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A NOTE ON THE Q-BINOMIAL RATIONAL ROOT THEOREM
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Abstract
We show that a theorem obtained by K. R. Slavin can be easily deduced from the
q-Lucas theorem.

Received: 11/19/08, Revised: 2/23/09, Accepted: 3/3/09

1. The Main Result

The q-binomial coefficient
[n
k

]
q

is defined by

[
n

k

]

q

=






k∏

j=1

1− qn−j+1

1− qj
, if 0 ≤ k ≤ n,

0, otherwise.

Slavin [3] proved the following q-binomial rational root theorem and used it to derive
other new product theorems.

Theorem 1 (q-binomial rational root). For k,m, n ∈ Z, n > 0 and 0 ≤ k ≤ n,
we have

[
n

k

]

e−2iπm/n

=






(
(m,n)

(m,n)k/n

)
if n

∣∣ km,

0, otherwise,

where i2 = −1 and (m,n) is the greatest common divisor of m and n.

Slavin’s proof of Theorem 1 is quite long. In this note, we give a very short proof
of Theorem 1 by using the q-Lucas theorem (see [4, Eq.(1.2.4)] or [1, 2]).

Theorem 2 (q-Lucas). Let n, k, d be positive integers, and write n = ad + b and
k = rd + s, where 0 ≤ b, s ≤ d− 1. Let ω be a primitive d-th root of unity. Then
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k

]

ω

=
(

a

r

)[
b

s

]

ω

.

1This work was sponsored by Shanghai Educational Development Foundation under the Chen-
guang Project 2007CG29.



INTEGERS: 9 (2009) 140

Proof of Theorem 1. Let ω = e−2iπm/n. Suppose that ω is a primitive d-th root of
unity. Then

d =
n

(m,n)
.

By the q-Lucas theorem, we have
[
n

k

]

ω

=
(

(m,n)
r

)[
0
s

]

ω

,

where k = rd + s and 0 ≤ s ≤ d− 1.
If n | km then n | k(m,n) and d = n/(m,n) | k, so

r =
k

d
=

(m,n)k
n

, and s = 0.

Otherwise, d ! k and s > 0. Since
[0
s

]
ω

is equal to 1 if s = 0 and 0 if s > 0, this
completes the proof. !
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