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ABSTRACT. Let L(n, k) = -2 (".*). We prove that all the zeros of the polynomial L, (z) =

n—k
> L(n, k)x* are real. The sequence L(n, k) is thus strictly log-concave, and hence unimodal
k>0
with at most two consecutive maxima. We determine those integers where the maximum is
reached. In the last section we prove that L(n, k) satisfies a central limit theorem as well as

a local limit theorem.

1. INTRODUCTION

A positive real sequence (aj)}_, is said to be unimodal if there exist integers kg, k1,0 <
ko < k1 < n such that

ag < ap < Sy = Qggg1 = 0 = Ay 2= Afy41 = 00 2 Ay

The integers [, ky < [ < k; are called the modes of the sequence. If ky < ki then (ax)p_, is
said to have a plateau of ky — kg + 1 elements; if kg = k; then it is said to have a peak. A
real sequence is said to be logarithmically concave (log-concave for short) if

ap > ap_10pp1, 1<k<n—-1 (1)

If the inequalities in (1) are strict, then (ax)}_, is said to be strictly log-concave (SLC for
short). A sequence is said to be have no internal zeros if i < j , a; # 0 and a; # 0, then
ap # 0 for i < k < j. A log-concave sequence with no internal zeros is obviously unimodal,
and if it is SLC, then it has at most two consecutive modes. The following result is sometimes
useful in proving log-concavity. For a proof of this theorem, see Hardy and Littlewood [[].

Theorem 1. (I. Newton) Let (a;)}_, be a real sequence. Assume that the polynomial P(x) =

S" apx® has only real zeros. Then

k=0

n—k+1 k+1
n—k k

a; > api1a5-1, 1 <k<n-—1. (2)
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If the sequence (ag)p_, is positive and satisfies the hypothesis of the previous theorem,
then it is SLC. The two possible values of the modes are given by the next theorem.

Theorem 2. Let (ay)}_, be a real sequence satisfying the hypothesis of the previous theorem.
Then every mode of the sequence (ay)}_, satisfies

n

Z kak Z k;ak

k=1 k=0

- <k < |,

> ak > ak
k=0 k=0

where || and [z] are respectively the floor and the ceiling of x.

)

For a proof of this theorem, see Benoumhani [, .
Let g(n, k) = (”;k) This sequence was been investigated by S. Tanny and M. Zuker [[];
they proved that it is SLC, and determined its modes. If r, is the smallest mode of g(n, k),

then
5n—3—vbn?+10n+9
- o RNEY
They proved that there are infinitely many integers where a double maximum occurs. The
integers where this happen are given by: n; = Fy; —1, where Fj, is the k" Fibonacci number.
The smallest mode corresponding to n; is given by r; = é (Lgj—1 —4), where L; is the j'th
Lucas number.

In this paper we consider the sequence L(n,k) = ﬁ(";k), 0<k<|[2],n>1 Itis
known that L(n, k) counts the number of ways of choosing k points, no two consecutive,
from a collection of n points arranged in a circle; see Stanley [[], p. 73, Lemma 2.3.4] and
Sloane [[], A034807].

In Section 2, for the sake of completeness, we prove that all zeros of the polynomials

P.(x) = Y g(n,k)z* are real. The explicit formula for P,(z) allows us to derive some
k>0
identities. Also it enables us to rediscover a result of S. Tanny and M. Zuker. In the third

section, we consider the polynomials L, (z) = > L(n, k)z*. We prove that all zeros of L, ()
k>0

are real and negative. In this case, too, the explicit formula for L, (z) gives some identities.

The SLC of the sequence L(n, k) is deduced from the fact that L,(x) has real zeros. We

determine the modes, and the integers n where L(n, k) has a double maximum. In the last

section we prove that the sequence L(n,k) is asymptotically normal, and satisfies a local

limit theorem on R.

2. THE POLYNOMIALS P, ()

It is well known that the sequence g(n, k) = (";k), 0<k< ng , is related to the Fibonacci

numbers by the relation ) (”;k) = F,41 . Recall that the sequence (F},) is defined as follows:
k>0

Fn: n—1+Fn—2an227
with Fy =0, F} = 1. Also we have the explicit formula

S !
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It is straightforward to see that P,(x) satisfies the recursion
Pn(l') = Pn_l(x) + .Z’Pn_g(l’), (4)
with initial conditions Py(z) = Pi(x) = 1. Using the relation (4) we prove

Proposition 3. For all n > 0, all zeros of the polynomials P, (x) are real. More precisely,
n+1 n+1
we have P,(x) L ((HV“H) - (1_7 V;‘”l) ) . (5)

= Vartl 2
1 «x Pn,1($)
10 Pn,Q(J))

(R =) ()=o) ().

The eigenvalues of the matrix A = ( b ) are

PT‘OOf. Write the relation (4) In matrix fOI’IIl, as fOHOWSZ ( 1 n(xzx) ) (
I n—1
We deduce

10
)\_1+\/4x+1 )\_1—\/4m+1
1 — 9 ) 2 — 9 )
and two eigenvectors of A are V; = ( i\l )and Vo = ( i\2 ) Now the matrix A may be

written
1 =z . )\1 )\2 )\1 O )\1 )\2 -
10/ \1 1 0 X\ 1 1 ’
From this, we obtain

12\ 1 LA DU 1 =X
10 VD 1 0 P -1 X\

A
1

1 AP — A3 —XfAg + A Ag
A=A =N g+ AN

P,(z) .
The vector ( Py (x) ) 1S now
P(w) = 1 AT — Ay —AT Ay + A AS 1
Pocr(®) ) A =20 \ AT =T AT e AT 1)

1
Pa(2) = ———— (A} = X§ — AlAg + A Ag).
A=

So,

Since A\ + Xy =1 and A\; — \y = v/4x + 1, we finally obtain
P(e) 1 ((1+\/4x+1)"“ (1—\/4x+1)”+1>
() = - — )

a 2 2

Vazr +1

This is the desired result.
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For the roots of P,(x), we have

n+1

14+ VIz 1 14+ VIT Tl

<_i_£j;) :1¢¢(_i_£j;>:€b1§k§L7
1—\/m

where the ¢;, are the (n + 1)™ roots of unity. Thus,

5k_1 €k—1 2
P, =0« +v4 = <=4z = -1
(:E) v er+1 v +(5k+1)

P,(z) =0«

Furthermore, we obtain P,(z) = 0 <= z = —1 (1 + tan® ( +1)) 1 <k < [2]. This proves
that the roots of P,(x) are real and negative. O

Remark. In the sequel, we need Lucas numbers. Let us recall their definition:
Ln = Ln—l + Ln—?a LO = 2a Ll =1

It is not hard to see that

1 to(1=vB)\"
L, = < +2\/5> + ( 2\/g> and L, =F, + Fn—27

holds.

Corollary 4. We have the following identities:

n>0

0, if n =6k +2, 6k + 5;

9. Z(_l)k(”;’“) = 1, if n =6k, 6k+ 1;
k>0 —1, if n =6k + 3, 6k + 4.
n—2
3.5 k(1) = ¥ FiFug = (2 = olbt e
k>0 k=0

4.(n+ 1)L, —2F, = (n—1)F,+ (n+1)F,_2 =0 (mod 5).

( %n, if n = 6k;
;1, if n =6k + 1;
_atl g =6k + 2;
_1\kL.(n—k) _ 3 , 1M
5'kz>:0( 1) k(k)_ —, if n =6k + 3;
- ”1),1fn—6k5+4
”*1,1fn—6k:+5

\

Proof. The first is known and easy to establish using (4). For (2), put x = —1 in (5). For
the third, differentiate the generating function of P,(z) with respect to x, and compare the
coefficients, and then put x = 1. Relation 4 is immediate from 3. For the last one, put x = —1
in the derivative of P,(x). O
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According to Theorem 2, every mode r,, of the sequence (";k) satisfies the relation

3 k() > k(")
=1 < k=0

E, E,

S. Tanny and M. Zuker gave an exact formula for r,, but this is somewhat opaque. So

they used another method to give a more explicit one; but it is less precise. Namely, they
proved that r,, = L% ( V5

— ?” or r, = { ( — iﬂ We give another proof of this result.

Proposition 5. (S. Tanny, M. Zuker [{])
The modes of the sequences (";k) are given by r, = LQ (1 — ‘/5>J orr, = [% (1 — %ﬂ )

2 5

£ 07
Proof. Since all zeros of the polynomial P,(x) are real, it suffices to compute ’

k=1 —
. The last corollary gives
n k n—k
B ,; (") _ (n+1)L,—2F, (n+1)L, 2

Using the explicit formula for the Lucas and Fibonacci numbers; we obtain
Hn = (TL'2|'1) (1 - \/?5> 1523117 a = _3_2\/5'
Now consider the sequence

_ (1) V3 ltar 2 _ (n+1) V5 2
Hn—T(l—T> 1_Zn+1—5—T(1—?>An—5>

where

Also, observe that for every n we have

Agny1 < 1 < Agp.

So

_ 2n+l V5 2 2n+1 5 2
Mzn—%@—?)Azn—gE 5 (1—?>—3>

and
Hont1 = —2n2+2 (1 — ?) Aopg1 — % < 2”;2 (1 — 55 — %

Thus
ntl 1—§ —§§M2n§H2n+1§2n2+2 (1—?5>—§-

We deduce that for every n > 2,

5 V5 2 n+t2 V5 2
5(1—?) 2 < py < +(1—_)_3_
Since the difference between the two bounds is (1 — ?) < 1; there is a unique integer 7,
in the interval ( <1 — _) 2 n+2 V5

=3 (1- N

|a

222 (1-8) —2) and of couse 7, = |3 (1-£) | or
7

O
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3. THE POLYNOMIALS L, (z)
In this section, we consider the sequence L(n, k) = ﬁ(”;k
the polynomials L, (z) = > L(n, k)z* are real.
k>0

). We prove that all zeros of

Proposition 6. For all n > 2, all zeros of the polynomials L, (x) are real. We have
L (IL’) — <1+\/4x+1>n + <1—x/4x+1>n (6)
n 2 2 : :

Proof. Since the polynomials satisfy the recursion
L,(z) = Lyp_1(z) + xL,_o(z);
with Ly = 2, Ly = 1, the proof is exactly the same as for P,(z) .

Corollary 7. We have the following identities:
L Y Ln(2)2" = 555

n>0

1,if n=6k+1 or 6k+5;

- —1, if n=6k+2 or 6k+ 4;
3. (=DM (") = 2, if n=6k;

—2, if n=6k+3.

n—1
4. Z Lan—k—l = nFn
k=0

Proof. Relation (1) is immediate, for the second one, it suffices to put = 1 in (6). For the
third one, put x = —1 again in (6). The last one is obtained by differentiating the generating
function of L, (x) with respect to z and then equating the coefficients of 2" in both sides. [

Since all zeros of the polynomials L, (z) are real, it follows that the sequence L(n, k) is
SLC. We follow S. Tanny and M. Zuker to give the modes.

Theorem 8. The smallest mode of the sequence L(n, k) is given by

b - [571—4—\/5712—4—‘
" 10 '

Proof. The integer k,, satisfies
L(n,k, — 1) < L(n, k) (a)
n, k

Let
f(x) =52* — (5n + 6)z +n* + 3n + 2,
and
g(x) =52° — (5n — )z +n* + 2n + 1.
We have

(a) <= f(kn)>0;
(b) <= g(ka) <0.
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5n+6+v5n2—4 5n—44+5n2—4
10 10 :

The roots of the first equation are , and those of the second one are

The desired integer satisfies
5n—4—\/5n2—4<k <5n+6—\/5n2—4
10 - 10 '
Which is what we wanted. U

The previous formula for &, is not as explicit as expected. We give a more explicit one.

Corollary 9. The integer k, satisfies the following

= ) o= Ty (- )T

Proof. The proof is the same as for r,, . O

In the next result, the integers n, such that the sequence L(n, k) has a double maximum
will be determined. Before determining these integers, we need the following lemmas:

Lemma 10. For everyn > 0, 5F2 +4(—1)" = L2.

Proof. This is known, and straightforward using the explicit formulas of F}, and L, . O
Lemma 11. For every n > 0, 5Fy,11 — Lyny1 —4 = 0 (mod 10).

Proof. Again, the explicit formulas of F), and L,, give easily the wanted result. U

Theorem 12. The sequence L(n, k) has a double mazimum if and only if n = Fy; 11, and in
this case the smallest mode is given by k, = FQQJ

Proof. If [ is the smallest mode of L(n, k) then it satisfies
L(n,l) = L(n, 1+ 1),
which is equivalent to
fn,l) =5~ (Bn—4)+n*—-2n+1=0. (7)
Equation (7) has two roots in [

5n —4++/bn? —4

10 '
The solution greater than % is rejected, since the modes of L(n, k) are less than . The
smallest one remains, i.e.,

5n —4 — /bn? — 4
= : (8)
10
So, we are looking for all pairs of integers (n;, k;), 0 < k; < %, satisfying (7) (or (8)).
We may transform (8) to an equation related to Pell’s equation as in Tanny and Zuker
B, and then use some classical facts about units (invertible elements) in quadratic fields

(see Cohn [f] for details). But we proceed differently: by Lemma 10, 5F3,,, —4 = L3,
and by Lemma 11, 5F4j+1 —4 — 5F42j+1 —4 = 5F4j+1 —4 — L4j+1 =0 (mod 10), that

. 55Fyj41—4+,/5F% —4 5Fyj1—4—Ly; Fy; . .
is, k; = - o = e = R < S So, some of the Fibonacci

numbers are certainly among the n;. Now let (ng, ko) = (1,0), (n1,k1) = (5,1), (ng, k2) =

li,9 =

l
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(34,9), (ns, ks) = (233,64), ...,with n; = Fy;,1, k; = F3;. The following recursions are easily
derived:
N1 = Tnj —n;_q; 9)
kjyr =Tk —kj—1 +2.
Now, we prove that all solutions of (7) are in fact (n; = Fyj41, kj = F3;) 0. We will show
that if (n;, k;) is a solution of (7), then

(1, kja) = (T = mja, Thy — Koy + 2)
is another one. Indeed

fjenkjn) = 5k — (5njen — Dkj +njq — 2050 + 1
= 5(71@’] — kj—l + 2)2 - (5(7TL] - nj_l) - 4)(7]{7] - kj—l + 2)
+(Tny = ny-1)* = 2(Tny —nyy) + 1
=0

since f(n;, k;) = 5k? — (5n; — 4)k; + n? —2n; +1 = 0 for 0 < i < j. Suppose that (n, k)
is another one, 0 < k < %; different from those (n;, k;). There is a unique (n;, k;) such
that n; < n < n;y1. We verify easily that f(7n —n;_1, 7k — k;_1 + 2) = 0. This means that
(n, k) = (n;, k;), and proves that all the solutions of (7) are given by the recursions (9).This
ends the proof. O

Remarks. 1. There is a relation between the modes of the sequence g(n,k) and those
of L(n,k). Let (mj,7;) be the sequence of integers such that g(m;,r;) = g(m;,r; + 1).
Since m; = Fy; — 1and r; = £(Lyj—1 — 4), it is easy to establish (by direct calculations, or
generating functions of r; ), that

{ N =Tjt1 —Ty5;
k:j:mj—er—l.

2. Note that our relation for k; was derived by S. Tanny and M. Zuker [f], p. 301]. There,
the initial conditions for the Fibonacci numbers are: Fy = F; = 1.
3. Using the recursions (9), we obtain the generating functions:

> , 1 -2z > , r + 22
=S el = —— T and h(x) = kel = .
9(x) ;”J"E gz d Ao ; T M)A - Tz +a?)

4. A CENTRAL AND A LOCAL THEOREM FOR L(n, k)

n
A positive real sequence a(n, k)}_,, with A, = > a(n, k) # 0, is said to satisfy a central
k=0
limit theorem (or is asymptotically normal) with mean pu, and variance o2 if

xT

lim sup Z @—(27‘()_1/2/6_§dt = 0.

n—+0 zcR

The sequence satisfies a local limit theorem on B C R ; with mean j, and variance o2 if

ona(n, i, + xoy,)

— (27?)_1/26_%
A

=0.

lim sup
n—--4o00 xEB
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Recall the following result (see Bender [I]).

Theorem 13. Let (P,),>1 be a sequence of real polynomials; with only real negative zeros.
The sequence of the coefficients of the (P,)n>1 satisfies a central limit theorem; with u, =

» » ’ / 2
B ond 02 = (P"(l) + 5l _ (P"(1)> > provided that lim o2 = +oo. If, in addition,

P (1) Po(1) ' Pa(1) Pa(1) n—s+00
the sequence of the coefficients of each P, is with no internal zeros; then the sequence of the
coefficients satisfies a local limit theorem on R.

The fact that the zeros of the sequence L, () are real implies the following result.

Theorem 14. The sequence (L(n,k))r>o0 satisfies a central limit and a local limit theorem

L N _ Ly | Ly() (L) -2
on R with p, = "~ ( - —> and o}, = Ln(D) + Ln(1) (Ln(1)> ~5in

Proof. We have

oo B Lu(1) C_ n’Lualy —5n*Fy | 30y — Ly
T L) L) \ L) 5L2 5L,

Let a = 1+2\/5, 6= 1_2‘/5. Using the explicit formulas of L,, and F},, we obtain

e (oo g (MR
toa B4 2(—1)n 5(am+ ") '
So,nirgoo 0, = +00. The local limit theorem is then easily seen to be satisfied; since L(n, k) #
0, for 0 <k < |%]. O

As a consequence of the local limit theorem, we have

Corollary 15. Let L = max{L(n,k), 0 <k < 5}. Then

7 ()

2mn
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