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Abstract. Heisenberg groups are simply connected nilpotent Lie groups of
class 2. A group is called almost homogeneous if its automorphism group acts
with at most 3 orbits. Several open problems about the existence of embeddings
between almost homogeneous Heisenberg groups have been posed in a previous
paper by the second author. Most of these problems are solved.
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1. Introduction.

An important class of nilpotent groups is formed by the so-called Heisenberg
groups, which are defined as follows: Let V and Z be vector spaces of finite
dimension over R, and let 3 := (-,-): V x V — Z be a symplectic bilinear map.
Then [(v,z), (w,y)] := (0, (v,w)) gives a Lie bracket on the vector space V' x Z;
the Lie algebra thus defined will be denoted by gh(V,Z, 3). The corresponding
simply connected group is the topological space V x Z, endowed with the multi-
plication
(v,2) - (w,y) == (v+w,z+y+ i(v,w)) .

We denote this group by GH(V, Z, 3).

A (topological) group G is called almost homogeneous if the group Aut(G)
of (topological) automorphisms acts with at most 3 orbits on G. The discrete
case has been investigated in [3]. For a locally compact connected group G, the
assumption that Aut(G) acts with less than 2% orbits already implies that G
is a simply connected, nilpotent Lie group, cf. [7] 5.1. Thus the locally compact
connected almost homogeneous groups are exactly those groups that have been
determined in [5]. Some of the results in the present paper are contained in the
first author’s thesis [2]. Another part of that thesis was incorporated in [8] 3.8.

Theorem 1.1.  Let H be a locally compact connected group.

a. If Aut(H) acts with 2 orbits then H is isomorphic to R™, for some natural
number n.
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b. If Aut(H) acts with 3 orbits then H is a Heisenberg group, and the pair of
dimensions (dim(H/H'),dim H') belongs to the set

{@n, )| n=1} U {(4n,2)| n>1} U {(4n,3)| n>1}
U {(3,3),(6,6),(7,7),(8,5),(8,6),(8,7)}.

Moreover, the pair (dim(H/H'),dim H') determines H , up to isomorphism.

The pattern of possible dimensions already suggests that there are three infinite
series, and 6 isolated examples. This is indeed the case, cf. [5]:

Remark 1.2. a. Every Heisenberg group GH(V, Z,3) with dimZ = 1 is
obtained from a symplectic form g : V xV — Z = R. Such a group
is almost homogeneous if, and only if, the form 3 is non-degenerate. In
this case, (the isomorphism type of) GH(V, Z, 3) is denoted by Hf, where
n=dmgV.

b. A Heisenberg group GH(V, Z, 5) with dim Z = 2 is almost homogeneous if,
and only if, the spaces V' and Z can be made vector spaces over C in such
a way that [ is complex bilinear, and non-degenerate. In this case, (the
isomorphism type of) GH(V, Z, 3) is denoted by HZ", where n = dim¢ V.

c. A Heisenberg group GH(V,Z,3) with dimV = 4n and dimZ = 3 is
almost homogeneous if, and only if, the space V' can be made a vector
space over Hamilton’s quaternions H in such a way that 3 is the pure
part of a positive definite hermitian form from H" x H* = V x V to
Z = Pu(H) = {h € ]I-]I’ h = —h}. In this case, (the isomorphism type
of) GH(V, Z,3) is denoted by Hj", where n = dimyg V.

The almost homogeneous Heisenberg groups with (v, z) := (dim(H/H'), dim H’)
in {(3,3),(6,6),(7,7),(8,5),(8,6),(8,7)} will be denoted by HY; the corre-
sponding Lie algebra by h?. The Lie algebras h5 and b3 will be introduced by
certain module projections in 2.7 below. Even more explicit descriptions may be
found in 3.1 and 3.2.

Problems 1.3.  There exist quite obvious embeddings between almost homo-
geneous Heisenberg groups: HZ'— H¥', HZ'— H{" and Hj — H¢ — HT; see [6].
It appeared natural to pose the general embeddability problem. Apart from a few
cases, this problem was solved in [6]; only the following problems remained open:

(a) Is there an embedding of Hj into H§ ?
(b) Is there an embedding of H¢ into HS ?
c) Is there an embedding of H% into HE, or into H§ ?
H 5 6
(d) Is there an embedding of HY into HS ?

(e) For which pairs (k,n) is there an embedding of HF¥ into HSP ?
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In the present paper we solve Problems (a) — (d), but Problem (e) remains open.

We are dealing with simply connected nilpotent Lie groups here, where the
exponential map is a homeomorphism (even a diffeomorphism, see [9] Thm. 3.6.2).
Therefore, embeddings (where we have a homeomorphism onto the image) cor-
respond bijectively to embeddings of Lie algebras (i.e., injective Lie algebra ho-
momorphisms), and embeddings are nothing else than injective continuous group
homomorphisms. This remark is made only to indicate the deeper reason why
it suffices to consider Lie algebra homomorphisms in the sequel. Of course, non-
existence of an embedding for the algebras implies non-existence of an embedding
for the groups.

Lemma 1.4. Let G = GH(S,Y,v) and H = GH(V,Z,3) be almost homo-
geneous Heisenberg groups. Assume that ¢: G — H s an injective continuous
homomorphism. Then the following hold.

a. The commutator groups satisfy ({0} xY)? = G'* = H'NG¥ = ({0} x Z)NG?.

b. There are injective linear maps S xS v Y
p1: S — V oand ¢y Y — Z
such that the following diagram (901’301)1 l@z
commutes: VxV Z

c. Bvery pair (¢1,p2) as in assertion b yields an embedding
(p1,402) : GH(S,Y,y) = GH(V, Z,8) : (s,y) — (s7,57%).

Howewver, if o1 and @o are obtained from an embedding p as in assertion b,
it may happen that (@1, ps) and ¢ are different.

d. For every g € G, we have dim Cg (g) — dim G’ < dim Cy (¢¥) — dim H'.

Proof.  The first two statements were proved in [6] 3.2. Every linear map
7:S5 — Y defines an automorphism 7 : (s,y) — (s,y+s7) of GH(S,Y,v), and ¢
and 7 yield the same pair (¢1, p2). The rest of assertion c is verified by a simple
computation. The last assertion follows from the observation that ¢ induces an
injective linear map from Cg (g) /G’ to Cy (¢%) /H'. ]

2. Notation.

As our treatment involves some explicit computations, we have to fix descriptions
for rather well known objects.

Complex numbers will be considered as 2 x 2 matrices over R; then complex
conjugation is obtained by transposition:

~{(52)|weth (50)-(: )

In the Lie algebra gl,,R of all 2n x 2n matrices over R, we have the subalgebra

o= {A = (ajn)jk=1 € G[QHR‘ Vike{l,. .. n}: %W T G121 }

Q251 2k = —Q252k—1
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of all complex matrices, considered as matrices with special block structure.

The transpose of a real matrix A is denoted by A’. For the sake of
distinction, the transpose of a complex matrix C' = (cjx)},—; € gl,C will be
written CT:= (¢ ;)7 =, and (' is obtained by conjugation of each entry:

(Cj,k)?,kzl = (W)?kzl

Note that C" is just the transpose of the real matrix. The complex trace of C' is

n n
tr@(cj}k)j,k:l = Z]‘:1 Cjj-
Hamilton’s quaternions form a subalgebra of gl,C, namely

H::{<—my %)

We will use the standard involution A — h := &’ = hT on H. This involution fixes
the real scalar multiples of the identity, while the complementary eigenspace is

Pu (H) = {heH’ B:—h}:{( fb _Z;Z>

Again, elements of gl H will be interpreted as special elements of gl,,C or
of gl,,,R, respectively.

The real n x n identity matrix will be denoted by 1, ; note that for n = 2h
even, this is the complex h x h identity matrix 1%, and the quaternion ¢ X ¢
identity matrix 1151 for n = 4q.

x,yE(C}.

’I’ER,bEC}.

Definition 2.1.  Let 09,R be the Lie algebra of all skew symmetric 2n x 2n
matrices over R. We consider the subalgebras

u,C = 05,RN@l,C = {(cju)4ey € 9LC| Vi, ki = —Tij )
and su,C = {M e u,C| treM = 0} .

For n = 4, we will use a convenient description of the latter subalgebra by complex
block matrices:

B A B A, C euC, B e gl,C,
5114@ - {( —ET C ) ‘ tl"(cA = —tl"(co

In the sequel, we will consider representations of (Lie algebras of) com-
pact connected Lie groups. By Weyl’s trick, these representations are completely
reducible, cf. [1] 1.6.2, Thm 2, p. 52.

The adjoint representation of 0gR restricts to an R-linear representation of
su,C on 0gR. We will decompose 0gR as a direct sum of irreducible susC-modules.
To this end, we introduce some more notation. We put

o
S = g , Whelreaz(1 )
o -1
o

Note that, for each ¢ € C, we have oc = ¢o. We will also use

. 0 1 o 0 1,
z.—(_l O)G(C and J.—(_12 0>EH.
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Lemma 2.2. For A € u,C and

tJ X

MSeU:qmmsz{(_XTuJ

)S‘ t,uEC,XGg[zC},
we have [A, MS] = (AM — (AM)T) S.
Proof.  Using oc = ¢o and the defining properties for A € u,C and M € US™!,

we compute MSA = MTSAT = MTATS = (AM)TS, and the assertion follows. ®

Comparing dimensions and using Lemma 2.2, one sees that U is a u,C-
invariant complement of u,C in 0gR. However, the uyC-module U is not irre-
ducible. We consider the R-subspaces

tJ X
Wy = {(—XT _%J)S‘teC,XEH}
o tJ Y 1, O
ot wie [(5 7 )s|ecaven(t 0}
Proposition 2.3. The susC-module ogR splits as a direct sum of su,C-

modules 0sR = u,CH U, and U =Wy W . The su,C-modules Wy and W are
irreducible, and uyC splits as sum of the irreducible submodules su,C and 3(u,C).

Proof. The suyC-module su,C is irreducible because susC is a simple Lie
algebra (submodules are just ideals here). Note that W = [I, W] is the image of
Wy under the adjoint action of the element I = i1§ of the center 3(u,C) of u,C.
Therefore, it suffices to check that Wy is an irreducible su,C-submodule of ogIR.
A straightforward calculation shows {0} # [susC,Wy] C W,. Every nontrivial
susC-module has dimension at least 6 = dim Wy, cf. [4] p. 624. Therefore, the
module W is irreducible. [ ]

Remark 2.4. The susC-modules Wy and W provide explicit models for the
representation that gives rise to the exceptional isomorphism su,C = 0gR (which
is a restriction of “the” obvious isomorphism between simple complex Lie algebras
of type Az and Ds). [

Our next aim is to obtain a decomposition of 0gR as a usH-module.
The Lie algebra u,H is obtained as intersection uyH := 0gR N gl,H, where

A B
wii {(4 )| amepes)

Note that u,H is contained in suyC; in fact, one has u,H = su,C N gl,H.
We define the vector space

7. rily  Hi
' HTi  —ril§

Proposition 2.5. The usH -module 0gR splits as a direct sum of submodules
0sR=wH® Z & 3(uC) @ U, and su,C =uH S Z. The usH-modules usH and
Z are both irreducible.

rERHEH}
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Proof.  Since u,H is contained in su,C, we have [uH, su,C] C suyC and
[uoH, 3(usC)] = {0} as well as [u,H, U] C [suyC,U] = U. A straightforward
calculation shows su,C = u,H & Z, and {0} # [uH, Z] C Z. The module u,H
is irreducible because uxH is a simple Lie algebra. Every nontrivial usH-module
has dimension at least 5 = dim Z, cf. [4] p. 624. Thus the assertion follows. ]

Remark 2.6. The uyH-module Z provides a concrete model for the repre-
sentation that gives rise to the exceptional isomorphism usH = 05R (which is a
restriction of “the” obvious isomorphism between Lie algebras of type Cy and Bs).

The usH-module U splits as the sum of two one-dimensional and two five-
dimensional simple submodules. This follows from the observation that u,H is
embedded in suyC like 05R in 0gR; the usH-modules Wy and W split accordingly.
We will not use that information, however: for our purposes, it suffices to identify
the irreducible usH-submodule Z together with the complementary submodule
uH @ 3(usC) e U. [

Definition 2.7.  The module decompositions obtained in 2.3 and in 2.5 are
used to introduce the almost homogeneous Heisenberg algebras hS and h. In
both cases, we describe a skew symmetric bilinear map 3, from R® x R® to some
vector space C; by giving the corresponding linear map f; : R¥ AR® = 0gR — (.
Then the Lie algebra b3 := gh(R®, C, 3,) is obtained as R® x Cy, with commutator
[(z,¢), (y.d)] = (0, (z,y)").

For b8, we put Cs := Z and let 75 : 0sR — Z be the projection modulo the
upyH-submodule uyH + 3(usC) + U. Then 75 and 35 := 475 are homomorphisms
of UsH-modules.

For b8, we put C := W and let 74 : 0sR — W be the projection modulo
the su,C-submodule uyC + W,. Then 7 and s := 41 are homomorphisms of
SUH-modules.

Using the module decompositions obtained above, it is now easy (if tedious)
to determine the values (v, vi)? € Oy for the standard basis vy, ... ,vs of R®: one
has to express v; A vg = v; @ v, — v, ® vj = Vju, — vv; as a sum of (vj,v)™ € Cp
and Rf‘,k: € kermy,.

In the sequel, we are going to use this in order to determine the subalgebras
of h and b3 generated by vector subspaces of R®.

3. Explicit Computations.

We are now going to give explicit descriptions of the symplectic maps (5 and g
used to define the Lie algebras hf and h3. We describe bilinear maps from R™ x R"
to some vector space M by matrices with vector entries, as follows:

For any n x n matrix R = (r;;)},=, with entries from M and vectors
= (1, ., T0), ¥y = (Y1, ,Yn) € R", we write xRy" := 377 wjyerjp € M.



HOHEISEL AND STROPPEL 449

Lemma 3.1. We define the following elements of gl,C:

i 0 0 0 00 i 0 0 0 -1 0
o i 0o o oo o0 0 0 0 1
A=l oo =i o | 2=l iooo]l =1 0 0o 0]

00 0 —i 0 i 00 0 -1 0 0

00 0 i 00 0 -1
oo —io 00 -1 0
=0 = o0 o] =01 0 o0

i 0 0 0 10 0 0

Then {z1,... 25} is a basis of Z = R>. With respect to this basis, the symplectic
map Bs is described by (x,y)* = xRy, where

0 21 0 0 —Z3 Z9 —Z5 Z4
—Z 0 0 0 —Xk9 —RZ3 —R4 —R&5

0 0 0 21 —25 —Z4 Z3 Z9

0 0 — 21 0 Z4 —Z5 —Z9 z3

R =

23 29 25 —za 0 —z 0 0
—Zy 23 2y 25 21 0 0 0

25 24 —R3 29 0 0 0 —Z1
—Z4 Ry —R9 —Z3 0 0 21 0

Proof.  Elements of ker s = usH & 3(uyC) & U and Cs = Z have the form

ai b c d g 0 0 0 0 to mo no
—at —d c n x gl O‘ 0 x 0 po qo and
x* el f x % gi 0 x x 0 wo
* % x  —el x % kgl x % % 0

ri. 0 x1 g
re —Yyi Tl
0 —re 0
* *x =1y

, respectively, with uniquely determined entries

a,e,g,r € R and b,c,d, f,t,u,m,n,p,q,x,y e C.

The entries marked * are determined by those given explicitly because we consider
elements of ogR. Using the fact that 1¢ = 1, and o are linearly independent in
the complex vector space R?*? | together with observations like (3 9) = % (1‘1C + 0)
and (§§) = 3 (i —io), one finds the image of v; A v, under 5 = 45 that forms
the (j,k)-entry in R. Computational details are left to the interested reader. m
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Lemma 3.2. We define the following elements of gl,C:

0 1 0 0 0 i 0 0
10 0 0 i 00 0
we=log g o o1 | wai =10 00 - | P
0 0 —1 0 0 0 i 0
0 01 0 0 0 4 0
0 00 —1 0 0 0 i
wsi=1 3 g9 o |¥ we=1 g 00 |
0 10 0 0 —i 0 0
00 0 -1 0 0 0 —i
00 —1 0 00 i 0
ws=1 01 09 o |¥ we' =19 ;0 0 |
10 0 0 i 0 0 0

Then {wy, ... ,ws} is a basis of W = RS. With respect to this basis, the symplectic
map B is described by (x,y)% = 2Ty, where

0 0 w1 — Wy Ws —wW4 —Ws Weg
0 0 —Wy —W1 —W4 —W3 Weg Ws
—w;  Wsy 0 0 —ws —wg —wWs3 —wWa
T_ Wa w1y 0 0 —wg ws —wy W3
- — W3 Wy Ws We 0 0 w1 Wa
Wy Ws We —Ws 0 0 Wa —WwW1
Ws —Weg Ws W4y —WwW1; —W2 0 0
—Wg —Ws W4 —W3 —Wy Wj 0 0

Proof. @ We proceed as in the proof of 3.1, using 2.1 and 2.3: Elements of
ker mg = usC @ Wy and Cg = W have the form

ai b ¢ d 0 to x0 wyo 0 zo wo —wo

x e f g x 0 —yo To x 0 —vo —uo

x x hi j Tl « 0 -0 and x % 0 zZo ’
* x ki kK * 0 x % * 0

respectively, where the entries a,e, h,k € R and b,¢,d, f,g,j,t,z,y,z,u,v € C are
uniquely determined. Again, the entries marked * are determined by those given

explicitly because we consider elements of ogR. [ ]
Remark 3.3.  In order to solve Problem 1.3(c), we describe Hj; more explicitly,
using the hermitian form (x|y) = zy and the corresponding symplectic map

Y : H' x HY — Pu(H) : (z,y) — Pu((zly)) = 5 (27 — yz). With respect to
the basis
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for Pu(H), and the basis pg := 1,, p1, p2, p3 for H', the symplectic map ~§ is
described by the matrix

0 —p1 —p2 —ps , ,
0 —p3s po . /
H = via Tip;, i | —axHyY .
p2  P3 0 —-m (jz_; 3P JZ_; y]p,> Y
ps —p2 p1 O m
Remark 3.4.  After the identification (a+1b,c+id) < (a,b, c,d), a Heisenberg

group of type H{ is obtained as GH(R*, C, 32), where ¢ : R* x R* — C is given
by

0 0 1 i
0 0 1+ -1 /

@y) =z 0 g o |¥
—i 1 0 0 "

4. Embeddings into HS.

Throughout this section, let vq,... ,vs be the standard basis for R%.

We want to determine the isomorphism types of subgroups H < HS with
dim H/H' = d. To this end, we have to consider vector subspaces V' of dimension
d in R®, and determine the image of V' xV under ;. Using subgroups of Aut(H%),
we can reduce this problem considerably.

The following reduction helped to find candidates for embeddings.

Lemma 4.1.  If searching for the isomorphism types of subgroups H < HE with
dim H/H' = 4, it suffices to consider the subspaces of R® generated by independent
sets of the following two types:

Bl : {U17U27U37U4}7 or BQ : {U17d27d37d4}7

where dy, d3 € (va, V3, V4, Vg, U7, V8)r and dy € v5 + (Va, V3, V4)R -

Proof. We consider a 4-dimensional subspace V of R®. By the very con-
struction of HY (via upH-submodules of ogR), the group UsH = exp(uoH) is
a subgroup of Aut(HS). Since this group acts tramsitively on R® \ {0}, we
may assume that v; is contained in V. If V = (v1)g = (v1, v, v3,v4)r, there
is nothing left to do. Therefore, we may assume that V contains an element
x € (U, V3, Uy, Vs, Ug, U7, U)R \ (U2, U3, Ug)R -

The stabilizer of v; in the group UsH is

v ={( g )

Using an element A\ of this stabilizer, we may map x to some real scalar multiple
of an element dy € vs + (vq, v3,v4)r. Extending {vy,ds} to a suitable basis for the
image of V' under A\, we establish the claim. [ |

deH,dJ:1}.

The image of (v1>H2 = <v1,vg,vg,v4)R2 under 5 obviously is (z1)g; cf. 3.1.
Thus (v;)m x {0} does not generate a subgroup isomorphic to H¢ or Hy. Closer
inspection reveals that the subgroup generated by (v;)g x {0} is isomorphic to Hg.
This is the embedding of Hg into H? found in [6] 3.9.
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Theorem 4.2.  There is an embedding of H¢ into HS.
In fact, for V := (vi,v3,vs5,v7)r < R® the subset V x {0} generates a
subgroup of HS that is isomorphic to H.

Proof. Using 3.1 one easily computes that the image of V' x V' generates
the subspace U := (z3,25)r in W. In order to see that H{ is isomorphic to
GH(V, U, Bs|yxv), we define maps ¢; : H — V and ¢y : Pu(H) — U by
linear extension of (1,0)%' := vy, (¢,0)%* := —wvg3, (0,1)?* := vy, (0,9)¥* = vs,
192 := —z5, and ¥? := —z3. A simple calculation shows that ¢; X ¢y is an
isomorphism from HE onto GH(V,U, 35|y «v). (See 3.1 and 3.4 for the structure
constants.) [

Theorem 4.3.  There is an embedding of Hy; into HE.
In fact, for V := (vi,ve,vs5,v6)r < R® the subset V x {0} of R® x W
generates a subgroup of HE that is isomorphic to Hg;.

Proof.  The image of V x V under 35 generates the 3-dimensional subspace
U = (21,22, 23)r. An isomorphism (1, 3) from Hy onto GH(V,U, Bs|yxy) is

obtained by linear extension of pf' := vy, p{' = vy, py' = vg, p§' = vs, and

Py = —21, py? = —29, p3’ = z3, cf. 3.1 and 3.3. [
We conclude this section with a negative result.

Theorem 4.4. There is no continuous injective homomorphism from the group

HS, into the group HS.

Proof.  First, we determine the centralizer Cys ((v1,0)). From 3.1 we read
off that the image of the set {(vl,vj)\ jE {2,5,6,7,8}} spans Z, and that
{v1,v3,v4} is contained in the centralizer. Therefore, one has dim Cys (v1) = 8
and CH? (v1) = (vi,v3,v4)r + Z. Since H? is almost homogeneous, this implies
dim Cys (g) — dim(Hg)" = 3 for each g € Hf\ (H5)'.

According to 1.4, the existence of an injective continuous homomorphism
from H§ into HE would require dim Cyg (2)—dim(Hg)" < 3 for each 2 € Hp\(Hg)'.
However, it is easy to see that every element in HY has a centralizer of dimension
at least 6. Thus dim Cys () — dim(Hg)’ > 5, and no injection is possible. n

5. Embeddings into HS.

Again, let v1,... ,vg be the standard basis for R®. We start with positive results.

Theorem 5.1.  There is an embedding of Hy into HS.
In fact, for V := (vy,v3,v5,07)r < R® the subset V x {0} of R® x W

generates a subgroup of H that is isomorphic to Hy.
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Proof.  Using 3.2 we compute that the image of V' x V' under 5 generates the
3-dimensional subspace U := (w;, w3, ws)g of W. An isomorphism from Hg onto
GH(V, U, Bs|yxv) is given by the maps ¢ : R* — V and ¢, : R® — U obtained
by linear extension of pf' = vy, pi' = vs, p§' = vs, pi' = vy, P> = —wy,
ps? = —ws, and pf* = ws. n

Embeddings of H¢ into HS and of HS into HS were given in [6] 3.8, 3.11.
We take the opportunity to exhibit an explicit embedding of H{ into HS.

Theorem 5.2.  Let V := (vy,ve,v3,04)r < R®. Then V x {0} generates a
subgroup of HS that is isomorphic to HE.

Proof.  The image of V' x V under (s generates the subspace U := (wy, ws)r
in W. An isomorphism (¢1,p2) from HE onto GH(V, U, Bs|vx1) is obtained by
linear extension of (1,0)¥' := vy, (4,0)% = vy, (0,1)¥* = w3, (0,7)% = vy,
192 ;= wq, and ¥ := —wy. (See 3.2 and 3.4 for the structure constants.) |

We conclude this section by another negative result.

Theorem 5.3. There is no continuous injective homomorphism from the group
Hg into the group HS.

Proof.  The 6-dimensional space W is generated by the images

(v,v3)% = wy, (v,v4)% = —wy, (v1,v5)% = ws,
(v1,v6)% = —wy, (vi,v7)% = —ws, (vi,v8)* = ws,

cf. 3.2. Thus dim Cyg ((v1,0)) — dim(HE)" = 2, and the same value is obtained for
any g € H§ \ (HS) because the group H$ is almost homogeneous.

For each element x € Hy, one easily sees that dim Cy (2) — dim(Hg)" is at
least 3. Thus a continuous injection is impossible by 1.4. [ |

6. Conclusion.

The following diagram is a modification of the diagram in [6], taking into account
the information obtained in the present paper. The diagram attempts to visualize
all embeddings between almost homogeneous Heisenberg groups of dimension at
most 18. In particular, this range comprises all exceptional ones.

For the sake of readability, triangles have been suppressed in the diagram:
an embedding may be designated by a path of arrows.

Absence of (paths of) arrows indicates that no embedding exists.
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HZ HE HE HE HLO H12 HL HLS
4 8 12 16
He He Hg He
i 1 \\‘H Hy?
H3
Hg Hg
H; H?

There remains the following question, stated as Problem (e) in [6]:

Problem 6.1.  For which pairs (k,n) of positive integers is there an embedding
of HY into Hp ?

(Partial answers have been given in [6] 3.4, 3.5, 3.6.)
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