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Abstract

A P-set is a set S of positive integers such that no element of S divides the sum of any
two (not necessarily being different) larger elements. Erdös and Sárközy [2] conjectured
that there exists a constant c > 0 such that for every P-set S we have |{s ∈ S : s ≤
N}| < N1−c for infinitely many integers N . For P-sets S consisting of pairwise coprime
integers this conjecture has been proved by T. Schoen [6] who showed that in this case
we have |{s ∈ S : s ≤ N}| < 2N2/3 for infinitely many integers N . In the present note
we prove that the term 2N2/3 in Schoen′s estimate can be replaced by (3+ε)N2/3/ logN .
Our method uses the arithmetic form of the large sieve as well as mean value estimates
for multiplicative functions. (Mathematics Subject Classification (2000): 11B05, 10H25)

1. Introduction

Notation: Whenever S is a discrete set of positive real numbers, we define the corre-
sponding counting function AS : R+ → N ∪ {0} by

AS(N) := |{s ∈ S : s ≤ N}|.

A P-set is a set S of positive integers such that no element of S divides the sum
of any two (not necessarily being different) larger elements. In [2] Erdös and Sárközy
studied the behaviour of the corresponding counting function AS(N). They showed that
AS(N) = o(N) as N → ∞ and pointed out that this estimate is in a certain sense
optimal. Furthermore, they conjectured that there exists a constant c > 0 such that
AS(N) < N1−c for infinitely many integers N . For P-sets S consisting of pairwise
coprime integers this conjecture has been proved by T. Schoen [6] who showed that in
this case we have AS(N) < 2N2/3 for infinitely many integers N . His method depends
on the analytic form of the large sieve. Moreover, by giving a counterexample, Schoen
pointed out that c cannot be choosen greater than 1/2.
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In the present note we improve Schoen′s first-mentioned result. Throughout the
following, we suppose that S is a given P-set consisting of pairwise coprime integers.

Theorem: Let any ε > 0 be given. Then we have

AS(N) < (3 + ε)N2/3(logN)−1

for infinitely many integers N .

2. General estimation of AS(N)

Without loss of generality, we suppose that 1 6∈ S (otherwise, S could not contain any
integer greater than 1).

Our starting point for estimating AS(N) is the following simple observation: If q, r ∈
S and q < r, then we have s 6≡ −r mod q for all s ∈ S with s > q (this follows directly
from the definition of S to be a P-set). From this, we conclude that for every q ∈ S
there exist at least 1 + [q/2] residue classes R1(q),R2(q),...,Rω(q)(q) mod q which do not
contain any element of S greater than q (particularly, the residue class 0 mod q will be
one of them and, if q is even, q/2 mod q will be another of them).

This leads us to defining the following sieve for given real z,N with 1 ≤ z ≤ N
(however, here we use a set of pairwise coprime integers instead of a set of primes):

A := {n ∈ N : z < n ≤ N},
P := {q ∈ S : q ≤ z},

Ω(q) :=

ω(q)⋃
i=1

Ri(q) (q ∈ P),

M := {m ∈ A : m 6∈ Ω(q) for all q ∈ P}.

Then, by our above observations, we have

AS (N) ≤ |M|+ z. (1)

To obtain an upper bound for |M|, we use the arithmetic form of the large sieve estab-
lished by H.L. Montgomery (see [1], [5]).

Lemma 1: On the above sieve hypotheses, we have

|M| ≤ (N +Q2)

(∑
k≤Q

g(k)

)−1
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for every Q ≥ 1, where g(k) is defined by

g(k) :=


1 if k = 1,
r∏
i=1

ω(qi)
qi−ω(qi)

if there are distinct q1, ..., qr ∈ P such that k = q1 · · · qr,

0 otherwise.

We note that g is well-defined since the set P consists of pairwise coprime integers.

The original version of Montgomery′s sieve employs, as usual in context of sieve theory,
a set of prime numbers P instead of, more generally, a set of pairwise coprime integers,
but our more general version of this sieve can be proved in exactly the same manner as
the original one.

As already pointed out, in our application we have ω(q) ≥ 1 + [q/2] if q ∈ P. This
implies g(k) ≥ 1 whenever g(k) > 0. Hence, choosing z := Q and N := Q2, we obtain
the following result from (1) and Lemma 1.

Lemma 2: For every real Q ≥ 1 we have

AS
(
Q2
)
≤ 2Q2

|AK(Q)| +Q,

where the set K is defined to be the union of {1} and the set of all products of distinct
elements of S, i.e.

K := {1} ∪ {q1 · · · qr : r ∈ N, q1, ..., qr are distinct elements of S} ,

and AK(Q) denotes the counting function corresponding to K.

3. Proof of Theorem.

The key ingredient for our improvement of Schoen′s result is the following

Lemma 3: Let α, β and N0 be real numbers with α > 0, 1/2 < β < 1 and N0 ≥ 2.
Suppose that

AS(N) ≥ αNβ(logN)−1 (2)

holds for every integer N ≥ N0. Define the set K as in Lemma 2. Then for every ε0 > 0
there exist real numbers x0(ε0) ≥ 2 and C(ε0) > 0 such that

AK(x) ≥ C(ε0)xβ(log x)αβ−1−ε0
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for every real x ≥ x0(ε0).

Proof. The condition (2) implies that there is a subset T of S such that

AT (x) ∼ αxβ(log x)−1 (3)

as x → ∞. Let L be the union of {1} and the set of all elements of K which can be
represented as a product of elements of T , i.e.

L := {1} ∪ {q1 · · · qr : r ∈ N, q1, ..., qr are distinct elements of T } .

We employ the following result in [4], page 202 to obtain a lower bound for AL(x):

Let f be a non-negative multiplicative function defined on the usual set of positive
integers. Suppose that ∑

p≤x
f(p) ∼ α · xβ

log x
(α > 0, β > 0)

as x→∞, where the sum on the left side runs over the prime numbers p ≤ x. Suppose
further that for a certain δ > 0 we have∑

p, k≥2

f(pk)

pkβ(1−δ) < ∞.

Then,

∑
n≤x

f(n) ∼
(∑
p≤x

f(p)

)
· e−αβγ

Γ(1 + αβ)
·
∏
p≤x

(
1 +

f(p)

pβ
+
f(p2)

p2β
+ ...

)
as x→∞, where γ denotes the Euler constant.

We note that this result keeps its validity if the set of prime numbers is replaced by a
set Q of pairwise coprime integers and the function f is, more generally, defined to be a
multiplicative function on the arithmetical semigroup G generated by the set Q (see
[3]; the arithmetical semigroup G may be understood as “generalized integers”, the set
Q as “generalized prime numbers”).

In our case, we set Q := T . Hence, the arithmetical semigroup G is the union of {1}
and the set of all products of (not necessarily being different) elements of T . For f we
take the characteristic function of the set L (this set L may be understood as the set of
“squarefree” elements of our arithmetical semigroup G, and the function f corresponds
to the function µ2 on the set of usual positive integers, where µ is the Möbius function),
i.e. we set

f(n) :=


1 if n ∈ L,

0 if n ∈ G \ L.
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Now, from (3) and our generalized version of the above-mentioned result on multiplicative
functions in [4, page 202], we derive

AL(x) ∼ AT (x) · e−αβγ

Γ(1 + αβ)
·
∏
q ≤ x,
q ∈ T

(
1 + q−β

)
(4)

as x → ∞. Using the Taylor series expansion of the logarithm in the neighbourhood of
1, the asymptotic estimate (3) and the condition 1/2 < β in Lemma 3, we deduce that

log
∏
q ≤ x,
q ∈ T

(
1 + q−β

)
=
∑
q ≤ x,
q ∈ T

(
q−β +O(q−2β)

)
=
∑
q ≤ x,
q ∈ T

q−β + O(1). (5)

Using partial summation, we get

∑
q ≤ x,
q ∈ T

q−β = x−βAT (x) + β

x∫
2

y−(β+1)AT (y) dy + O(1). (6)

¿From (3), we obtain

x∫
2

y−(β+1)AT (y) dy ∼ α log log x (7)

as x→∞. Let ε0 > 0 be given. Then, combining (3), (4), (5), (6) and (7), we get

AL(x) ≥ Cxβ(log x)αβ−1−ε0

for every sufficiently large real x, where C is a suitable positive constant depending on
ε0. This implies the result of Lemma 3 since L is a subset of K. 2

We now turn to the final

Proof of Theorem. We assume that there exists a N0 ≥ 2 such that

AS(N) ≥ (3 + ε)N2/3(logN)−1 (8)

holds for all integers N ≥ N0. ¿From this assumption and Lemmas 2 and 3 (choose
α := 3 + ε, β := 2/3 and ε0 := ε/3) it follows that there exist real numbers Q0 ≥ 2 and
D > 0 such that

AS
(
Q2
)
≤ DQ4/3 (logQ)−1−ε/3 +Q (9)

for every real Q ≥ Q0. But (9) contradicts (8) if N = Q2 and Q is sufficiently large.
Therewith, the proof of Theorem is completed. 2
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