0=1,...n}.

This notation expresses the compatibility of the coordinates with the projections
t .
7, that is:

t

g =29 ort  and uff” = uf;_s)’é or!, when |J]<t-—s. (2)

We also use the notation

=y om0 ()7

3.2. Contact structure.. The k-jet of a map f € C¥(D,R") is the section
xo — j& (f) of the bundle z : J*(D,R") — D. A contact form 6 on J*(D,R) is a
one form satisfying s*0 = 0 for all k-jets s. By the chain rule, the contact forms
are framed by the set

(== [T fk=1) . t=1n). @

j=1
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and, see [5], a section s of 2 : J¥(D,R") — D is a k-jet if and only if s*wj = 0
forall e I(k—1)and ¢=1,...,n
The horizontal tangent bundle H* is defined pointwise by

P

M= {v e T,J*D,R") | wi(v) =0, I[el(k—1), (= 1n}

In coordinates,

- , 0
v = de](v)XJ(k) + Z Z duf(v)w,
=1 !

where

j axﬁz Z I+e]a 0 Jg=1...m

=1 1ei(k-1)
and it follows that

Hk:span{X;k) |j:1,...,m}@span{aiu§|I€](k) , Ezl,...,n}.

The nontrivial commutators are

[a X(k)]:i [el(k—1), (=1,...,n.

Oufy,, 7 oul’
If Lo = H* and
L, —span{ |I€](k j), £=1,...,n},

where j7 > 1, then L; = [Lo, L;_], where j =1,... k. It follows that
%k:LOGB"’@Lk

is a (k + 1)-step stratified nilpotent Lie algebra of vector fields which span
TJ*(D,R™) pointwise.

Corresponding to the abstract Lie algebra defined by X*, there is a Carnot
group G (m, n), unique up to isomorphism, constructed via the Baker-Campbell-
Hausdorff formula. As is shown later, in the case D = R™, we can explicitly de-
termine a multiplication ® on J*(R™, R™) such that (J*(R™,R"),®) is a Carnot
group isomorphic with G®*) (m,n) and the group induced contact structure agrees
with the jet contact structure.

3.3. Contact Transformations.. A diffeomorphism f of some domain D C
JF(R™,R") is called a contact transformation if f,H} Hf(p) Equivalently, f is
a contact transformation if it preserves contact forms i.e., if 0 is a contact form
then f*0 is a contact form.

Let v € H’; and

v o fo M) u) = (&, u™),n® (z,u®)),
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where 3
7, u®) = {2, u®) | J € I(k), £=1,...,n}.
Then
da? (f.v) = d? (pP) = Y (XPe)dai (0) + Y }:
@ q Iel(k
and

duy(fov) = diy(6P0) = 3 (X Pf)da’ () + 30 D7 5 ”Jd

i q Ielk) up

If fo € Hf ) then duf(fv) = 32 (uf,,, o f(p))da’(f.v), hence a contact diffeo-
morphism satisfies the contact conditions:

nJ_Ejm%J Wehy Jellk-1), €=1,...n, (4)

onj S z
—= =Y Nype7m0, JEIlk-1), IT€lk), (=1,...,n. (5)
ouf Z T oyl

In the case n =1 we drop the superscript .

3.4. Prolongation. From a contact transformation f on Q C J¥(R™ R") we
can construct a domain €; C J¥1(R™ R") and a map pr(f) : Q; — pr(f)() C
JFFHR™ R™), called the first prolongation of f, uniquely determined by the
following conditions:

e pr(f) is a contact transformation (6)
emtopr(f) = fom™ (7)

Let 751 = ¥ o 7F+1 o (1)~ and

B 6 pr(f) o (D) = (gD D),

then (7) and the compatibility conditions (2) imply

£(k+1),j — é(k)J o 7TkJrl (8)
and
E+1),0 Bl _
iy = ot 9)

when |J| < k. When |J| = k+1, the definition of the coordinate functions n'f ™"

is given by the contact conditions
W e (), XY =0, || =k (=1,...,n, i=1,...,m.  (10)
In coordinates, these conditions give the matrix equation

xFD@P o7k = [XF(E0T o mtt] InitE]
7 1] 7
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which serves to define the coordinate functions n(JkH)’Z, where |J| = k41, uniquely

on Q; = (Y*E+D)"H W) where
W = {($(k+1)’u(k+1)) c w(k-‘rl) ((wf“)‘l(ﬁ)) } det [Xi(k“)({( )i o ﬂ_k‘—i-l)] ) 4 0} ‘

It remains to be checked that pr(f) is a contact transformation. To this
end, note that the compatibility conditions (2), imply that

dZE(k-H)’i _ (ﬂ_llg-i—l)*dx(k),i — dlE(k)’Z o (7.[.119-&-1)*’ (11)

and, when |J| < k, that

duly T = (Y qul = auP o (rf T, (12)
It follows that
B S X S (13)

when |J| < k — 1. From (11), (12) and (13) we have (7F™), : H*' — H*. In
particular

0 —S 1<k
(m™)- (k1)L — ou . (14)
Juy 0 [I|=Fk+1
and

k (k)¢ k 0
(rE X = X0 373 (). x ) e (19)

¢ |I|=k Uy

From (2) and (13), we have

Wi o pr(f). = Wi o foo (wf ). (16)

when |J| <k —1, hence (15) and (16), together with the fact that f is a contact
transformation, imply

SO (pr(1). X)) = 0 (17)

when |J| <k — 1. Furthermore, for |I| =k + 1, (14) and (16), together with the
fact that f is a contact transformation, show that

0
(k+1),¢ _
Wy (pr(f>*au(k+1)’€> =0 (18)

1

when |J| <k —1.
For |J| =k, (11), (12) and (2) give

wf,kﬂ) opr(f). = duf,k)’z o f, o (mhth), Z uﬁrel) “opr(f) de® o f, o (xbH1),,
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which, by (14), gives (18) when |J| = k and |I| = k+ 1. It follows that pr(f)
is a contact transformation. Iterating the procedure defines the higher order
prolongation pr(f) with domain €.

Prolongation gives rise to two particular types of contact transformations,
known as point and Lie tangent transformations. A point transformation is a
prolongation of a diffeomorphism of some D C J°(R™ R") = R™ x R", and a
Lie tangent transformation is a prolongation of a contact transformation on some
D C JYR™,R™). It turns out that Lie tangent transformations can form a larger
class than point transformations, but there are no other contact transformations
beyond Lie tangent transformations, this fact is Backlund’s theorem.

Theorem 3.1.  (Bécklund, [2]) If n > 1, then every contact transformat-
ion on J*(R™,R™) is the k-th order prolongation of a point transformation on
JOR™ R™). If n = 1, then every contact transformation on J*(R™ R) is the
(k — 1)-th order prolongation of a contact transformation on J*(R™ R).

Bécklund’s proof is purely geometric, but other treatments, e.g., [1], tend
to be at the infinitesimal level. Other useful references include [16] and [17].
Bicklund’s theorem can be derived directly from the Lie algebra X* using Car-
tan’s formula or Cauchy characteristics, and is thus a consequence of the Carnot
structure. This observation suggests a Backlund type theorem might be possible
for Carnot groups generally.

4. Group Structure

4.1. Introduction. In what follows we obtain a multiplication, denoted ®, for
the jet spaces J*(R™,R"). The particular examples J'(R™ R") and J*(R,R)
are simple enough that we can produce ® from second kind coordinates using
the Baker-Campbell-Hausdorff formula. Owing to the complexity of the Baker—
Campbell-Hausdorff formula, this approach is in general difficult. However, the
left translation arising from ® must be a contact automorphism, and thus, also
a point transformation. The examples suggest how to construct the coordinate
maps & and 7°, which through prolongation, define ©.

4.2. Example: J'(R™ R"). In this case

0

lespan{XJ(l) |j:17,.,,m}@span{— [ 0=1,...,n, j:l,...,m}
out
€j

where
j a[L‘]+Z 6]847 j:]_,...7m

and the nontrivial commutators are

o ol o
— X | ==
lﬁuﬁj’ J ] Oul

If Ly =H' and L; = span{%} then L, = [Lg, Lo|. It follows that
0

X'=Lyo L,
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is a 2-step stratified nilpotent Lie algebra of vector fields which span T'J!(R™, R"™)
pointwise.

Let g denote the abstract Lie algebra over R isomorphic with X!. Denote
the basis by

(1) 1) 1 1 n n 1 n
{elV . eW el el o en et et e}
where the nontrivial commutator relations are
¢ (L) _ ¢
[ej,ej } =e
and the isomorphism is given by X M W0 el and -2, > e The map
Y Aj J 0 oul. J dut )

J

Z xjey) + Z uﬁeﬁ + Z ute® — m(x, uV)

where
0 0 wu ul !
0O ... 0 «uf ... wuy u"
mz,uy=10 ... 0 0 ... 0 2z
O ... 00 ... 0 2am
O ... 00 ... 0 0

is a Lie algebra isomorphism giving a matrix model of g. In coordinates of the
second kind we have

1 0 wuj ul !
O ... 1 oY ... uy u"
d(m(z,uN)=10 ... 0 1 ... 0 2
o ... 00 ... 1 a™m
O ... 00 ... 0 1

and it follows that the second kind coordinate multiplication
(z,u) © (y,0) = (z,0W)
is defined by z =z + vy, wﬁj = vfj + uﬁj and
w :uz—l—vf—i-Zuﬁjyj. (19)
j=1
4.3. Example: J*(R,R). In this case

H* = span{X® (,%k}
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where
k-1
0 0
P2 g,
Jj=0
and the commutator relations are

0 0
— X®| = =1,.... k.
|:au]7 :| au‘]‘_:[’ ] ) )

If Ly=H" and L; —span{8 } j>1,then L; =[Lo,L;—1], j=1,...,k and
it follows that
X =Lo®- - @ L
is a (k 4 1)-step stratified nilpotent Lie algebra of vector fields which span
T,J*(R,R) for every point p.
Let g®) denote the abstract Lie algebra over R isomorphic with ¥*. Denote

the basis by {e® ey, ...,e} where the nontrivial commutators are [e;,e®)] =

ej—1, when j = 1,...,k and the isomorphism is given by the correspondence

X® « e® and e; « ;2. Note that g is the Heisenberg algebra, g® is the
J

Engel algebra, and in general g¥) goes by the names model filiform algebra and
Goursat algebra.

The map

O —> 0 --- 0 Up
0O 0 —x --- 0 w
o 0 0 - 0 u

ze® 4 Z uje; — | o : : :
0 O 0 -+ —T up_
o 0 0 - 0 u
o o0 0 - 0 0

is a Lie algebra isomorphism giving a matrix model of g*) . In coordinates of the
second kind, the elements of the corresponding connected, simply connected Lie
group G* take the form

exp(ze™) exp(ugey, + - - - + ugeg).
Multiplication in second kind coordinates, denoted
(,ug, ..., uo) © (Y, Vgy ..., 00) = (2, Wk, ..., W),

can be found by solving

exp(ze®) eXp(Z wje;) = exp(ze™) exp Zu]ej exp(ye®) exp Zvje]
J J

for (z,wg,...,wp). Using the matrix model we have

exp(ze®)) ~ ( Aéx) (1) )
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where
1 (=z) (=x)?/2! (-x)°/3! (=2)* J(k—=0)! 0
0 1 (—z)  (—2)*/2! (—a)*'/(k—=1)! 0
0 O 1 (—z) (—z)*2/(k—2)! 0
( A(z) 0 ) B 0 0 1 (—2)*3/(k=3)! 0
0 1 . : )
0 O 0 0 (—x) 0
0 O 0 0 1 0
0 O 0 0 0 1
and
1 000 0 wug
01 00 0 uy
v 0010 -+ 0 wus
exp(z u;e;) ~ < 0 (1u) ) = O O O 1 0 U‘s
) 0 0 1w
0 0 0 1

Substituting these expressions into (20) gives
Az) A(2)V(w)
0 1

From (21), we have

It follows that
Z2=x+Y, Ws=7Vs+ Us+ u; s=0,...,k 22
Z J]_S (22)

For each (z,u®) the previous formula defines a contact transformation in
the variable (y,v®)) and is thus the prolongation of the point transformation

(y, vo) — <a: +y, v+ i uﬂ—j) (23)

Jj=0 J:

4.4. Multiplication. Guided by (23), we first construct multiplication on the
jet spaces J*(R™ R) and then follow (19) to extend it to J*(R™, R"). To this end
we establish some notation. We write

(2, ) © (y,v") = (z +y, ™)

where
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(y,v™)) = iy (F =) o
Iei(k)
I
(k) _ ok _ (t —x)
Iel(k)
) t—y—ux)!
(@ + ) = i, ), b= 3w LT
1€l(k) ’

We write J < I if j, <, for all ¢ then

ot! d\" N L o : LT g <
— = = _— i1 ia mYim _ )] =
ot’ (th) o (atm) ()™ () { 0 otherwise.

Guided by (19), (22) and (23), we define

0
UUI—UI+ZU] oy @f(t)t_ +

1<J

0
@g(t)

t=y+x

(24)

In particular, vu; is the I-th coordinate function 77, of the prolonged point

transformation y/

(4:10) = (& + 00+ Y us ).

0<J

To prove associativity, we use the notation

(20 @ (@,u)) © (y,09) = (2 + 2+ y, (wu)l)

and
(2, 0®) © ((@,u®) © (5,01)) = (= + 2+ y, w(wo)®).
By definition,
-1
(wu)vy = vy + Wy
; (J —I)!
Yyl
_UI+ZUJ _+ZZwKK J (J I)
1<J 1<J J<K
and

— 71!
= (J I)
x—l—y
—UI‘I'ZUJ( +ZwJ
I<J : <J

Hence associativity will follow if (wu)v; — w(uv) 1 =0, where

(wu)or —w ZZWKK 7! Z ijLy

I<J J<K : <J

(25)
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Using the multi-index binomial formula

J—I (‘]_I)' J-I-K, K
(z+9) _0<I;” J—I-KIK" Y
the sum in (25) becomes
SCK_J yJ—I xJ—I—KyK
ZZU}K(K—J)!(J—I)!_Z 2 w0

I1I<J K<J-I

Exchanging J and K in the first sum of (26) and changing K to K — [ in
the second sum of (26), we obtain

oK yK—1

(wujor = “”“ZZ“”J K)! ! Z 2 YT K K -
I<K K<J I<J I<K<J

If (1) = {(LLK) | I < K and K < J} and S(I) = {(JLK) | I <

J and [ < K < J}, then Si(I) C S3(I) and Sy(I) C Si(I), hence the right

hand side of the previous expression is zero.
From (24), the point (y,v®)), where

J
y=—x and vy = _Z(_1)|J_I‘U/J °
I<J B

defines a right inverse of (z,u). Since the multiplication is associative, the right
inverse is also a left inverse.

The distribution induced by the left translation under ® is exactly H*.
Indeed it follows that

iw’ _ g 0 [=0, k1
Iy 1) 0 if |[J=k

and
i ‘ vt I=J
82}1qu 00 | 0 otherwise,
implying that

0 0
L(z,u(k))* (8—y] and L(gj,u(k‘) (

)\ Quy

0
<o,0>> ~ Ous

) = x®
(0,0) J

Multiplication on J*(R™, R") is obtained by applying the multiplication on
JF¥(R™ R) to the coordinate functions, i.e., define

(@,ulk)) (wul®))’

- 0 0
E 4 4
uvi = v+ > uf =gt ]_, + 7780

1<J

t:y—l—m‘
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5. Rigidity and Strata Dimension

The folk law rule of thumb is that noncommutativity should reflect rigidity in
the sense that a high degree of noncommutativity should imply more rigidity. The
problem here is that we don’t know what the measure of noncommutativity should
be. An obvious consideration is that a measure of noncommutativity or rigidity
should depend on the step and the dimensions of the strata. However such data
tells us almost nothing, as we can construct distinct Carnot groups with strata
dimensions (3,2,1) but with opposite rigidity.

For example, using the vector field method, as in [7] and [20], it easy to
check that the Carnot group corresponding to the Lie algebra n(4,R), the strictly
upper triangular 4 x 4 real matrices, is rigid with strata dimensions (3,2,1).

For the nonrigid example we use Grassmanian prolongation (see [9]): Let
Y (k, M) be a distribution of k£ dimensional subspaces of an n dimensional manifold
M, ie, if p € M then X(k, M), is a k dimensional subspaces of T,M and for
some neighborhood U of p there exist smooth vector fields X, ..., X} such that

Y(k, M), = span{Xi(q),..., Xx(q)}, q€U.

The study of ¢ dimensional submanifolds of M which are tangent to X(k, M)
gives rise to the bundle Gr(¢,X(k, M)) — M where each fibre Gr(¢, X(k, M)), is
the Grassmannian of ¢ dimensional subspaces A, C X(k,M),. The elements of
Gr(¢,X(k, M)), represent the possible tangent spaces of the submanifolds.

A curve through (p, A,) € Gr(¢,3(k, M)) has the form (y(t), Ay«)), where
7(0) = p, and is defined to be horizontal at (p,A,) if 4(0) € A,. These curves
define a subspace of T{; »,)Gr(¢,X(k, M)) and the collection of all these subspaces
defines a distribution X(Gr(¢, X(k, M))) on Gr(¢, X(k, M)). The Grassman bundle
Gr(¢,%(k,M)), together with the distribution X(Gr(¢,X(k, M))), is called the
Grassman prolongation of ¥(k, M). A contact map of M lifts to a contact map of
Gr(¢,X(k,M)) via f(p,Ay) = (f(p), f«\p) so that M and Gr(¢,>3(k, M)) share
the same rigidity.

Consider the Carnot group G with Lie algebra given by

Span{X17 X27 X37 X4}
and nontrivial brackets [X;, Xs] = [X;, X3] = X,. The horizontal space is
H = span{ Xy, Xo, X3}

and the strata dimensions are (3,1). In second kind coordinates, we have

0 0 0 0 0
Xl_a—aﬁ_(x2+x3>8—m X2_8—I2 57 Oms X4_3—x4

with corresponding dual forms dxy, dxe, dxs, and dz4 + (xe + x3)dr1, and
H = X(3,G). A vector field V = Y v;X; induces a contact flow if [H,V] = 0
mod H which implies that

Xy +v+v3=0, Xovy—v; =0 and Xzvy —v; =0.
It follows that

V= (X2U4)X1 + UQXQ - (X1U4 + U2>X3 + U4X4
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with vy arbitrary and vy = P(z1,x9 + x3,14) for any suitably smooth P. We
conclude that G is nonrigid.
We Grassman prolong GG by 1-dimensional subspaces of the form

span{ X; + tXs + s X3} C H.
Thus we define v = (x1, 9, T3, T4,t, s) to be horizontal if
i’l 7’é 0, i74 = —(ZEQ + [L’3)i‘1 and (il, il")Q, Zlfg) = )\(1,25, S),

equivalently if 4 = @1 (X; + tXo + sX3) + i% + S%. It follows that
H = X(Gr(1,%(3,G))) = span {Xl, T, S}

9 and S = 2 . moreover the nontrivial brackets

where Xl =X +tXo+5X3, T = ot ds

are
T, Xﬂ = X, [5, Xl] = X3, [X17X2] = [X1, Xo] = X4, [X1,X3] = [X1, X3] = X4

By construction, the corresponding Carnot group is nonrigid with strata dimen-
sions (3,2,1).

6. Further Consequences

By Backlund’s theorem, the quasiconformal automorphism groups of the jet spaces
must consist of point transformations and be polynomial in all but the base vari-
ables. Except for the complications that might arise from the analytic definition
of quasiconformality, it is feasible that we can calculate these quasiconformal au-
tomorphisms. In work in preparation we investigate the quasiconformal mappings
of J¥(R,R) obtaining explicitly the quasiconformal automorphisms as well as Li-
ouville’s theorem.
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