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Abstract

We obtain the triple correlations for a truncated divisor sum related to primes. We
also obtain the mixed correlations for this divisor sum when it is summed over the primes,
and give some applications to primes in short intervals.

1. Introduction

This is the first in a series of papers concerned with the calculation of higher correlations
of short divisor sums that are approximations for the von Mangoldt function A(n), where
A(n) is defined to be logp if n = p™, p a prime, m a positive integer, and to be zero
otherwise. These higher correlations have applications to the theory of primes which is
our motivation for their study. In this first paper we will calculate the pair and triple
correlations for

ZN Vlog(R/d),  forn>1, (1.1)
d<R

and Ar(n) = 0 if n < 0. In later papers in this series we will examine quadruple and
higher correlations, and also examine the more delicate divisor sum

N Z forn > 1, (1.2)

r<R
d|n
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and Ar(n) = 0 if n < 0. The correlations we are interested in evaluating are

N
Se(N,j,a) = An(n+ )" Ar(n+ j2) - Ar(n + j,)™ (1.3)
n=1
and

i N
Se(N,j,a) =Y Ap(n+j1)" Ar(n+ jo)™ - Ag(n+ jr—1)" " A(n + j,) (1.4)

n=1
where 3 = (j1,j2, ... ,J-) and @ = (ay, as, . . . a,), the j;’s are distinct integers, a; > 1 and

>oi_ya; =k. In (1.4) we assume that » > 2 and take a, = 1. For later convenience we

define
~ N
Si(N,j,a) =Y An+j)~N (1.5)

n=1

with [j;] < N by the prime number theorem. For k = 1 and k = 2 these correlations
have been evaluated before [8] (and for Ag(n) they have been evaluated in [9]); the results
show that Arp and Ap mimic the behavior of A, and this is also the case in arithmetic
progressions, see [17], [18], [11].

When k > 3 the procedure for evaluating these correlations is complicated, and it is
easy to make mistakes in the calculations. Therefore we have chosen to first treat the
triple correlations in detail. The main terms in the theorems can often be obtained in
an easier way by evaluating the multiple sums in a different order or with a different
decomposition of the initial summands; the method used here was chosen to control the
error terms and generalize to higher correlations. Recently we have found a somewhat
different method which is preferable for higher values of k. This method will be used in
the third paper in this series. We can not compute correlations which contain a factor
A(n)A(n+k), k # 0, without knowledge about prime twins. This limits our applications,
and further the mixed correlations (1.4) can only be calculated for shorter divisor sums
than the pure correlations (1.3) of Ag(n), which degrades to some extent the results we
obtain. When we assume the Elliott-Halberstam conjecture we can eliminate this latter
problem and obtain stronger results.

One motivation for the study of the correlations of Ar(n) or Ag(n) is to provide
further information on the moments

N

Mi(N, b, ) = > ((n + 1) — (n))* (1.6)

n=1

where ¥ (x) = _ A(n). We always take N — oo, and let

h ~ Alog N, (1.7)
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where we will usually be considering the case A << 1. When A is larger we need to subtract
the expected value h in the moments above, which leads to more delicate questions which
we will not consider in this paper (see [23]). Gallagher [6] proved that the moments in
(1.6) may be computed from the Hardy-Littlewood prime r-tuple conjecture [14]. This

conjecture states that for 5 = (41, j2, ... ,J,) with the j;’s distinct integers,
N
Wi (N) =" An+j)An + ja) - A+ j,) ~ S(H)N (1.8)
n=1

when &(j) # 0, where
c-11(-2) (-2)

and v,(j) is the number of distinct residue classes modulo p that the j;’s occupy. If r =1
we see S(7) = 1, and for |j;| < N equation (1.8) reduces to (1.5), which is the only case
where (1.8) has been proved. To compute the moments in (1.6) we have

My(N,h,¢)) = Z( > A(n+m)>

n=1 \1<m<h
N
= A(n +m)A(n 4+ ma) - A(n + my)
1<m;<h n=1
1<i<k
Now suppose that the & numbers my, ms, ... ,my take on r distinct values 71, Jo, ... , Jr

with j; having multiplicity a;, so that >, <i<r @ = k. Grouping the terms above, we have
that

Mi(N, h, ) = Z > (al,ag,k.;..,ar> Y. wNga),  (110)

r=1 a1,a2,. 1<j1<jo<-<jr<h

a;>1, Zal
where
N
Ye(N, G @) =Y An+ )" An + j2)* -+ A(n + jr)* (1.11)
n=1

and the multinomial coefficient counts the number of different innermost sums that occur.
If n + j; is a prime then A(n + j;)* = A(n + j;)(log(n + j;))*~ !, and we easily see that

Uk(N, 4, @) = (1 +0(1))(1og N)* ") " Aln+ji)A(n +j2) - Aln + j,) + O(N2*)

= (14 0(1))(log N)*74h;(N) + O(N 7).
(1.12)
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Hence we may apply the conjecture (1.8) assuming it is valid uniformly for max; [j;| < h
and obtain

k

Mi(N, b, o) ~ Ny (log N)*" > (al,%’f“,” > 83)

r=1 a1,a2;... ,ar 1<j1<g2<<jr<h
a;>1,> a;=k

Gallagher [6] proved that, as h — oo,

Y 8@~ (1.13)

1<51,92,+ ,jr<h
distinct

and since this sum includes ! permutations of the specified vector 7 when the components
are ordered, we have

k

1, h
My (N, h,1p) ~ N(logN)kZﬁ(logN)r > ( al,aj.. , @y ) '

r=1 a1,a2,...,ar
aiZI,Z ai:k

Letting { ]; } denote the Stirling numbers of the second type, then it may be easily

verified (see [12]) that
S ( g ):r!{k}. (1.14)
ar,ag, ... ,0p r

a1,az,...,ar
a;>1,> a;=k

We conclude that for A ~ Alog N,
ok
My(N,h, ) ~ N(log N)* > { . }X", (1.15)

r=1

which are the moments of a Poisson distribution with mean A. The first 4 moments are,
for A < 1,

( ) ~ ANlogN,

( ) ~ (A+A*)Nlog” N,
M3(N,h,9) ~ (A4 3X+ A3 Nlog® N,

( ) ~ (A+TA 46X + M) Nlog* N.

The asymptotic formula for the first moment is known to be true as a simple consequence
of the prime number theorem. The other moment formulas have never been proved. It is
known that the asymptotic formula for the second moment follows from the assumption
of the Riemann Hypothesis and the pair correlation conjecture for zeros of the Riemann
zeta-function [10].
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Turning to our approximation Agr(n), we define

r) =Y Ag(n) (1.16)

n<x

and first wish to examine the moments M (N, h,1g) defined as in (1.6). The same
computation used for ¢ to obtain (1.10) clearly applies and therefore we obtain

My (N, h,vg) = Z > (al,agf.. ,ar) > Sk(N,j,a), (1.17)

r=1 Lo 1<j1 <jo<-+-<jr<h
where Sg(N,j,a) is the correlation given in (1.3). Since Ag(n) is not supported on
the primes and prime powers as A(n) is, we can not use (1.12) to reduce the problem
to correlations without powers, and as we will see these powers sometimes effect the
correlations for Ag(n). Our main result on these correlations is contained in the following
theorem.

Theorem 1.1 Given 1 < k < 3, let j = (j1,72,--.,Jr) and a = (ay,aq,...a,), where
the j;’s are distinct integers, and a; > 1 with > ;_, a; = k. Assume max; |j;| < R° and
R > N¢. Then we have

Si(N.j,a) = (Ce(a)&(j) + o(1)) N(log R)* " + O(RF), (1.18)

where C(a) has the values

Ci(1) = 1,
CQ<2) = ]-7 62(171):]—7
GE) = 5 GRD=1 601)=1

Here we have used the notational convention of dropping extra parentheses, so for
example Ca((1,1)) = Co(1,1). The method of proof used in this paper is not limited to
k < 3, but it does become extremely complicated even for £ = 4. Using the new method
mentioned before we will prove Theorem 1.1 holds for all £ in the third paper in this
series. The computation of the constants Cx(a) as k gets larger becomes increasingly
difficult. We also believe the error term O(RF) can be improved. This has been done in
the case k = 2 (unpublished) where the error term O(R?) may be replaced by O(R?*7?)
for a small constant 0. In the special case of Sa(N, (0), (2)) Graham [13] has removed the
error term O(R?) entirely.

In proving Theorem 1.1 we will assume j; = 0. This may be done without loss of
generality since we may shift the sum over n in S to m = n + j; and then return to the
original summation range with an error O(N€) since |j;| < R and Ag(n) < n. Further
S(j) = 6(3 — g1) where g7 is a vector with j; in every component, and so the singular
series are unaffected by this shift.
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We now apply Theorem 1.1 in (1.17), and obtain immediately using (1.13) that
My(N, h,vg) = (1+0(1))P.(\, R)N (log R)* + O(h*R) (1.19)

where

P.(\,R) :zk:% (1()2]%)" > (al,a:-- . )ck(a)- (1.20)

r=1 a1,a2,... ,r
aiZLZ ai:k

Using the values of the constants C(a) in Theorem 1.1 we obtain the following result on
moments of Yg.

Corollary 1.2 For h ~ Mog N, A < R¢, and R = N%, where 0y, is fizred and 0 < 6, < %
for 1 <k <3, we have

M1<N7 hawR) ~ )\NIOgN,
MQ(Na h,'l?Z)R) ~ (02)‘+)\2)N10g2 N7

3
Ms(N,h,vR) ~ (193% + 30302 + A*)Nlog® N.

We next consider the mixed moments

N

My(N, hbg) =Y (¥nr(n+h) = dr(n)* " ((n + h) — ¢(n) (1.21)

n=1

for £ > 2, while if £ = 1 we take
MI(N7h)1/}R) = MI(N7 h7¢) ~ AN lOgN (122)

for 1 < R < N by the prime number theorem. Now assume k£ > 2. On multiplying out
and grouping as before for the terms involving Agr we have

1 k—1 .
moe =3 Y (L )Y v

r=2 aiaz, 1<j1j2, jr-1<h
a;>1, Za, k 1 distinct

(1.23)

where
V,_1(N,j,a) = Z Z Ar(n+ 71)" Ar(n + j2)* - - - Ap(n + jr—1)**A(n + m)
1<m<h n=1

Since, provided n 4+ 7 > R and n + j # p™ for some m > 2 and p < R, we have

Ar(n +7)*A(n + j) = (log R)*A(n + j),
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we see
V;" 1<N7j CL)
-1 N
Z (log R)* ( H Ar(n + js)aS>A(n + Ji)
i=1 n=1 1<s<r—1

SFi

+ E Z Ar(n+ 1) Ar(n + j2)* - - Ar(n + jr—1) 7 A(n + ji) + O(RN)
1<j,<h n=1
Jr#Ji
1<i<ro1

r—1
= (log R)*Sy—,(N,jiyai) + > Si(N,j,a)+ O(RN°)
=1

1<5<h
]l?é]z
1<i<r—1
where
Ji — (]17]27 R 7Jifl7ji+17 ce. 7‘77“717‘71')7 a; = (a/la ag, ... ,Qi—1, ai+17 cee y Qpq, 1)

(1.24)
We conclude for k& > 2

k
My (N, h,g) = 22 > (7‘—11)!( k_{arl )WT(N,j,a)nLO(RNE),

ay, ag, ...
a1,a2,...,ar—1
a;>1,> a;=k—1

(1.25)
where
r—1
WT'(N7j7a) = Z(lOgRYLl Z Sk—ai(Najiva"i) + Z Sk(N7j7a)'
i=1 1<g1,92, 5 0r—1<h 1<j1,42,,3r<h
distinct distinct
(1.26)

We have reduced the calculation of the mixed moments to mixed correlations. Our
method for evaluating the mixed correlations will prove as a by-product that the mixed
correlations are asymptotically equal to the corresponding pure correlations in a certain
range of R. Our results depend on the uniform distribution of primes in arithmetic
progressions. We let

Y(xig,a) = > An (1.27)

n<x
n=a(q)

and

(1, if(a,b) =1,
Eab_{ £ (ab) > 1, (1.28)
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On taking
E(z;q,a) = ¥(7;q,a) — Ea,q@, (1.29)
the estimate we need is, for some fixed 0 < 9 <1,
Z max |E(z;q,a)| < logax’ (1.30)

1<g<z?—¢ (a,q)=1

for any € > 0, any A = A(e) > 0, and z sufficiently large. This is a weakened form of
the Bombieri-Vinogradov theorem if ¢ = 1, and therefore (1.30) holds unconditionally if
¥ < 5. Elliott and Halberstam conjectured (1.30) is true with ¢ = 1. The range of R
where our results on mixed correlations hold depends on ¥ in (1.30). We first prove the
following general result.

Theorem 1.3 Given k > 2, let j = (j1,Jo2,--- ,Jr) and a = (ay,as,...a,.), where the
Ji’s are distinct integers, a; > 1, a, =1, and Y, a; = k . Assume max; |j;| < Rk and
that N¢ < R < N™™GZ08)7¢. Then we have, with A from (1.30),

N

(log N3 F 1)

Si(N,j,a) = Sk(N,j,a) + O(R*) + O( (1.31)

The proof of Theorem 1.3 involves proving that both S,(N, j,a) and Si(N, j,a) are
asymptotic to the same main term and therefore they are asymptotic to each other in
the range where both asymptotic formulas hold. Using Theorems 1.1 and 1.3 we can
now immediately evaluate the mixed moments. There is, however, an inefficiency in the
use of Theorem 1.3 which imposes the condition that R < N min(21 1) =€ The restriction
R < N#~*in this condition arises from applying Theorem 1.1, but by directly evaluating
the main term that arises in the proof of Theorem 1.3 we can remove this condition and

prove the following result.

Theorem 1.4 Given 2 < k < 3, let 5 = (j1,J2,--- ,jr) and @ = (ay,as,...a,), where
r > 2, a. = 1, and where the j;’s are distinct integers, and a; > 1 with 22:1 a;, = k.
Assume max; |j;| < R¢. Then we have, for N® < R < N1 where (1.30) holds with
v,

Sp(N,j,a) = (6(3) + o(1)) N(log R)* . (1.32)

For larger k the constants C(a) will appear in this theorem as in Theorem 1.1, but for
k < 3 all these constants for the mixed correlations are equal to 1.

Next, using (1.25) we are able to evaluate the first three mixed moments.



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A05 9

Corollary 1.5 For h ~ AMog N, A < R¢, and R = N% where 0y, is fized, 0 < 6, < 1,
and 0 < 0 < %for2§kz§3, we have,

MI(N7h7wR) ~ )\NlOgN7
MQ(N7 h7 wR) ~ (92)‘ + )\Z)NlogQ N7
Ms(N, h,pg) ~ (052X + 30577 + X*) N log® N.

The starting point of Bombieri and Davenport’s [1] work on small gaps between primes
is essentially equivalent to the inequality

2N

S ((n+ 1)~ () — (valn+h) —va(n))) > 0. (1.33)

n=N+1

Letting

with the corresponding definition for M| (N, h,1r) and M,’C(N, h,v¥r), we see that Corol-
lary 1.2 holds with M. (N, h, gNDR) replaced by M/ (N, h,1g) and Corollary 1.5 holds with
My (N, h,r) replaced with M[.(N, h,vr). On expanding (1.33) we have

Mé(Nv h7 Q/}) Z ZMé(Nu h’ﬂbR) - Mé(Nv h’v 2/}R)

which implies on taking 65 = 1/2 — € in Corollaries 1.2 and 1.5 that
1
M}(N, h,v) > (§A+/\2 —¢)Nlog® N. (1.35)

Let p; denote the j-th prime. If it is the case that pj; —p; > h = Alog N for all
% < pj < 2N, then each of the intervals (n,n+ h| for N < n < 2N contains at most one
prime. Hence, since the prime powers may be removed with a negligible error, we have

that M4 (N, h,v) ~ (log N)M|(N, h,) ~ AN log® N so that (1.35) implies
1 2
A> §>\ + A —€

which is false if A > % We conclude that

. . Pn+1 — Pn 1
| fl———— < —. 1.36
o ( log py, )_ 2 (139

More generally, we define for r any positive integer

=, = liminf (M> (1.37)
o \ - logp,
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and see that if p,., — p, > h = Alog N for N < p, < 2N then
My(N, h,¢) < (r+ €)(log N)M;(N, h,) < (r + €)AN log®> N
which then implies that
rA > %)\ + A% —e

and hence

[1]

IN

P <r— (1.38)

DO | —

Bombieri and Davenport were also able to improve (1.36) by incorporating an earlier
method of Erdés into their argument. This method depends on the sieve upper bound
for primes differing by an even number k given by

> A(m)A(n+k) < (B+€)&(k)N (1.39)

n<N

where &(k) = &(j) with j = (0, k), and B is a constant. In [1] Bombieri and Davenport
proved that (1.39) holds with B = 4, and using this value they improved (1.36) and
obtained

2+4/3
8

[1]

<

= 0.46650.. . . . (1.40)

While (1.35) has never been improved, the refinements based on the Erdés method to-
gether with the choice of certain weights in a more general form of (1.35) has led to
further improvements. Huxley [20] [21] proved that, letting 6, be the smallest positive
solution of

0, +sin6, = Bi’ sinf, < (m+46,)cos0, , (1.41)
r
then
2r — 1 0,
= < — . .
T {BT + (Br 1)sin0r} (1.42)

With the value B = 4 this gives
=1 <0.44254..., =5, <1.41051..., E3<239912..., =4 <3.39326... .
We note that the expression on the right-hand side of (1.42) is equal to

1+ 3 1
O(-
2 + (T)7

r —

and thus for large r this bound approaches r — g with B = 4.
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The best result known for B which holds uniformly for all £ is B = 3.9171... due
to Chen [4]. However, in the application to obtain (1.42) one only needs (1.39) to hold
uniformly for a restricted range of k; the condition 0 < |k| < log® N is more than
sufficient. In this case there have been a string of improvements. For ease of comparison
with the value B = 4 used above, the value B = 3.5 obtained by Bombieri, Friedlander,
and Iwaniec [2] gives the values

=21 <043493 ..., 22 <1.39833..., =3 <238519..., =Z,<3.37842.. ..

All of these results above actually hold for a positive percentage of gaps. Maier [22]
introduced a new method to prove that

lim inf (M> < e =0.56145. .. . (1.43)
s\ log

This method, which applies to special sets of sparse intervals, may be combined with the
earlier methods to include this factor of e times the earlier results. The argument was
carried out with B = 4 in [22], which then gives in particular

=, <0.24846..., T, <0.79194..., Z5<1.34700..., =,<1.90518....

Our approach for examining gaps between primes is to consider the mixed third
moment

2N

My(N hr, C) = > (¥(n+h) —p(n)) (Yr(n + h) — Yr(n) — Clog N)*,  (1.44)

n=N+1

Here C' may be chosen as a function of h and R to optimize the argument. The idea
behind the use of ]\Zlé(N ,h, ¥R, C) is that it will approximate and thus provide some of
the same information as the third moment M.{(N, h,v). If ppiy — p > h = Alog N for
all N < p, < 2N then, removing prime powers as before, we have

Mi(N, h, g, C) < (r+€)logN Y (¢r(n+h) — r(n) — Clog N)". (1.45)

n=N+1

Corollaries 1.2 and 1.5 allow us to evaluate both sides of (1.45), and on choosing C
appropriately we are able to prove the following result.

Theorem 1.6 Forr > 1, we have
=, <r— =\r. (1.46)

Further, assuming that for h < log N and R < Ni

M,(N, h,vp) < Nlog* N, (1.47)
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then we have that, for h = Aog N and A > r — %\/?,

N

1 ) 1.48
Z >\ log N ( )

N+1<p,<2N

pn+'r_pn<h

Thus we have
1
= < 3 =5 < 1.20289..., =3<2.13397..., =, <3.

We see that our result improves on the results of Huxley when r > 2, although Maier’s
results are still better. Our theorem corresponds to (1.38) in that it does not use the
Erdos method. It is possible to incorporate the Erdés method into our method too, but
this requires we first obtain an asymptotic formula for My(N, h,1g). One should also be
able to incorporate Maier’s method as well, which would then give better results than
are currently known for r > 2.

The result in (1.48) shows that the small gaps produced in the theorem form a positive
proportion of all the gaps assuming that (1.47) holds. We will prove (1.47) in a later
paper in this series and thus show that (1.48) holds unconditionally.

We will actually prove

vr

=TT

(1.49)

where ¥ is the number in (1.30). Therefore, assuming the Elliott-Halberstam Conjecture
in the form that one may take ¥ = 1 in (1.30), we have

— r
:T§r— 5

=1 <0.29289. .., Eo <1, E3< 1778250, 24 < 2.58578. ...

which in particular gives

These results are in contrast to the method of Bombieri and Davenport where the Elliott-
Halberstam conjecture does not improve their results directly. (The Elliott-Halberstam
conjecture does allow one to take B = 2 in (1.39), and therefore leads to small improve-
ments in Huxley’s results, which for » > 2 are weaker than the result in Theorem 1.6.)
We cannot extend these last results obtained assuming an Elliott-Halberstam conjecture
to a positive proportion of gaps because we can not prove (1.47) for 6 > i. Our proof
gives that the number of gaps we produce in this case is > Nlog™? N for some positive
constant B > 1.
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Our method can also be used to examine larger than average gaps between primes.
In this case much more is known than for small gaps; the latest result being that [24]

log log N loglog log log N

max Lot~ Pn o (2¢" —o(1))

1.50
<N logp, (logloglog N )? (1.50)

If one were to ask however for a positive proportion of gaps larger than the average,
then it is a remarkable fact that nothing non-trivial is known. 2 What can be proved
is that a positive proportion of the interval (IN,2N] is contained between consecutive
primes whose difference is a little larger than average. To formalize this, we let ©, be
the supremum over all A for which

Z (pn+r _pn> > N (151)

N<pn<2N
Pntr—pn>Alog N

for all sufficiently large N. Then using the Erdos method one finds that [3]

1
> — .
0121+ 0 (1.52)

where B is the number in (1.39).

To apply (1.44) to this problem, we assume that p;., —p; < h = Alog N for all
N < p; < 2N in which case the interval (n,n + h] always contains at least r primes,
and therefore (1.45) holds with the inequality reversed. On optimizing C' we obtain the
following result.

Theorem 1.7 Assume that (1.47) holds. For r > 1 we have that

0, >r+ %w. (1.53)

As mentioned above, we will prove (1.47) in a later paper in this series, which will
show that Theorem 1.7 holds unconditionally.

The proof of Theorems 1.6 and 1.7 only require the asymptotic formula for the third
mixed moment in Corollary 1.5 and the second moment for ¢/ in Corollary 1.2. Thus
the results in sections 6-10 which are concerned with triple correlations of g may be
skipped by the reader who is only interested in our applications to primes.

Notation. In this paper N will always be a large integer, p denotes a prime number,
and sums will start at 1 if a lower limit is unspecified. When a sum is denoted with a
dash as >’ this always indicates we will sum over all variables expressed by inequalities
in the conditions of summation and these variables will all be pairwise relatively prime

2The first-named author of this paper learned of this from Carl Pomerance after a talk in which the
author had claimed to have such a result.
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with each other. We will always take the value of a void sum to be zero and the value
of a void product to be 1. The letter € will denote a small positive number which may
change in each equation. We will also use the Iverson notation [12] that putting brackets
around a true-false statement will replace the statement by 1 if it is true, and 0 if it is
false:

| 1, if P(z) is true,
[P(x)] = { 0, if P(x) is false. (1.54)
Asusual, (a, b) denotes the greatest common divisor of @ and b and [ay, as, - - - , a,,] denotes
the least common multiple of aq, as, ... ,a,.
Acknowledgements

A preliminary version of this paper was presented at the First Workshop on L-functions
and Random Matrices at the American Institute of Mathematics in May, 2001. Thanks
to a suggestion of Peter Sarnak during the talk, and encouragement of John Friedlander
after the talk, the authors found an alternative method for proving Theorem 1.1 which
generalizes to the case of k-correlations. This new method has its own complications
which make it very easy for mistakes to creep into the calculations. Following the con-
ference, the first-named author visited AIM where these problems were solved jointly
with Brian Conrey and David Farmer. Farmer has written a program in Mathematica to
compute the constants Cy(a) and has found that C4(4) = 2, C5(5) = 4% = .67535.. .,
and Cg(6) = 19018595 — 66709.... The authors would like to thank these individuals
and the American Institute of Mathematics.

2. Lemmas

For j a non-negative integer, we define the arithmetic function ¢;(n) on the primes by

¢;(p) =p — J, (2.1)

¢;(1) = 1, and extend the definition to squarefree integers by multiplicativity. Thus for
n squarefree ¢o(n) = n, and ¢1(n) = ¢(n). We will not need to extend the definition
beyond the squarefree integers here. Letting

~ | g, if 7 is a prime,
py) = { 1, otherwise, (2.2)
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we next define

- T (o) T (ogly)- T 58 e

pln | djn
p£i—1, p£j p#j—1, p#j (dp(i—1)p(5))=1

We see that for n squarefree Hy(n) = o(n)/n, Hi(n) = n/¢(n), and in general for j > 1

p—j+1 0i-1(Gr=Ts57)
Hj(n) = H _ _ ( P(Jn )p(4)) ’ (uQ(n) £0). (2.4)
p—1J o,
pln I\ (n,p(3—1)p(5))
p#j—1, p#j

Next, we define the singular series for j > 1 and n # 0 by

o= Gt 0%, s
where
am= TI (%) (2.6)
p:J—Ilﬂgr p=j (p : 1>
and
_ _ Jj—1
o= 1l (-=mp0) 27)
p#j—1, p#j

The case of j = 3 is special because it is the only case where p(j — 1) and p(j) are
both greater than one. We see that for j =1 and n # 0

Sitm =11 <zof 1) = 5 (28)

pln

and for 7 = 2 we have the familiar singular series for the Goldbach and prime twins
conjectures

205 H (p;;) , if n is even, n # 0;
Ga(n) = p\>712 b (2.9)
P

0, if n is odd;

where

Cy=1]] (1 - ﬁ) : (2.10)
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Lemma 2.1 For R>1,j >0, p(j)|k, and 0 < log |k| < log R, we have

w(d R
Z (;5((d)> lOg E = 6j+1<k> + Tj(R, k), (211)
d<r
(d,k)=1
where
(R k) <5 e VIR, (2.12)

and c; is an absolute positive constant. Also,

g((cg) <, e eVRER, (2.13)

d<R

(d,k)=1

Special cases of Lemma 2.1 have been proved before. When 57 = 0 this was used by
Selberg [25], and also Graham [13], but we have made the error term stronger with regard
to k by an argument suggested in [5]. It is easy to make the j dependence explicit in the
error term, but in this paper we will assume j is fixed (actually we only use j < 2.) We
will sometimes use Lemma 2.1 in the weaker form

w(d) R 1

¢j(d) IOgE = 6j+1(k> + OJ((IOgQR)A

)

d<R
(d,k)=1

for A any positive number, and assuming the same conditions as in Lemma 2.1. Further,
in handling error terms, we will need to remove the restriction 0 < log |k| < log R in
Lemma 2.1, in which case we have the error estimate

(R, k) <; m(k)e rvios (2.14)

which holds uniformly for £ > 1 and R > 1, where m(k) is defined below in equation
(2.18). This estimate also holds in (2.13).

The next lemma is a generalization of a result of Hildebrand [15].

Lemma 2.2 For R>1, j > 1 and p(j)|k, we have

p2(d) { st (log R+ D; + hy(k) + O(%&) if p(j — 1)k, 2.15)
= ¢5(d) O(™), ifpli—1) I, '
(d,k)=1
where
L (2—j)logp
D=+ 2 (p—j+Dp-1) (2.16)

p#j—1
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plk

Tp—1 p=ij+1)p-1)
p#j—1
, (2.17)
B log p - log(j — 1)
p#j—1
and
m(k) :;“\/(g) :17[(1+%). (2.18)

The case j = 1 of this lemma is Hilfssatz 2 of [15]. The proof of this generalization
only requires minor modifications in Hildebrand’s proof which we sketch. In applying
this lemma we will sometimes use the simple estimates (see [11])

ngk) . (2.19)

. log1
h;(k) <, loglog 3k, m(k) < exp <log Tog 3%

We will frequently use the estimate, for p(j)|k and log |k| < log R,

WD) oeoR 2.20
2 g < (2:20)

(d,k)=1

which follows immediately from Lemma 2.2 or may be seen directly. We also need the
following result that is obtained by partial summation in Lemma 2.2. For j > 1 and
p(j)|k, we have

pid) B
0 0y(d) P d
(d,k)=1
| & (Glog® R+ (D; + hy(k) log R + E;(k)) + O™y if p(j — 1)|k,
Ej(k) + O(2), it p(j — 1) fk,
(2.21)
where Ej;(k) is given by
Y w?(d) 1 du
E(k) _/1 ( e~ s D, )M @)
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Lemma 2.3 For R>1, j > 1, p(j)|k, and 0 < log |k| < log R, we have

Z %6H1(dk> 10%%

= up( + D)l (kPG + 1)Ssa(kp(G + 1) (Syoalbp(+1)  (2.23)

BEPTAD) s+ 1)),

+7; .
Ay

where r;(R, k) is the error term in Lemma 2.1.

Lemma 2.4 For R>1, j > 1 and p(j)|k, we have

2(d R(k,p(y
ng; S;.1(dk) = log (%) + Dj1 + hja(kp(j + 1))
d<r 7
(d,k)=1 (2.24)
L0 S;1(kp(j +1))m(kp(j +1))
R(k,p(j+1))
p(i+1)
and
2(d
Z'—éd;GjJrl(dk) = 6j+1(rk)' (2'25)
j
(1

Our final lemma relates the singular series given in (1.9) for r equal to two and three
to the singular series in (2.5).

Lemma 2.5 For k = (0,k), with k # 0, we have
S(k) = (k) (2.26)
and for k = (0,ky, ko), k1 # ko #£ 0, k = (k1, k), and A = kiks(ky — k1), we have
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3. Proof of the Lemmas

Proof of Lemma 2.1. We assume p(j)|k. Let s = o +it, o > 0, and define

(e

=i o —J)p
- <<sil>g(1—p%)_lgkl(l—m) ()
- C(sil)g(l_pil) gk[(l_(z?—j)(;sﬂ—l))
- <<sl+ O (he(s). (3.1)

We see the product for hy(s) converges absolutely for Re(s) > —1, and therefore F(s) is
an analytic function in this half-plane except possibly for poles at the zeros of ((s + 1).

We now apply the formula, for m > 2 and b > 0,

(m — 1)! b+i°°x_sd8_ 0, if0<z<1,
271 b sm ) (logx)™ ™t ifx>1,

—100

which, in the case m = 2, gives

(d) 1 b+ioc0 RS
1 F(s)—ds. 2
C;% 6:(d) og =5 - (s) 2 ds (3.2)
(d,k)=1

By Theorem 3.8 and (3.11.8) of [26] there exists a small positive constant ¢ such that

((o 4 it) # 0 in the region o > 1 — oz and all ¢, and further

1
— < log(|t] + 2 3.3
oy < loall +2 (33)
in this region. (There are stronger results but this suffices for our needs.) We now move
the contour to the left to the path £ given by s = — sy +it. When p(j+1) Vk, hi(s)
has a simple zero at s = 0 and hence F(s)/s? is analytic at s = 0 and no contribution
occurs, but when p(j + 1)|k (including p(j + 1) = 1), F(s)/s* has a simple pole at s = 0
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which gives a contribution from the residue of

somo = (=) T~ 5=t5=5)

|k Jk
p 1 -1 ] -1
L1 (p_l) 11 ( p) ( (p—l)(p—J))
- plk k.
p=j or p=j+1 p#j, p#i+1
11 (1 _ 4)
. (=1 —J)
p#J, p#j+1
J p—3j
= Gk 1-—J Py
(k) 1;[ ( (p—l)(p—1)> lg (p—j—l)
PAIPAIH p#j,pp;ﬁjﬂ
= GG (k) Hja(F).
Hence we have
pld) . R 1 R
D sy sy = Smk) t oz | F)gds=8m) +ry(RE). (34
(Rt

It remains to estimate the integral in (3.4). On £ we have —; < o < 0, and therefore
1
() < [T (0+05(52) <1
p

For gi(s), we see that g1(s) = 1 since the product defining ¢ (s) is void, and for k > 1
1

log|gi(s)] < =) log(l — paﬂ)
plk
1
< Z pa+1
plk
1 —0
< Z o+1 < (lOg k)
p<2log2k
and hence
ge(s)| < eVofF for k> 1. (3.5)
Thus the integral in (3.4) is
(e e] _ ¢ 1
<; 64/logk/ R et log (|t| + 2) - R dt
oo (mgrimay) +1
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This last integral is, for any w > 2,

<</ R Et9) dt+/ 1Ogtdz&<<we 1°§E’R+10gw
0 w

w

and hence, on choosing logw = %\/ClogR we have, since log |k| < log R, that the error
term is

< 64/10gk (ef\/clogR + \/clog Refé\/clogR) < 67(;1«/10gpb7

which proves the first part of Lemma 1.

The bound in equation (2.14) follows from the previous argument when we replace
the estimate for gx(s) used above by the bound, for —3 < o <0,

s <] (1 n pi) < m(k),

plk

which follows from

log [gr(s)| < —Zlog (1- a+1
plk

- Z (log(l ™ pal+1) - O(p 3+1))>

plk

= Z log(1 + po_lﬂ) + O(Z

plk p

= Zlog(l + p"l“) +O(1).

plk

)

]
vle|

To prove (2.13), we apply Perron’s formula (see [26], Chapter 3) in the usual way to
obtain, with b = 1/log R,

d) 1 /b+iT RS lo g2 R
F(s)—ds+ O :
= sty oo
(dk)=

Moving the contour to the left to £ for =T < t < T we have no residue, and we may
estimate the integral along £ and the upper and lower horizontal paths by

o log T
< e Viogk <log Te Clost Og, )

Now log |k| < log R, and taking T = V8% shows the above error is < e=“1VI%8 E for a
sufficiently small constant ¢;. This completes the proof of Lemma 2.1.
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Proof of Lemma 2.2. We follow Hildebrand’s proof of the case j = 1, indicating only
the main steps. We assume p(j)|k, and j > 1. Letting

fr(n) = { ”;f?ﬁ)"7 it (n, k) =1, (3.6)

0, otherwise,

and defining gx(n) by

dln
so that
;,%]7 m = ]-7p|/rk7
my __ my m—1\ __ _17 m = 1,]9]{7,
gr(@™) = fe®@™) = fu(@™ ) = = m=2,p [k, (3.7)
0, m = 2 and plk, or m > 2,
then we have
5 1)
= ¢;(d) o
(d,k)=1
1
= Z n ng(d)
n<R din
_ gr(d) r
d m
d<R m<R/d
_ Nl (R g
= y (logd+’y+O(R)
d<R
_ ge(d) . R gx(d) 1
= T log— > T TO0(5 > lge(d)))
d<R d<R d<R
1

Using (3.7) and the multiplicativity of gi(n) we easily verify that

Cgld) [ sk ifpG = DIk,
(k)_zk _{0,() if p(—1) Jk.

As in [15] we find

Sy <; V' Rm(k)
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which by partial summation implies

gx(d)
>

m(k)

d>R

These results now imply

and

Finally, letting

we have

00
d=1

which on using (2.16) and the Euler product for G(s) gives G}'(0)

7v) where h;(k) is given by (2.17).

gk<d

)logd
d

Nid

= G}/(0)

Proof of Lemma 2.3. We have, assuming p(j)|k,

d
Z p(d) GJH (dk) 1og§

¢;(d)

d<R
(d,k)=1

= Cj+1Gj+1 j+l

n(d) |
KZR gy(a) 1 (D

(d,k)=
p(j+1)|dk

= CinGin(k)Hjn (k)

D

d<R

(d,k)=
p(j+1) \d
(k,p(j+1))

= w(p(j + 1)p((k,p(j + 1)) Ci11G i1 (kp(j + 1)) Hjra (k)

p(m)

D (@) Hy () og 2

¢;(d)

R(k,p(j +1))

> oy

< R(k,p(j+1))
= p(+1)
(m,kp(i+1))=

mp(j + 1)

= u(p(j+ 1))#((k5,p(j +1)))6,41(kp(j + 1))
(6j+2(kp(j +1)) + 71 (

R(k,p(j +1))
p(j+1)

R
+1(d) log q

)

kp(G+1)),

R
d

#A05

23

= M;(k)(Dj+h;(k)—
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by Lemma 2.1.

Proof of Lemma 2.4. The same argument used above to prove Lemma 2.3 shows
that the sum in (2.24) is equal to

2
: 3 p~(m)
6j+1(/€p(] + 1)) ¢ (m)
< RUpG41) 7T
= p(+1)
(m,kp(j+1))=1

Since p(7)|k, equation (2.24) now follows from Lemma 2.2.

To prove (2.25), we proceed as before in the proof of Lemma 2.3 to obtain

2 d 9 d
Z‘Ed_i Sj(dk) = Cj1Gja(k)Hjpq (k) —ng; Gj+1(d)Hj1(d). (3.9)
dr ’ d|r J
(d,k)=1 W
p(j+1)|dk

Suppose first that p(j + 1)|k. Then since p(j)|k also we have that G;11(d) = 1 in the
sum on the right, and hence our expression becomes

12 (d)
= Cj1Gjn(k)Hj (k) mHjH(d)
d|r J
(d,k)=1
2
p°(d)
= CinGi(k)H; (K
J+1 J+1( ) ]+1( ) dle ¢j+1(d)
(d,k)=1
1
= CinGin(k)Hin (k) [] (1 + m)
o

= CinGip (k) Hjn(rk) = &4 (rk)
since here Gj11(k) = Gj11(p(y)p(J + 1)) = G (rk).
Now assume the alternative case that p(j + 1) Jk. Then the right-hand side of (3.9)

18

— CuGpHia) X 5 Gn(enli + D) He)
p(+Delr 7

(e;kp(j+1))=1

If p(j +1) Jr this sum has no terms and is zero which proves (2.25) in this case. If
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p(j + 1)|r our expression becomes

= CinGin(p()p(i +1))Hja(k) Z #(e)

" Pj1(e)
(e,kp(j+1))=1
. - 1
= CinGim(p(i + D) Hm(k) JT (1+ p—j—1
[r
p)(kg(j-ﬂ)

= 6j+1 (Tk)7
which completes the proof of Lemma 2.4.
Proof of Lemma 2.5. For the case k = (0, k) we have by (1.9) that

-+ (oA o-1) ()

p>2

Now v,(k) =1 if p|k and v,(k) = 2 if p fk, and hence

st = 2l (1) () ()

plk pfk

: w;} 902" ne
- GA(ot

Next, in general,

&(k) =[] <1 _ ;) (1 - V,,(k))

(0

With r = 3, k= (O k’l, ]{?2)

)G ()

p>3

= (k1, k), and A = kiko(ky — k1) we have

—_

1, if 2|k

va(k) :{ 2, if2 i,

and for p > 3

1, if p|k,

P(k> = 27 1fp|Aa p /r’ia
3, ifp JA.



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A05 26

We now see that &(k) = 01if 2 Jx or 3 JA, which by (2.5) proves the lemma in these
cases. Thus we now assume that 2| and 3|A, and have

o) - Tl (;5) (554)

awllGE) GG ()
p>3 P
) u3<9k>g<1‘<p—11>2> (1—<p-1>?p-2>)§(%)§(%)
= 6C,C3Hy(k)Hs(A) "~ "~
= Gy(k)63(A),

which proves Lemma 2.5.

4. Proof of Theorem 1.3

We now prove that the mixed correlations can be reduced to the pure correlations through
an application of the Bombieri-Vinogradov theorem. For k& > 2 we consider the general
sum, for R< P < N,

N

Sp(N,§) =Y Ar(n+j1)Ap(n+ja) -+ Ar(n + ji1)Ap(n) (4.1)

n=1

where the j;’s are not necessarily distinct, but satisfy
Ji #0, 1<i<k-—1. (4.2)

Note that for 1 <n < N, Ax(n) = A(n). We prove Theorem 1.3 by proving the following
theorem which shows that both Sg(N, 7) and Sy (1V, j) in certain ranges are asymptotic
to the same main term. Let

1 R
Wa(j) = - d;)log =, 4.
di,da,... . dp_1<R

(diji)=1,1<i<k—1
(d’l‘7d5)‘js_j7‘7 1<r<s<k—1

where

Dk—l = [dl, dg, e ,dk_l]. (44)
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Theorem 4.1 We have, for k > 2, N < R < N%, and max; l7:] < R¥,
- —c 10g+
Sr(N,j) = NWg(5) + O(R") + ok( N(log ' +h=2 Ny VR maxlal® ) (4.5)

and, for N < R < N%_e,

N
(10g N) 3_41973/2_,,_21@71_1

Sn(N,7) = NWr(j) + Ox( ). (4.6)

We have

SeNG) = Y (Hu g )X M) @D

dy,da,...,dp_1<R i=1

Let
N
To(Nj) = > Aplw) (43)
delngi TSi<h-1
The k — 1 congruence relations n = —j;(mod d;) will have no solutions unless (d,, ds)|js —

gr for all 1 < r < s < k — 1. If these divisibility conditions hold, then by the
Chinese remainder theorem there exists a unique solution to these congruences n =

a(mod [dy,ds, ... ,di_1]) for some a = a(d, 7). Here a satisfies the original congruences
a = —j;(modd;) for 1 <i <k —1. Thus we have

Tp(N.§) = [(dnd)ljs—jm 1Sr<s<k=1( > Ap(n)
1<n<N
n=a(mod Dy_1)
= [(dra d5)|]5 - j?"a I<r<s<k-— 1]¢P(Na Dk—ba’)' (49)

We next have that

Yp(N; Di_q,a) Zu log y Z 1.

d<P 1<n<N
n=a(mod Di_1)
n=0(mod d)

The two congruences in this sum are solvable provided (d, Dy_1)|a, in which case we have
that n runs through a residue class modulo [Dj_1,d|. Hence

P
N; Dy =N ————log — + O(P).
Yp(N; Dy-1, a) Z Dk1, Ogd+()
d<P
(d,Dy—1)la
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We now write d = gd', where g = (d, Dyx_1). Hence [d, Dy_1] = Dy_1d’, and by Lemma
2.1

. N p(d) P
¢P<N7 Dk*l? CL) = Dk—l Z lu(g> Z d’ log ﬁ + O(P)
9lDx—1, gla d'g%
g<F (d',Dg—1)=1
N
= ——— Y uly)
(b(Dk_l) 9|Dr—1, gla
g<P
N
+0(5— > rlge VD) +O(P).
ML gDk 1, gla
g<P

Since a = —j;(mod d;) for 1 <i < k — 1 and g|a we see that (g,d;)|j; for 1 <i <k —1,
and conversely since g|Dy_; these divisibility conditions imply that gla. Hence

N
7vDP( k—1 ) (ﬁ(Dk,l) Z lu(g)
9l Dk—1
g<P
(9,di)|ji, 1<i<k—1

+o( DJZ_ Y Rge VI L o). (4.0

g|Dg—1
gsp
(9,di)|ji, 1<i<k—1
The truncated Mobius function sum complicates the calculations of our pure correlations

when one or more of the j; = 0, but when all the j; # 0 the truncation problem disappears.

Thus, we see in this sum that g < Hf:_ll |7:] < max |j;|*1, and hence provided
1
y . < k—1 .
1<iSko1 il < P (4.11)

we have

Z nlg) = Z ng) _{ 0, otherwise.

g|Dk—1 g|Dp—1
g<P (9:di)dis 1<i<k—1

(9,di)|ji, 1<i<k—1

We conclude that subject to (4.11),

Yp(N; Di_1,a) = [(di, ji) =1, 1 <i<k— 1]L
O(Di-1) (4.12)
N =) '
+ O(Dk_ld(pk_l)e—cu/log(P/maxlyik ) +0(P).

Hence by (4.3), (4.7), (4.8), (4.9), and (4.12), we obtain
Sp(N,§) =NWr(j) + O(PR*)

+ O(Nlogk—l Nefclm Z d(Dk1)> (413)




INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A05 29

We now estimate the sum in the second error term sufficiently well for our needs. Letting

Dg(n) =) de),
eln

then

S Dam)™ = D > dler)d(ez). .. d(en)

n<N n<N e1,e2,...,em<R
eiln, 1<i<m

= Y ded(es)...den) Y 1

€1,€2,...,em<R n<N
e;|n,1<i<m

=N Y d(el)d(e”'“fﬁ“+o((zd<e>)m).

1,69, ...
e1,62, em<R les ez, e<R

The last error term is O(R™log™ R), and Dg(n) < -, d(n) = d*(n). Hence, using the
estimate [19]

> d(m)F <, Nlog” ™' N, (4.14)
m<N
we have
> Dr(n)™ <> d(n)*™ <m Nlog"" ™' N.
n<N n<N
Thus
Dm [61,62,... 7€m]
d17d27--‘7dm§R 613627'-'76’"L§R
m M Jog™
<m log4 TN+ r ?\/g R.

Hence we conclude

Sp(N,j) =NWg(j) + O(PR*™")

+ Ok<<N 1Og4k71+k_2 N 4 RF-1]og?h—2 N) eqm)‘ (4.15)

Taking P = R proves the first part of Theorem 4.1. Equation (4.15) may also be useful
when P is not too large but larger than R.

We next turn to the case P = N. In this case ©p(N;q,a) = ¥(N;q,a) + O(log N),
the error term coming from Ax(1). We apply (1.29) and have

N

U(N; Dicty @) = [(Dees, @) = 15—

+E(N7 Dkfba)'
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The condition that (Dy_1,a) = 1 is equivalent to having (d;,a) = 1for 1 <i < k—1, and
since a = —j;(mod d;) these conditions are equivalent to (d;,j;) = 1 for 1 <i <k — 1.
We conclude that

N

Y(N; Dy—1,a) = [(diy ji) =1, 1 <i <k — HM

+ E(N; Dy_1,0). (4.16)

By (4.9) we thus obtain in place of (4.13)

Sn(N,j) = NWg(5) + 0(log’“‘1 N > pA(Dea)|E(N; Dk_l,a>|)
di,da,...,dp_1<R
k—1
+O(log Nlog" ' RT [ d(1+ ji)),

i=1

(4.17)

the last error term coming from the n = 1 term. This last error will be negligible since
it is < (log N (max; |j;]))F < N€ since max; |j;| < R*. For the sum in the error term,
we have

Y. #(De-a)|E(N; Dy, a)
di,da,...,dr_1<R

= Y Em) max [E(Nima)l >0

~ a(modm) “
m<Rk-1 m=Dy_1
dy,d2,...,dg1<R

< Z 12 (m) (maX |E(N;m,a)|d;(m),

s e a(mod m)

where | = 2¥=1 — 1. The factor of d;(m) arises since, given m, the number of solutions of
m = D, is bounded by dy-_1(m), since the least common multiple of r squarefree numbers
can always be expressed uniquely as the product of up to 2"—1 numbers which are pairwise
relatively prime, determined by exactly which of the original numbers dy, ds, - - - , d,. each
factor divides. (We will use this decomposition in later sections.) Applying Cauchy’s
inequality we see the previous expression is

dr(m)2
< Z m) m max |E(N;m,a)|?

m
mSRk_l mSRk_l
We now use the generalization of (4.14)

> d(m)* < Nlog™ ™' N, (4.18)

m<N

and the trivial estimate |E(N;m, a)| < 228X 0 see the error term above is

s e a(mod m)

< \/(IogR)ZQNlogN Z max |E(N;m,a)|.



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A05 31

We now apply (1.30) to conclude this error is, for R¥~! < NV—¢,

N

(log M)A #7311

<y

which finishes the proof of Theorem 4.1.

5. Pair Correlation of Ag(n)

We first prove the case kK = 1 of Theorem 1.1. We have

SN M) = Y Axnti) =Y pld)log T 3 1

n<N d<R 1<n<N
dn+j
I NI
= NY_ 7 log— + O(R)
d<R
~ N+o—N yiom) (5.1)
B (log R)4 '

by Lemma 2.1. This proves Theorem 1.1 in this case.

We now examine the case k = 2 of Theorem 1.1. These results have been proved
before in [8]. The proof we give here models the procedure we will use for higher correla-
tions without any of the truncation complications which will arise there. In view of the
comment following Theorem 1.1, we need to consider

N

Sa(k) = Ap(n)Ap(n+k), (5.2)

n=1

In our earlier notation, we have Sy(k) = So(N, (0,k),(1,1)) if £ # 0, and S3(0) =

Theorem 5.1 We have
S5(0) = Nlog R+ O(N) + O(R?), (5.3)
and for 0 < |k| < R and any A > 0, we have

k N
¢(k) (log 2R/k)

Sa(k) = Sa(k)N + O( <)+ O(R?). (5.4)

Graham [13] has proved (5.3) for 1 < R < N with the error term O(R?) removed. By
Theorem 5.1 we see that Theorem 1.1 is true for k = 2, with C(2) = 1 and C(1,1) = 1.



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A05 32

Proof of Theorem 5.1. Applying the definition of Ag(n), we have

Z p(d)log(R/d)u(e)log(R/e) Z 1.
d,e<R n<N
d|n,eln+k
In the inner sum the two divisibility conditions imply that n will run through a residue
class modulo [d, e] provided (d, e)|k, and there will be no solution for n otherwise. There-
fore we have

-N Y pu(d) log(R/d)ule) log(F/e) +0( 3 log(R/d) log(R/e)>

de<h 4] d.e<R (5.5)
(d,e)|k

= NTy(k) + O(R?).

To evaluate T5(k) we break the sum into relatively prime summands in order to handle
[d,e]. We let d = a1bjp and e = agbis where by = (d,e) so that aj, as, and byo are
pairwise relatively prime. For higher correlations this decomposition notation will be
used as well. Hence we have

2
1ot (biz) plar) plaz) R R
T,(k) = lo lo
2( ) b12 ay as & a1b12 & azbi2
a1b12<R
a2b12<R
bia|k
2(b R R/b
_ 1 (bia) plag) log Z p(ay) log / 2.
ba<R bia a2 asby2 e aq ay
a < a1< 12
b12|k (a1,a2b12):1

where the prime on the summation indicates that all the summands are relatively prime
to each other. We now apply Lemma 2.1 with 7 = 0 to obtain for any B > 0

b R b a-) 1o R/b12
E * (b2) log L0 Z'ﬂ(lz) 11?(az) log |
azb12<R ¢ (b) ) azbia bia<R bisas log” (2R/612)
bia|k bu\k

For the main term above we sum over as and apply Lemma 2.1 again with 7 = 1 to see
this term is equal to

u 12° (b12)
Z Sa(biz) + O( 2 ¢(b12)log3<2R/bl2)>'

b12<R b12<R
b12‘k b12‘k

Summing over ay in the error term in the formula for 7T5(k) above, we conclude

u 1% (b12)
Z b12) + O( Z ¢<b12) B72(2R/b12) > : (56)

log
b12<R b12<R
blz‘k‘ le‘k
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We now consider two cases. If k¥ = 0 the main term is

> ’;2 &2)) Sy(b1a) = log R+ O(1)
b12<R

by Lemma 2.4 with j = 1, and the error term in (5.6) is also O(1). This proves (5.3). If
0 < |k| < R the main term is

u

blg) GQ(k)
by |k

by the second part of Lemma 2.4, and the error term is

1 Z 1% (b12) . k
< (log2R/k)P-2 ot 0(b) (k) (log 2R /k) P>

which proves (5.4).

It is worth noting that we can also give a very short proof of (5.4) using Theorem 4.1
from the last section. With j = (0, k), we have

W) = 3 5 ” og(R/dy)

dy <R
(d1,k)=
= GQ(k) + O(eVies (5.7)

by Lemma 2.1. By Theorem 4.1 this proves (5.4) and also evaluates the mixed second
correlation as well.

6. Triple correlation for Ag(n)

To prove Theorem 1.1 when k£ = 3 we need to evaluate the sums
ZAR )Ar(n + k), (6.1)
and, for non-zero ky # ko,
Ss(ky, ko) = Z Ar(n)Ag(n+ k) Ag(n + ks) (6.2)

In the notation of Theorem 1.1 we have S3(0) =S3(N, (0), (3)), Ss3(k)=S5(N, (0, k),(2,1))
if £ # 0, and S3(kq, k2) = S3(N, (0, k1, k2), (1,1,1)) for non-zero ky # ko. We will obtain
the following results on these correlations.
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Theorem 6.1 We have
3
S3(0) = al log® R + O(N log N(loglog R)'®) + O(R?), (6.3)

and, for k #0, |k| < Rz,
S3(k) = Gy(k)N log R + O(N(loglog R)"*) + O(R?), (6.4)

and letting k = (0, ky, k), ki # ko # 0, if (k*)* < R/2, where k* = max(|k1|, |ks|), then

Ss(ky, k) = 6(k)N+O< —eny1os (gt )log R) + O(R%). (6.5)

We consider the general situation and specialize later. Let

Ss(k1, ko, ks) = Y Ag(n + ki) Ag(n + ko) Ar(n + ks) (6.6)

n=1

Expanding, we have

Sy(ky ko ks) = D p(dy)log(R/dy)pu(ds) log(R/do)pu(ds) log(R/ds) » 1.

dy,d2,d3s<R n<N
di|n+k;
da|n+kz
d3|n+ks

The sum over n is zero unless (dl,d2)|]€2 — ]{31, (dl, d3)|]€3 — ]{71, and (dg,d3>|]€3 — ]{32, in

which case the sum runs through a residue class modulo [dy, ds, d3], and we have

1= + O(1).
Z d17d27d3] ( )

n<N
d1 |’I’L+k1
d2|n+k2
d3|n+k3

We conclude

p(dy) log(R/dy)u(dy)log(R/do) p(ds) log(R/d3)
dy, da, ds]

Ss(ki ko, ks) = N > + O(R?)
dy,d2,d3<R
(d1,d2)|k2—k1
(d1,d3)|k3—k1
(d2,d3)|kz3—k2

= NT3(ky, ko, k3) + O(R3).
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We now decompose dy, dy, and ds into relatively prime factors

d = a 5125136L123
dy = agbiabazaras
ds = asbisbazaias

where a,, or b, is a divisor of the d;’s where 7 occurs in x. Since the d;’s are squarefree,
these new variables are pairwise relatively prime. The letters a and b reflect the parity
of the number of d;’s that the new variable divides. We will let D denote the set of a,’s
and b,’s which satisfy the conditions

aibigbizany < R
agbigbozainy < R (6.8)
agbizbozais < R
b12a123|k2 — kK, b13a123|k3 — kK, b23a123|k3 — ko. (6'9)
Letting
R
Li(R) = log €
we have

Ty(kr, ko, key) = Z’ M(al)ﬂ(az)ﬂ(a:s)ﬂg(blz)MQ(513)M2(b23)ﬂ(a123)Ll(R>L2(R)L3(R)

D a1a2a3bl2bl3b23a123

=5 faldr, do, dy).

D

(6.10)
We now will sum over a;, as, and as using Lemma 2.1 and Lemma 2.3. In order to apply
these lemmas we need each a; to range over a long enough interval, and therefore we
need to restrict the ranges of some of the other variables. The excluded ranges will later
be shown to make a lower order contribution. If D is a product of some of the variables
in D, we let D(D) denote the subset of D where the variables not occuring in D are
eliminated from the inequalities in (6.8) and divisibility conditions in (6.9). Thus, letting
Dy = agagbiabigbagaies, we have that D(D;) no longer includes the variable a; and we
take a; = 1 in (6.8). We now obtain on summing over a; using Lemma 2.1 and taking

R, < R,

/ /
Ty (k1, ko, ks) = > faldy,dy,ds) + > fr(dy, d2, d3)
bl2b13aD123§R1 R1<b12b?3a123§R
/ as)p(as)u(a 2(D
_ Z /J’( Q)Iu( 3)#( 123)/”6 ( 1)L2(R)L3(R> +E1(R)
S ¢(Dh)
(D1)
b12b13a123< Ry
/
+ Z Jr(dy, da,ds3)
R1<b12b?3a123§R

= Us(ky, ks, ks) + Ey(R) + E4(D), (6.11)
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where
o plaz)p(as)p(aizs)p?(Ds) R
Ei(R) = Loy(R)Ls(R)ro(7———, D
1(R) > D, 2 (1) Ls( )7“0(612613%237 1)
bi2bizai23<Ri
< e—cn/log(R/Pq) lOgS R.
Hence
Ty (ky, ko, kz) = Us(ky, ko, k3) + O(e” 0 VIBR/RD 1668 BY 1 £,(D). (6.12)

Denote the summand for Us(ky, ks, k3) by gr(dy,ds,d3), which does not depend on a;.
Because of the symmetry in our original variables in (6.10), we could equally well have
summed over ay or az above and obtained the same expression for gr(dy, ds, d3) with the
appropriate change in variables and renumbering of the ks. We will later make use of this
fact for some of our error terms, and will let the summation conditions D(D) determine
which variables appear in gg and subsequent summands. Returning to (6.11), we obtain
on summing over as using Lemma 2.1 that, with Dy = agbi2b13b23a103 and Ry < R,

/ /
Us(ky, ko, ks) = Z gr(dy, da, ds) + Z gr(dy, dy, ds)
D(D1) D(D1)
bi2b13a123<Ry b12b13a123<R
biabazaiaz<Ra Ro<biabazaias<R
/ a a 2(D
_ Z pag)p(aias) o ( 2>L3(R)62(D2)
¢(D2)
D(D2)
biabizaias<R;
b12bazai23<Ra
/
+ 0(6—01\/10g(R/R2) 10g6 R) + Z gR(dl,dQ,dg)
D(D1)
bi2b13a123< Ry
Ry<biabazaias<R

= Vi(ky, ko, k3) + O(e VIR 1606 RY + £ (D(Dy)).  (6.13)
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Finally, we denote the summand in V5(ki, ko, k3) by hgr(di,ds,d3) and we let D3 =
b19b13basaiag and Ry < R. Then by Lemma 2.3 with ] = 1 we obtain

/ /
Vi(k, ko ks) = > heldidads)+ > he(di,dy,ds)
D(D>) D(D2)
biabizaiaz<R; biabizaias <Ry
bi2b23ai23<Ra bi2b23a123<Ro
bizbazaiaz<R3 R3<bizbazaias<R
2
1 (D) plarzs)p((Ds, 2
-y )(¢<Di)(( J&,2D,)8,(2D,)
D(Ds)
bi2b13a123< Ry
b12b23a123< R
bi3bazai23<R3
———— /
+ O™ log(R/R3)10g4R)+ Z hr(dy, dy, ds)
D(D2)
2122132123221
R31<25125521322123<2R

= Wial(ky, ko, ks) + O(e~ V8B E) 1001 R) 4 &, (D(D5)).  (6.14)

We now prove Theorem 6.1 by considering each case separately. We first prove (6.5)
which is the case where the error terms are the easiest to handle.

7. Evaluation of S5(ky, k2)

We consider S3(k1, ko) by taking k; # ke # 0 and k3 = 0 in (6.9) which therefore becomes
b12a123|k2 - /ﬁ, 5136L123|/€1, b23a123|k2. (7'1)

These conditions imply, letting &* = max(|k1], |k2|), that
biobizaias < 2(k*)?,  biobozanns < 2(k*)?,  bigbogagas < 2(k*)2. (7.2)

Hence, taking Ry = Ry = Ry = 2(k*)* < R, we see that the error terms &, £,, and &, in
(6.11), (6.13), and (6.14) are identically zero, and therefore

—e1y/log (B
Ty(ky, ko) = Wa(ks, ko) + O(e V! e (55 )log8 R). (7.3)

Now that the variables a;, a2, and az have been eliminated, the bounds on the variables
in D are automatically satisfied from (7.2), and, provided (k*)* < R/2, we have

Walki, ko) == MQ(DS)M(;@SL((DB’2))62<2D3>63<2D3>. (7.4)
bizai23lk1
bazai23|ka

biz2ai23|ka—k1
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This sum is over square-free divisors, and therefore we let
k1 = 1K1, ko= 93K, (7.5)
where K7 and K, are the largest square-free divisors of k; and ks, and let
k= (ki,k2), K= (K1, K>). (7.6)
Then we may rewrite W3 as

11°(Ds)pi(ar23) (D3, 2))

b= 3 PG

biza123|K1
baza123|K2
bizai23|ka—k1

G2(2D3)63(2D3). (7.7)

The proof of (6.5) will follow from (6.7), (7.3) and Lemma 2.5 once we prove that

Wi (K1, ko) = G2(K12)G3(A) = G2(k)63(A) = &(k). (7.8)
We now let

Ky = K251, Ko = Kiaja, ko — ki = Kia(S2jo — $171) (7.9)

where K79, j1, and j; are square-free and pairwise relatively prime (syjo — $171 may not
be square-free or relatively prime with Kj5.) Next, let

biz = ci3di3, oz = casdas (7-10)

where c¢13, co3| K12, dis|ji1, das|j2, and ci3, dis, ca3, das, bia, ajz3 are thus all pairwise
relatively prime. We also see that CL123|K12. Thus, with D3 = b12013C23d13d236L123,

/ / 12(Dy)((Ds, 2
Walki ko) = — > plass) Y i ié‘g)?’ )>62(2D3)63(2D3). (7.11)
cizcazarzs|Kia b12|ka—k1 3
di3|j1
da3|j2

We first sum over di3 in the inner sum. To do this, we take D, = biaci3¢93do3ai23 and
have

> uz(Ds)#((D3’2))62(2D3)63(2D3)

— o(Ds)
13]71
(d13,D4)=1
2 2
_ p(Dy) p(dy3)
= 202 ¢(D4) dgjl ¢(d13) M((d13D4, 2))H2(2d13D4)63(2d13D4).
(d13,D4)=1

We now break the sum on the right into two sums according to whether d;3 is even or
odd, in the former case we let di3 = 2d, and on using Lemma 2.4 we obtain that the
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right-hand side is

_202M2(D4)H2(D4) _ _ 42 (d)
— i { [(Dy4,2) = 1] 2 o d)63(2dD4)
(d,2Dy)=1
Hl(Dn2) Y 52§j§§63<2d1304>}
d13|j1
(d13,2D4)=1
202#2(D4)H2(D4) . .
S (7 (D02) = 021+ k(D 2)))&5(2Duin).
We will denote
B(d) = 22! (;{gﬂﬂd) (7.12)

Now substituting into (7.11), and letting D5 = bjaci3¢3a123, the sum over dys is equal to

B(Ds) Z & (d;B()CZj)(dQS) < — [(do3 D5, 2) = 1][2]j1] + p((d23 Ds, 2))) G3(2d23Dsj1).

dagli2
(d23,D5)=1

Since (j1,72) = 1, and dag|j2, we may replace the condition (das, D5) = 1 in the sum by
(da3, j1Ds) and divide the sum into two sums with even or odd terms as above to see
that this expression is

_ ol 1(d) .
= —B(Ds)[(Ds,2) = 1][2|2] 2%2 oa(d) S3(2dDsj1)
(d,2j1Ds)=1
. ﬂ2(d23) .
+B(Ds)( — [(D5,2) = 12j1] + u(D5,2)) > ol ©9(2dasDsi)

d23|j2
(d23,2j1D5)=1

= B(Ds)( — [(D5.2) = 1([21ja) + [2152]) + (D5, 2)) ) 85(2Dsjsj2).

Now let

A= k1k2(k?2 - k’l) = 8152K122j1j2(k52 - k‘1) = 3182K123j1j2(82j2 - 81j1)- (7~13)

We substitute the last result into (7.11) and sum over bys. Let Dg = ¢13¢23a123. We claim
that the relatively prime condition (b1, Dg) = 1 may be replaced by (b12, Dgj1j2) = 1. To

see this, note that ji, jo, and Ky are pairwise relatively prime, and further (sq,j2) =1
and (sg,71) = 1. Thus

(ko — k1, 51) = (Kia(S272 — s11), J1) = (s2,71) =1
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and similarly (ko — k1,7j2) = 1. Hence, since byslks — ki, we have (b2, j1j2) = 1. Now
summing over bio our sum is

=B(Ds) > <— [(b12D6,2) = 1]([251] + [2]72]) + #((b12Ds, 2)))
bi2|ka—k1
(b12,D67152)=1

o 1 (012) Ho(ba2)
¢ (b12)
—B00) X (- ik - B(D62) = 1) Sa@Dui
2b|ka—k1
(b,:2D6 j152)=1
BN 3D (= (D2 = 1120+ 2] + (D 2) ) Sal2ba D)

bi2|ka—k1
(b12,2Dgj1j2)=1

= B(Ds) (= [(Ds,2) = 1)([20j:]+ [21j2] + 20k — ki]) +4((De, 2)) ) S5 (2Dsiujalkz = k).

S3(2b12DgJ172)

Now Dg|K12|A, and hence
We conclude that

Wy, ko) = ~G(A) Y u(ar2s) B(Ds) (= (D, 2) = 1) (120j1]+ [21j2] + 2lks — kal) +((Ds, 2)).
Dg| K12
(7.14)

If Ki5 is odd, then exactly one of the variables j;, js, and ko — k; is even and the
other two are odd. If K5 is even, then j; and j, are odd and ks — k; is even. Hence in
either case

2[71] + [272] + [2|k2 — K1) = 1,
and therefore

Wilkr k) = —G5(A) S plarss) B(DG)( = [(De,2) = 1] + u((Dg,2))).  (7.15)

Dg| K12
When K5 is odd the expression in parentheses is zero, and hence
Wg(kl, k’g) = O, if K12 is odd.

If K5 is even, then the expression in parentheses in (7.15) is zero if Dg is odd, and is
equal to —1 when Dyg is even. Hence, we conclude

Wi(kr, ka) = [21K12)S5(A) S paszs) B(Dy). (7.16)

Dg|K12
2| Dg
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We could now evaluate this sum as before by summing over each variable in turn, but
there is an easier approach, based on the observation that if a square-free number is
a product of some factors, then necessarily those factors must be relatively prime with
each other. Let z = vwy, and A be a set of natural numbers. Then for any arithmetic
function a(z) we have

ZI 2 (2)a(2)u(y) = Z 12 (2)a(z) Z Z 1(y)

z€A z€A wlz y|Z

=D _1(2)a(z) ) 1 (7.17)

z€A w|z
w=z

= 3" k2 (=)alz)

zeA
The sum in (7.16) is of this form, and therefore we have
Wi(ki, ko) = [2|K12]63(A) Y B(z
z| K12

2|z

= 205[2| K15]G3(A) ZQE?;

22| K12
(#,2)=1
- 202[2’K12]63(A)H2(K12),
where we used (2.3) in the last line. We conclude by (2.5) that
Wi(k1, k) = G2(K12)G3(A) = Ga(k)G3(A), (7.18)

which completes the proof of (7.8).

8. Evaluation of S3(k), k£ #0

We now take k; = k # 0, ko = k3 = 0 so that the divisibility conditions in (6.9) become
biaaislk, bizaiaslk,
and since our variables are relatively prime
biabi3aias|k. (8.1)

Taking R, = k < R we see that & in (6.12) is identically zero. We will take Ry = Ry > k?
to be chosen later as a function of R, and conclude from (6.12), (6.13), and (6.14) that

Ts(k) = Wa(k) + E,(D(Dy)) + En(D(Dy)) 4+ O(e~ 1V 10eli/R2) 1668 R, (8.2)
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Now, summing over az using Lemma 2.1, we have

EDMD) = Y grldided)+ Y gr(dydody)

D(D1) D(D1)
bi2b13a123<R bi2b13a123<R1
Ro<biabazaias<R Ro<bizbozaias<R

bizb2sai23 <R3 R3<bizbazaias<R

- Z, h’R(dla d27 d3) + O(eicl tog( 1/ Fis) 10g6 R)

D(a2Ds3)
b12b13a123<R
Ro<bigbozai2s<R
bizbazai23 <R3

+ S galdydyds). (8.3)

D(D1)
bi2bizai2s<Ry
Ro<biabazaiaz<R
R3<bizbazai2s<R

The first sum above is the same as &,(D(D,)) with the appropriate relabeling of variables,
and the estimate we now obtain applies to both expressions. We see in this sum that

ay < m < R%, and hence the sum is
2 2
1 (Ds) 1 (az)
1 D
< log(R/Ry) Y > N e &y (ayDs)
brabrsanzs |k 512}?12123 <b23§b125123 aQS%
(az2,D3)=1
< log’(R/Ry)loglogR Y 3 (Ds)
/) o Tos 5(Ds)
bizbrsarzs|k b121?12123 < 23§’3125123
3
2(b
< log’(R/Ry)loglog R Z a <b)
0
< log¥(R/Ry)loglog R(——)?
p(k)"
by Lemma 2.4, and hence, since ﬁk) < loglog 3k,
En(D(Dy)) < log*(R/Ry)(loglog R)*". (8.4)

Similarly, for the second sum in (8.3) both as < R% and a3z < R%, so that the sum is
< log®(R/R;)(loglog 3k)*
and hence
£,(D(Dy)) < log®(R/Ry)(log log R)? + e~V 1os(F/R2) 1066 . (8.5)
We take
Ry = Ry = Re2(oglog )’ (8.6)
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where ¢, is a sufficiently large constant, and conclude by (8.2), (8.4), and (8.5) that, for
k| < B2,

T3(k) = Ws(k) + O((loglog R)"), (8.7)
where
Wi(k) = — ZI Mz(DS)H(Zzgil;((D?” 2))62(21)3)63(2173)7 (8.8)
bi2bagai23 < Ro
bigbazai23<R2

biz2bizai2slk

and as before D3 = byob13bozaiaz. Since bog is the only variable not constrained by the
divisibility condition, we have on letting

Ry 1 1
R4y = —— min 8.9
! 123 (512 513) ( )
and F = b12b13a123, that
o /M M
Wa(k) ==Y 5 ( (123) (1((b3 E,2)) G5 (2b05 E) S5 (2b03 E).
Elk bas<R4
(b23 E) 1

We break the inner sum into two subsums according to whether b,3 is even or odd, the
former case forcing (F,2) = 1. We thus obtain, on taking be; = 2b in the first subsum
and applying (2.4)

_ 12 ( 62 (2E) 12 (b)
Ws(k) = ; —————(aa3) P ¢2(b)63(2bE)
(E,2)=1 (b,2E)=1
1 (E)62(2E) 1% (b23)
2. o(E) u((E,2))u(a123) e ¢2(b23)63(2523E).
(bas D) =1

The inner sums in both sums above are by Lemma 2.4 and the estimate (2.19)

exp ( m/@)

log log 3k

= log Ry + O(loglog 3k) + O( N
4
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Substituting we now see that the main term from the first sum is canceled by the part
of the main term in the second sum when (F,2) = 1, and hence we obtain

W3 (k)
cy/logk
. /M2(E)62(2E) exp (log10g3k>
— %kj W(u(amg)ME] log Ry + +0(log log 3k) + O(T)>
= log Ry Z/ il 62 QE)M(GM:%)
Elk
2|E

cy/logk
exp ( log log 3k )

(B 2F
+0 ZMOogE%—loglogZSk%—

o o) /B
= Y;3(k)log Ry + O Z a log log 3k
blk
cy/lo
—|—O exXp (1oglogg3k> ,LL )
b\k

where we used the estimate G4(k) < loglog 3k in the last two error terms. By Lemma
5 of [11], the sum in the first error term is

k
= < (loglog 3k)?

where hy(k) is given by (2.17). The sum in the second error term is

< exp ( 3 ’“‘ ) ¢VIoER
n<log k
and hence we conclude that

Wi (k) = Ys(k)log Ry + O((loglog R)"). (8.10)
We complete the evaluation of W5(k) by proving

Ya(k) = &2(k). (8.11)
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We note first that if 2 J'k then the sum defining Y3(k) is empty and therefore Y3(k) = 0,
in agreement with G4 (k). Therefore by (7.17)

Yalh) = 4] 3 D)
e
A (E")
25 |k $2(E")
(E'2)=1

= 20,[2|k|Hy (k) = Ga(k),

= 205 [2/k]

which proves (8.11).

9. Evaluation of S5(0): Main Term

We now consider k; = ko = k3 = 0. On applying equations (6.12), (6.13), and (6.14) and
taking

S=R =Ry=Rs
we have that

T3(0) = W3(0) + O(e= V16 E/) 10g® R) 4+ £4(D) 4 £,(D(Dy)) + En(D(Dy)),  (9.1)

where we relabel variables for simplicity and have

Wy0)=— 3 “(y)“z((%b;w 2) &, (2D)64(2D), 9.2)

and D = wvwy. We will prove in this section that

Ws5(0) = % log® S + O(log S). (9.3)

In the next section we will prove that £¢(D), £,(D(D;)), and E,(D(Ds)) all satisfy the
bound

< logg(g) log R (9.4)

from which we conclude from (9.1) and (9.3) on taking

S = Re*Cg(log log R)?
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that
3
T5(0) = 1 log® R + O(log R(loglog R)'®) (9.5)

and therefore by (6.7) we obtain (6.3).

The first step in evaluating W3(0) is to sum over w in (9.2) by separating into sums
according to whether u is even or odd, and apply Lemma 2.4. We let z = vwy, and have

> l;((;))ﬂ((uza2))62(2uz)63(2uz)
wmin(5 )

(u,2)=1

(u,2)=1
= 20, H5(22) ( —(2,2) =1] Z ,;223:; G3(2u'2)
QUI(Su%;:)n:(;)’w)
1 (u)
+ 1((2,2)) u<§§£ » o) 63(2u2).>
T(,22)=1
= 2C5H,(22) ( —1[(2,2) =2 (l (@ min(v,w)) + D3
+ h3(6z)> +[(2,2) = 1]log 2 + 0(;”(—62())>> .

Substituting this result into (9.2) we obtain

Ws5(0) =205 Z/ %Hﬂlz)(log (@ min(v, w)) + D3 + h3(62)>
2<S

2|z

— 20,1052 Y EY) 1 99 +O<Z' pA()m(62) H2(22)>.

2<8 0(2) <8 ¢(2)4/2 min(v, w)
(2,2)=1

Except for the factor of log min(v, w), the sums above are of the form considered in (7.17).
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Hence we have

20, %HQ(%) log § = 20 Z 1 2(22) log S
2<S ¢(Z) 2<S
2]z 2]z
/
S
=20, 3 ¢ “ —
2:/<S
(z 2)=1
1
= 3 log? S + O(log S), (9.7)
where we used (2.21). Similarly we have, by Lemma 2.2
20,3 “ H2 (22) =log S + O(1). (9.8)
z<‘S
2|z

We also see that the condition 2|z in (9.8) may be replaced by (z,2) = 1 and (9.8) will

still hold. Similarly it is clear that

20, Y “ A HHWY) 1102 log((2,3)) < log S, (9.9)
2<S
2z
and also that
z
2<S
2z
w?(
< Z 2(22)hs3(62)
2\7;
1
OO LR VRS (9.10)
p<S 2<8
plz
1ogp u
< ) Z 2m)
3<p<S p<l52
(m,p):l
< log S
We conclude that
1 2
Ws5(0) =3 log® S + O(log S) + 20, Z/ %’5)(3/)[{2(22) log(min(v, w))
2<S
202 (9.11)
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We now evaluate the first sum in (9.11), and show that

12 (2) 2
20, Z o) HQ (22) log(min(v,w)) = Zlog S+ O(log S).
z<S
2z
By the symmetry in the variables v and w we have that the sum above is

e S PO w)u)
T o(uwy)

H(2vwy) log v,

vwy<S
2lvwy
v<w

#A05 48

(9.12)

(9.13)

since the condition (v, w) = 1 implies that the only term with v = w is when v = w = 1,
and this term is zero. We will sum over w and apply Lemma 2.2 according to the parity

of w, which gives

2 / 2
12 i (w') pe(w)
= [(vy,2) =1] + [2[vy]
ZS /< S ¢2(wl) S ¢2(w)
v<w< 2 v<2w Sﬁ v<w§v—
, 2\1}11;3/ ) (w',2vy)=1 (w,2vy)=1
w,vy)=

1 S m(2vy)
= log— 4+ O
Sa(2vy) E oty " 7

Substituting this result into (9.13) we find that this sum is

_ O ply) LS o mi2uy)
0 2 Gy P e 2 (s iy + O )
(yv) 1
o My) | i
22\; yz oly) %

(y)

1%(v) Hy (v) 1*(y) Ha(y)
O Z 77)1(@) logv Z —=——"m(y) ).
(X S 2 o )
The inner sum in the error term here is

< ZM ZM

y<S

< log$,
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and by (2.19) the sum over v in the error term converges; hence the error term is O(log S)
Thus by Lemma 2.1 and partial summation in Lemma 2.4 the above expression is

) s o) log o ) 1y ) emery/08() o
2§g¢(v)62()1g +0(Z<¢(0)1g> ) 4 O(log S)

< v<V'S
= log? VS 4+ O(log S),

which proves (9.12).
It remains to deal with the error term in (9.11). By symmetry we may assume that

v < w, and thus the error term is

1 W) Ty
€ 35 X Hr i
(va%5)=1
1 w2 (w)y/w ) F (Y)Y
€L aw "L e 2 e Y
(v,2)=1 (y,2)=1
The inner sum over y is
PWVY o 12 (d)
< y; P2(y) dly Vd
(1,2)=1
12 (d) p2(m)y/m
< 20 2
(d,2)=1 (m,3) 1
S 1°(d)
< vw d; $o(d)Vd
(d,2)=1
S
< —.
vw

Substituting we see the sum over v now converges, and on summing over w and treating
m(w) as in the previous estimate we see the error is O(log.S). This completes the proof

of (9.3).

10. Evaluation of 55(0): Error Terms

We now treat the error terms &;(D), &,(D(D1)), and &,(D(D3)). We proceed as we
did before in (8.3); in (D) we break the sum into two sums according to whether
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biobagaioz < Ry or Ry < bigbozaqas < R, in the former sum we sum over a, using Lemma

2.1 and obtain a sum of the same form as £,(D(D;)) and an error term

< efcn/log(R/Rl) 10g8 R.

B

(10.1)

In the second sum where R; < bjabazaias we have ag < 7 and we do not sum over ay. We
continue this process with regard to az, and likewise deal with the error term £,(D(Dy)).
The result of this process is that we are left with errors bounded by (10.1) and three

types of sums of the forms

2

a / D R
& = Z ZEQ) Z %GQ(aD)logava,

aSR/Rl uvy< Ry
uvwy<R;
Ri<vwy<R/a

' p(ab) o ply)p*(D) R R
Ey = Z olab Z o(D log log ,

a,b<R/R; ) woy<Ry (D) auwy bvwy
Ri<uwy<R/a
Ri<vwy<R/b
and
+ plabe) r o uyprD), R R R
& = lo lo lo :

a,b,c<R/R1 Ri<uvy<R/a
Ri<uwy<R/b
Ri<vwy<R/c

where D = uvwy.

We can handle £ immediately. Estimating trivially, we have

1
E; < (logR/Ry)° .
(log R/R1)® o
Ri<uvy<R
R <uwy<R
Ri<vwy<R

The top two inequalities in the summation conditions imply

() << (3)
— <vwy < | —
u u
R\® 1 R\* 1
(2w =)
u vwy u ) vwy
Thus the bottom inequality in the summation conditions implies

RN _ (R L
Uu R J= u le

and hence

(10.2)

(10.4)
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and therefore the sum above is
1 1 1 1
SIS DR D D
R (B sl s
< log R(log R/R;)?.
Thus

&y < log R(log R/Ry)°. (10.5)

Consider next &. The trivial estimate used for & would give the bound
< log® R(log R/R;)®, and therefore we need to save a factor of log R, which will occur
when we sum over y. We first note that the conditions on the summation variables for
the sum in (10.3) imply that u,v < w. Next, we extend the summation range uvy < R;
to uvy < R, which may be done with an error < log R(log R/R;)” in the same way that
(10.5) was obtained. Finally, the terms with R; < wy also contribute this same error,

since this condition implies with the other summation conditions that u,v < R% and
% <w < U—IZ, so that only y has a full summation range. Hence we have
u r p(y)pe*(D) R R 7
1 1 O(log R(log(R/R .
ab<R/R1 u,v<w
wy<Ry
Ri<uwy<R/a
Ri<vwy<R/b
(10.6)
We now sum over u, which satisfies
R
—L < < min(—, w).
wy awy
If mm(%,w) = w then w? < a—}z and there will only be terms when % < w? We

conclude 1n this case that

s

Hence, as in the estimate to obtain (10.5), these terms contribute at most
< log R(log(R/ Ry))" since only the Var1ab1e y runs through a full summation range. We
conclude, with z = vwy,

u u R p (u) R
l — 1
< ; % n Z L o) ©8 avwy
a,b R/Rl wi:;<11"%1 T;<“§m (107)
Ri1<z<R/b (u,abz)=1

+ O(log R(log(R/Ry))").
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prd), R

To evaluate the inner sum, we use the relation, for 1 < .S < R, p(j)|k,

N
o,(d) 8,0 o S+ O

1
(0] =
. ) g d . \/j

(d,k)=1

log ). (10.8)

This result follows immediately on writing the sum on the left-hand side above as

_ prd), B 12 (d)
= ¢j(d)l ®d CKZR ¢j(d)(

(d,k)=1 (dk)=1

R
log Sd + log S)

and applying (2.21) and Lemma 2.2. Thus we have

2
p”(w) R ¢(abz) . 5 R m(abz) R
1 = 1 O 1 ) 10.9
o Z R o(u) 08 auwy 2abz © alR; +O( Ry 08 aRl) ( )
wy <u< awy wy
(u,abz)=1

Substituting this expression into (10.7) we obtain

r plad) R wyp(z), R
Z - g’ Z log Tt O(log R(log(R/Ry))"),
a,b<R/R: wUZ%
R1<yz§1%/b
(10.10)

once we show that the contribution

8 f s~ labmla) g~ ) yoTmG)

<
VB e o) = ¢(2)
wy< Ry
R1<z<R/b

from the error term in (10.9) is covered by the error term in (10.10). This expression
is of the same form as the error term in (9.11) estimated at the end of the last section,
except it is over a more restricted summation range. The factors m(ab) and m(z) are
handled as in that argument, and make no contribution, so we may ignore them. Hence
the expression above is, by Lemma 2.2,

<

log* & 3 12 (vwy) /0y

VIR v<w P(vwy)
wy<Ry
Ry <Uwy<R

log

T ZCZ“

R
< log Ry log® o
1
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which is acceptable. Thus we have established (10.10).

We now treat the sum in (10.10) and show it is also bounded by the error term, from
which we conclude that

& < log Rlog R/R,)". (10.11)

To see this, consider the sum over y in equation (10.10)

Z M]Ogi

bowy
1 <y<m1n( ) 4 4

w ) bvw
(y,abvw)=1
For the terms with min (%, ﬁ) A1 we have v < W’ and the sum in (10.10) is
NGRSO IS I
w
vgé?l w< Ry R1 4 < <
R (v) ,u R
< log” — vw < Ry|logv + [vw > Ry]log —
gRI; P ([ < llogo -+ [ow > Rillog )
U o <
5 R 1 (v) log v logv 1 ( 1 (w)
1 log” — —
<togriog 2 [ 3° y
v vt B cw<Ry

R
< log Rlog" —,
g g i

which is acceptable. For the remaining terms when min (

bi) = bRw, we have % <,
and by Lemma 2.1 with the error term estimate (2.14) t

Ry
the su

m over y is
1(y) R 1(y) R R
Z bva [vw < Ry] Z < y+ og bR1>
y bvw y<
(y,abvw)=1 (v, abvw) 1
= (1 - [vw < R))&: (abvw) + O(m(abvw)e*VIoslaw))
+ [vw < R1]O(m(abvw)e“”\/@log Rﬁ)
1
Hence the sum in (10.10) is in this case
<log’(R/Ry) ¥ mw) _e\fiog B
vw<l Ry vw
1
+log'(R/R1) Y —(&1(vw) + m(vw))
Ri<vw<R vw

< log R(log(R/Ry))’,

where as before the factors of m(vw) and &(vw) make no contribution to the error when
they are summed. This finishes the proof of (10.11).
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Finally consider £;. The inner sum in (10.2) is, with £ = uwy,

D
3 MD()@ (aD) log - =20, 3 “ HWIAE) i) Sn(E),
uvy< Ry qb( ) E<R;
uwy< Ry (E,a)=1
Ri<vwy<R/a

(D,a)=1

where
2
p* (v) Ha(v)
Sr(E) = (aE,v) log
R1<v<n§3 By o) @y
(wam)=1

and

V(aB, v) = [2[o][(aB,2) = 1] + [(v,2) = 1)[2laE].

We apply (10 8) and Lemma 2.2 to evaluate Sg(E). When mln(aiy f;) = WRy then in
(10.8) S = aR , and
R (2aE)log 2
Sr(E 1 K
#E) = 568, 2aB) % ary T O JE )
wy

while if min(-2- 1) = f—; then 1 < S =2

awy’ uy
obtain
R \2
(o)

On substituting, the inner sum in (10.2) becomes

1 R /
_§log2aR1 Z Z Mz

IA

L whence u < w < Ly, and thus we
aRy’ aRy

) . O(m(2aE) log - \

SHRS

26, (20F)

Ry
wy

Sr(E) = ;log log (

w< Ry
R w —u'Lu
AR = u (y, auw) 1
(vw,a)=1
2 (uw) - w 1(y)
+ = log — log (( ) )
uw<R (uw) aRl Z y
1<% u < aR1 (y CL?,LQ"IJ(}’L)U 1
(vw,a)=1

( u ( 3 12 (y) Ha(2auwy) (2a“wy)10gazz1>).

( R
P T Vi

(y,auw)=1
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As before, in estimating the contribution of the error term above to (10.2) the factor
m(2auwy) may be ignored, and therefore this contribution is

log® £ 3 1 (wwy)/wy
VR 2 daluwy)

(uwy,2)=1

<

5 w< <w
(w.2)=1 (w,2)=1 (21
2 2
p* (u) p* (w)
< log? —
R <ZR Vuda(u) ZR P2(w)
U= w< 2L
(u,2)=1 (w,_Q)il
R
< log Ry log® —.
0g 11 108 R

Next, for the main terms above the sum over y is < m(auw) c2y/log by Lemma 2.1
with the error term in (2. 14) and hence both sums contrlbute to (10. 2)

< log Z ,U Z HJ —cly/log%

U<R1 w<Ri/u
R
< log Rlog? R
We conclude
& < log R(log R/Ry)®. (10.12)

By (10.1),(10.5),(10.11), and (10.12) we have proved (9.4) and thus completed the proof
of (5.3).

11. Mixed Triple Correlations

The case k = 2 of Theorem 1.4 has already been handled by (1.5) and (5.7). In this
section we evaluate Wgr(k) from Section 4 in the case k = 3. This will not only prove

Theorem 1.4 but will also give an alternative and simpler proof of the second two parts
of Theorem 6.1.

We let k = (ki, k2,0) and

p(di)p(ds), R, R
Walk) = > — 1 log —log —. (11.1)
d1,d2<R ¢([dy, do)) dl ds
(d1,k1)=1, (d2,k2)=1
(dr,d2)[ka—F

The results we obtain are contained in the following theorem. Recall H;(m) is defined

n (2.3), hj(m) is defined in (2.17), and H;(m), h;(m) <; loglog 3m.
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Theorem 11.1 Ifk = (k,k,0), k # 0, and log |k| < log R, we have
Wr(k) = &(k)log R + O(Hs(k)hs(6k)), (11.2)

and if k = (k1,ke,0) and ky # ko # 0, letting A = kiko(ke — k1), and assuming A < R/2,
we have

Wr(k) = &(k) + O(gb(k/;)H?(A)@cl VIeER/28), (11.3)

We decompose into relatively prime variables by letting d; = a1b12 and dy = asbyo
where (dy,dy) = bys and thus aq, az, and by, are pairwise relatively prime. Then we have

/ plar)p(az)p’ (br2) R R
Wr(k) = lo lo ) 11.4
R( ) Z ¢(G1612512) galblz ga2b12 ( )
a1bi2<R
azb12<R
(a1b12,k1)=1, (a2bi2,k2)=1
bi2|ko—k1

We first sum over a; and apply Lemma 2.1 to see that

a R R
Z ZE 1; log o= s (agbioky) +7‘1(b—,agblgk1), (11.5)
algR/blg al al 12 12
(a1,a2b12k1)=1
and hence we have
! 2(b12)Gy(asbiok R
way= ) Heebeb) i )
asb12<R ¢(a2b12) a2b12
(b12,k1)=1, (azb12,k2)=1 (11.6)
b12|k‘27k‘1
= VR(k) + El(R),
where
ag) 1 (bi2)r1 (L, agbiok
B(R) — Z/ p(az) i (br2) 1(1,12 212k ) oz R
asbi2<R ¢<a2b12) a2612
(b12,k1)=1, (agbi2,k2)=1
blg‘kg—kl

2 2 R
H (b12) —c14/log(R/b12) H (a2)
E 14/ 12 E 1
< ¢(b12) ‘ olaz) °

b12<R (L2<R/b12 ( ) a’2b12
bia|ka—k1 -
2
< Y £ (012) o fiog(RIorz) (11.7)
¢(b12)
b12<R
bi2|ka—k1

We first consider the case when k; = ks = k. Then from (11.7) we see that
FEi(R) < 1. (11.8)
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By Lemma 2.3 we have

Vatk) = Y e b”)b@ 2ltabigk) ]:
a2b12<R ¢(azbi2) a2012
(a2bi2,k)=

— Z ,u Z 1(a2)Ss(azbizk) log R
b12<R b1z ) aa<R/bia ¢(a2) azbio
(b12,k)=1 (azzlgk) 1
(b ((b12k, 2
-y 1 0)nl(bisk,2)) o o 16 (2biak)
blz)
bi2 <R
(b12,k)=1
+0 Z ﬂ2(512)f2(b12)
b12<R ¢(612) lOg (ZR/b12)

To evaluate Yz (k) we divide into even terms and odd terms and apply Lemma 2.4. Thus

Va(k) = [(k,2)=1] Z “ G, (2bk) G ;5(2bk)
(b2glj)R1
,u
) D Gy (2b12k)S3(2b15k)
b12<R
(b12,2k)=1
2
— emm (k2 =1 Y e, 2m)
b<R/2 ¢2(0)
(b,2k)=1
2(b
(k) Y " (b”)eaabum)
vazr 92(012)
(b12,2k)=1

— 20, Hy (k) ((Wa 2) = 1] = u((k, 2)) ) 1og R + O(hs(6k)) + o(%»)

20, [2/k] Ha (k) log R + O(H, (k) hs(6F))
= G6y(k)log R+ O(H(k)hs(6k)).

On combining these results we have proved the first part of Theorem 11.1.

We now turn to the case that ko # k1. As in Lemma 2.5 we let k = (ky, ko) and
A = kika(ko —k1). As before let k* = max(|k1[, |kz|). In this case we see from (11.7) that

E1(R) < Hy(ky — ky)e c2VIos(R/2k7) (11.10)

We now let ky = s1K4, ky = s9Ks, where K; and K5 are the largest squarefree divisors
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of ki and ks respectively. Let K5 = (K3, K3). Then we have

' p1(az) 12 (b12) &2 (asb12 K1) R
VR(k) B Z ¢(G2bl2) log asbio
azb12<R
(b12,K1)=1, (a2b12,K2)=1
bi2|k2—k1

Next let as = cody where 3| K7 and (d, K1) = 1 so that (ag, K1) = cg, from which we see

' pu(c2) pu(da) 12 (b12) G2 (d2b1o K ) R
= 1
VR(k) Z ¢(02d2512) o8 Cadaby2

cadabi2<R
(d2b12,K1)=1, (c2d2b12,K2)=1
bi2lk2—k1, c2| K1

On summing over ds by dividing the sum according to whether ds is even or odd, we see
on applying Lemma 2.1 that

Z M(d2)62(d2bl2K1) log R

¢(d2) cadabio

d2<R/cobi2
(d2,b12K1K2)=1

1(d2) R
= 202H2(b12K1) Z Hz(dz) 10g Ea—
ds<R/eabra ¢(d2) Codaby2
(d2,b12K1 K2)=1
2|d2b12 K1

= 202H2(b12K1) ( — [(KlKleg, 2) = ].] Z ;:(C;) IOg
2d<R/cabra 2(d)

(d,2b12 K1 Ky)=1

+ [2]b12 K] Z pldz) log R )

d codab
d2<R/cab12 ¢2< 2) 2W2U12
(d2,2b12K1K2):1

= 202H2(512K1)X(b12)63(2512K1K2) + O(H2(512K1)6_01 v log(R/%zbm)),

262db12

where
X(b12) = —[(K1K2b12,2) = 1] + [2]b12 K.

Since cobio| Ki(ko — k1), we see that the condition |A| < R/2 implies cobis < R/2 is
automatically satisfied. Therefore we have

Z p(ca) i (bro) Ho(b12 K1) x (b12)S35(2b12 K1 K>)

Vir(k) =205 ¢(c2)¢(b12)

+ Ex(R)

bi2|ka—k1,c2| K1
(b12,K1K2)=1, (c2,K2)=1

= Yr(k) + Ex(R), : )
11.11
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where
By(R) < %];)HQ(A)Q—CIJM.
Since
2 sy = IL (1) = s = 1
(co Kow)=1 *
we have
Ya(k) = 2C5[(K1 /K, 2) = 1] % T Nz<b12)HQ(bngl(;z(b(il)g)63(2b12K1K2).

bialka—k1
(b12,K1K2)=1

(11.12)

We divide the sum in the equation above according to the parity of b5 and apply Lemma
2.4 to see that the sum is

= [(K1F>,2) = 1] 2
e blkzk b(b)
(b,2K1K2)=1
/~L2(b12)H2(512K1)X(bl2)63(2512K1K2)
i WZk o(br2)

(b12,2K1K2)=1

Z [L2(b)63(2bK1K2)

= n(K1, Ko)Hy(K) $2(b)

blka—ki
(b,2K1 K2)=1
= n(Ky, Ko) Hy(K1)G3(2K, Ky (ky — k1)),
where
n(K1, Ko) = [(K1K2,2) = 1][2|ky — k1] — [(K1K>,2) = 1] + [2| K]
On substituting we have that
YR(k> = 202[(K1/K12, 2) = 1]7’](K17 KQ)H2<K12)63(2K1K2(k2 — k1>>

Now [(K;/K12,2) = 1] = 0 if K is even and K, is odd, and n(Ky, K3) = 0 if both K;
and Ky are odd or K; is odd and K, is even. Hence Yg(k) is zero unless K, is even,
and therefore

YR(IC) = [2|K12]202H2(K12)63(ZKlKQ(k'Q — kl)) = 62(%)63(A) = 6(’43),

by Lemma 2.5. This completes the proof of Theorem 11.1
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12. Application to primes

The use of correlations of short divisor sums to study primes goes back at least to Selberg’s
. . . 1
work on the sieve. Our mixed correlation result that, for R < N17¢

S3(N k) = Ar*(n)A(n + k) = &,(k)N log R+ o(N log N) (12.1)

provides the upper bound for prime pairs in (1.39) with B = 4, since for n > R

logn

2 2

n)A(n) < ——A%(n),

P < 5N )

and the prime powers make a contribution <« N'/2*¢. The Selberg sieve provides the
same information, and Ag(n) in (1.2) gives the optimal majorant in the Selberg sieve for
this problem when the appropriate normalization is used.

To study primes in short intervals, we consider the modified moments

MU(N b g, C) = Y (dr(n+h) —r(n) — Clog N)", (12.2)
and
M(N, g, C) = 3 ((n+h) = (n)) (Yr(n+h) —pr(n) — Clog N)* ', (12.3)

where C' is a function of h and R that will be chosen to optimize our applications. If
we take C' = 0 these moments reduce to the moments considered in Section 1. We will
assume in this section that A = Alog NV, A < 1, and thus

h < log N, (12.4)
which we will make free use of in our estimates. We now consider, for p > 0,
M(h, p) = My(N, h, g, C) — plog NMy(N, h, ¢, C)
2N
5 (12.5)
= Y (@(n+h) —d(n) = plog N) (¢r(n + h) — dr(n) — Clog N) .
n=N+1
To evaluate M(h, p) we see first that
Mé(Nu hv va C) = Mi/’)(N7 h7 wR) - 2010g NM;(Nv hv wR> + 02 1Og2 NM{(N7 h7 wR)

We apply Corollary 1.5 (which as mentioned in Section 1 applies immediately to M,; as
well as My), with R = N’ and 0 < 6 < %,

NN, b, g, C) ~ ((m 13002 4 %) — 20(0) + A2 + C2A)N log® N



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A05 61

and by Corollary 1.2, for 0 < 6 < %,

ML(N, h, g, C) ~ <9)\ £ A2 20N+ C’2>N log? N.

We therefore see that M(h, p) is quadratic in C' when \ # p, and therefore on completing
the square we find that, for A # p, and 0 < 6 < g,

AN — 0)\2 A0
Lg¢g+

M(h,p)N((A—p)(C— Py A_p((A p)° —%))Nlog?’N'

By choosing

C= A(A%p:e) - A(l + %) (12.6)

we maximize M(h, p) if A < p and minimize it if A\ > p. We conclude that with this
choice of C', and 0 < 0 < g,

A0
M(h, p) ~ )\—_p(()\ — p)* — 0p) N log® N. (12.7)
We see that M(h, p) is positive (and > Nlog® N ) when ) is a fixed number in the range
p—+/0p < X\ < p but is negative when p < \ < p + /0p.

We now let P,(N, h) denote the number of integers N < n < 2N for which the interval
(n,n + h| contains exactly r primes. Thus

2N

P(N.m)= ) L (12.8)

n=N+1
w(n+h)—m(n)=r

The Poisson model for primes in short intervals (see [6]) is equivalent to the conjecture
that

ro—A
PN, h) ~ 2 "N (12.9)
r!
We let
r 2N
Q (N,h) =) Pu(N;h)= Y 1 (12.10)
m=0 n=N+1
w(n+h)—m(n)<r
and
N
QF (N, h) Z P,.(N,h) > oL (12.11)
m=r+1 n=N-+1

w(n+h)—m(n)>r
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Thus we have
Q7 (N, h) +QF (N,h) = N. (12.12)

We let pj, = pj,(IN) and p;, = p;,(N) denote respectively the smallest and the largest
primes in the interval [V 4 1,2N]. For smaller than average gaps between primes, we
use the relation, for r > 1,

QF (N h) = > 1+Zl >, 1= > L

N+1<n<pj, J=jo pj<n<pj+i1 2N<n<pj; +1
w(n+h)—m(n)>r Pj+r+1<n+h w(n+h)—m(n)>r

The first and third sums are O(Ne “1V1°6Y) by the prime number theorem with error
term, and hence

Q:_(N7 h/) = Z Z 1+O(N€—Clm)
N+1<p;<2N p;<n<p;i1
Pj+r+1<n+h
- Z (ij — max(p;, Pj+r1 — LhJ)) + O(Ne—01m>
N+1<p;<2N
Pj+r+1—Pj+1<h
< h Z 1+O(N6_01\/m)' (1213)
N+1<p;<2N

Pj+r+1—Pj+1<h

For larger than average gaps between primes a similar argument shows, for r > 0,

Q- (Nh) = ) S 14 O(NeaviER)
N+1<p;<2N p;<n<pjt1
Pj+r+1>n+h

= Z (min(pji1,pjri1 — [h]) — p;) + O(Ne Ve N)
N+1<p;<2N
Pj+r+1—P;>h

< Z (Pjars1 — pj) + O(Ne=1VIes M), (12.14)
N+1<p;<2N

Pj+r+1—D;>h
Next, we have

2N

QF(N,h) = > 1+ O(N3), (12.15)
n=N+1
P(n+h)—p(n)=plog N

where p can be taken to be any number in the range r < p < r + 1, since the prime
1
powers may be discarded with an error < Nz. Also

2N

Q- (N, h) = > 1+ O(N?), (12.16)
n=N-+1
P(n+h)—p(n)<plog N
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where again p can be taken to be any number in the range r < p < r + 1. Returning to
(12.5), we see on applying Cauchy’s inequality twice and using (12.15) that

2N

M(h, p) < 3 (¥(n+h) = (n)) (br(n +h) = ¥r(n) — Clog N)*

n=N+1
P(n+h)—1p(n)=plog N

1
1

DO (Z<w<n+h>—w<n>>4)

n=N+1 n=N+1
Y(n+h)—1p(n)>plog N

IN

( Z (Yr(n+ h) —Yr(n) — Clog N)4>

n=N+1

= (QF(N,h) + O(N#)) MY(N, h, ) My(N, h, b, C)3.
(12.17)

The same argument also shows that
~M(h,p) < plog N(Qy (N, h) + O(N?))* My(N, h,vor, C)?, (12.18)

and therefore we conclude that for any r < p <r+1

) < M(h, p)
" plog NM{(N, h, g, C)3

< (QF (N, h) + O(N)) (

N|=

—(Qy (N,h) + O(N

, 1 (12.19)
M4(N7 ha 77D>4
plog N

To prove the first part of Theorem 1.6 we estimate the moments M} (N, h,1) and
M} (N, h,vg,C) trivially when h > 1 using the inequality

1
labed| < Z(a4 + b+t +db)

and the equation above (1.10) to see that

Mi(N,h,¢) = Z ZAn+m1 (n 4+ ma2)A(n + m3)A(n + my)

1<m;<hn=N+1
1<i<4

<h* ) An)*

n<3N

< h*Nlog® N,
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and similarly

M}(N, h,pg,C) < M}(N, h,g)+ Nlog* N
< ht Z Ar(n)* + Nlog" N
n<3N
< h'log'R Z d(n)?
n<3N
< h*Nlog® N

by (4.14). Hence, subject to (12.4), we see by (12.7), (12.13), and (12.19) that, for r > 1,
and some positive constant C,

N
S 1> — (12.20)
N+1<p;<2N log” N
Djt+r+1—Pj+1<h

provided p—vlOp <A <p,r<p<r4+1l,and 0 <8 < g. Since p can be taken as close
to r as we wish, we conclude that

= <r—vor,

where unconditionally we may take any 0 < 6 < 1/4. This proves the first part of
Theorem 1.6. If we assume ¢ = 1 we can take 0 < 6 < % The corresponding result for
larger than average gaps between primes is proved in the same way.

In order to obtain positive proportion results, we need to use the generalization of
the sieve upper bound (1.39) for prime k-tuples. This result states that for the function
@Z)J(N) defined in (1.8) where 3 = (j1, jo, ... ,Jr) with the j;’s distinct and &(g) # 0

v (N) < (271 + )8 (F)N, (12.21)

see Theorem 5.7 of [16]. On applying this bound to the formulas leading to (1.15) we see
that, subject to (12.4),

My(N, h,v) < N(log N)¥, (12.22)
which implies the same estimate holds for M/ (N, h,1). Next, as above
Mj(N, h, ¢, C) < My(N, h,4g) + Nlog" N,
and therefore assuming (1.47) we have, for 0 < 0 < 1,
My(N,h,vr,C) < Nlog* N. (12.23)
Using these estimates in (12.19) we obtain
o1 lo‘gN (12.24)

N+1<p;<2N
Pj+r+1—Pj+1<h
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under the same conditions as (12.20) and 0 < 6 < i. This proves the remaining part of
Theorem 1.6.

In an identical fashion we see that if M(h, p) < 0 then assuming (1.47) we have

Z (Pjrri1 —pj) > N, (12.25)

N+1<p;<2N
Pj+r+1—Pj>h

where r > 0, r<p<r+1,p<A<p++0p,and 0 <0 < i. Since p can be taken as
close to 7 + 1 and 6 as close to }1 as we wish, this completes the proof of Theorem 1.7.
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