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Abstract

We prove that for integers n, m ! 2 with (n, 2m) = 1,

(−1)
φ(n)(m−1)

2

m−1∏

k=1

∏

d|n

(
d − 1

[dk/m]

)µ(n/d)

≡ m(mφ(n) − 1) + 1 (mod n2),

where φ(n) is the Euler totient function. This generalizes a result of Granville.

The Main Result

As early as 1895, Morley [4] proved a beautiful congruence as follows:

(−1)(p−1)/2

(
p − 1

(p − 1)/2

)
≡ 4p−1 (mod p3), (1)

where p ! 5 is a prime. In [2], Granville extended the result of Morley and showed that

(−1)
(p−1)(m−1)

2

m−1∏

k=1

(
p − 1

#pk/m$

)
≡ mp − m + 1 (mod p2) (2)

for any prime p ! 3 and m ! 2, where #x$ denotes the greatest integer not exceeding x. For
further extensions of Granville’s result, the reader may refer to [6]. A q-analogue of (2) has
been established in [5].

With the help of a generalization of Lehmer’s congruence, Cai [1] proved that

(−1)φ(n)/2
∏

d|n

(
d − 1

(d − 1)/2

)µ(n/d)

≡ 4φ(n)

{
(mod n3) if 3 ! n,

(mod n3/3) if 3 | n,
(3)
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for any odd positive integer n, where φ(n) is the Euler totient function. Inspired by Cai’s
result, in this note we generalize Granville’s congruence (2) to arbitrary integers n, m ! 2
with (n, 2m) = 1.

Theorem 1. For any integers n, m ! 2 with (n, 2m) = 1, we have

(−1)
φ(n)(m−1)

2

m−1∏

k=1

∏

d|n

(
d − 1

#dk/m$

)µ(n/d)

≡ m(mφ(n) − 1) + 1 (mod n2).

First, we require a lemma on the quotients of Euler.

Lemma 2. Let n be a positive integer and a be an integer with (a, n) = 1. Then

aφ(n) − 1

n
≡

n−1∑

j=1
(j,n)=1

1

aj

⌊
aj

n

⌋
(mod n). (4)

Proof. Let 1 " rj " n be the least non-negative residue of aj modulo n for every j ∈ Z. It
is easy to see the set {rj : 1 " j " n, (j, n) = 1} coincides with {j : 1 " j " n, (j, n) = 1},
since if j1 &≡ j2 (mod n) then rj1 &= rj2 . Hence

aφ(n) =
n∏

j=1
(j,n)=1

aj

j
=
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#aj/n$n + rj
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j

(
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)

=
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(j,n)=1

(
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)
≡ 1 + n

n∑
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1
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⌊
aj

n

⌋
(mod n2)

≡1 + n
n∑

j=1
(j,n)=1

1

aj

⌊
aj

n

⌋
(mod n2).

#
Remark. When n is a prime, the result of Lemma 2 was first discovered by Lerch [3].

Proof of Theorem 1. Let Pd =
m−1∏

k=1

(
d − 1

#dk/m$

)
and Qd =

m−1∏

k=1

"dk/m#∏

j=1
(j,d)=1

(
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j
− 1

)
. Then Pn =
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n

j
− 1

)
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(
n

j
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)
=
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Qd. By using the inverse

formula for the Möbius function, Qn =
∏

d|n

P µ(n/d)
d =
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. On the other
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hand, define N =
m−1∑

k=1

|{j : 1 " j " #nk/m$ , (j, n) = 1}| and apply Lemma 2 to get

(−1)NQn =
m−1∏

k=1
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j

)
≡ 1 − n
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1

j
(mod n2)

=1 − n
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1

j

m−1∑

k="mj/n#+1

1 = 1 − n
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=1 − n(m − 1)
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1

j
+ nm
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#mj/n$
mj

≡m(mφ(n) − 1) + 1 (mod n2),

where the last congruence follows from

n−1∑
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(j,n)=1

1

j
=

1

2
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(
1

j
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)
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n
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1
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≡ 0 (mod n).

Finally,
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n

)
=

φ(n)(m − 1)

2
,

where {x} = x − #x$.
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