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Abstract

Some subclasses of analytic functions f(z) in the open unit
disk U are introduced. In the present paper, Some interest-
ing sufficient conditions, including coefficient inequalities re-
lated close-to-convex functions f(z) of order a with respect to
a fized starlike function g(z) and strongly starlike functions
f(2) of order u in U, are discussed. Several special cases and
consequences of these coefficient inequalities are also pointed
out.
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1 Introduction

Let A denote the class of functions f(z) of the form
f(2) :z+2anz” (1)
n=2

which are analytic in the open unit disk U= {z € C: |2| < 1}.

Furthermore, let P be the class of functions p(z) of the form
p(z) =1+ pu2" (2)
n=1

which are analytic in U.

If f(z) € A satisfies
2f'(2)
Re( 8 ) >0 (z € 1), (3)
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then f(z) is said to be starlike in U.
We denote by &* the class of all functions f(z) which are starlike in U. Also,
f(2) € A is said to be convex in U if it satisfies

ﬁ%@)
Re 1+ >0 z € U). 4
(1408 ew @)
We denote by K the subclass of A consisting of all convex functions f(z)
in U. We begin with the definitions for the subclasses 7 («) and U(«) of \A.

Definition 1.1 A function f(z) € A belongs to T («) if and only if it satisfies
Re@ > o (z € U) (5)
for some a (0 = a < 1).

Definition 1.2 A function f(z) € A is in the class U(a) if and only if it
satisfies

Ref'(z) > « (z € 1) (6)
for some o (0 = aw < 1).

For the proof of our results, we need the following lemma.

Lemma 1.3 (see, [1], [3]) A function p(z) € P satisfies Re p(z) > 0 (z € U)
if and only if
r—1

M@#x+1

(z € U)
for all |z| = 1.

By observation of this, many relations concerning the various subclasses
of A, for example, the class of starlike, convex or A-spiral-like functions were
studied (cf. [1], [2], [3]). Our results are motivated by these investigation. In
this paper, we discuss the sufficient conditions for the known or new classes
involving the above.

Lemma 1.4 A function f(z) € A is in T («) if and only if

L4+ A2 #£0 (7)
n=2
where )
A, = Lan (n = 2).

2(1 — )
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fz) _
Proof.  Putting p(z) = i for f(z) € T(«a), we obtain that p(z) € P,
-«
and Re p(z) > 0. Using Lemma 1.3, we have that
fz) _ )
z T
U
1—-a 7 r+1 (z€U)

for all |x| = 1. Then, we need not consider Lemma 1.3 for z = 0, because it
follows that

pO) =142
for all |z| = 1. This implies that
(x+1)f(z2)+ (1 —2a—1z)z #0. (8)

It follows that (8) is equivalent to

1)<z+ianz">+(1—2a—x)27é0
n=2
21 — )z {1+Z vl z”—l};éo. 9)

Dividing the both sides of (9) by 2(1 — a)z (z #0), we know that

1
1+Z T RS

1—a

This completes the proof of lemma. n

2 Coefficient conditions for functions in the
classes 7 (a) and CCy(a; g(2))

Our result for f(z) to be in 7 («) is contained in
Theorem 2.1 If f(z) € A satisfies the following condition

é{i(—l)k—j(kfj)aj}(nlk)

Jj=1

<l-a

for somea (0= a<1), R and vy €R, then f(z) € T(a).
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Proof.  Note that

(1—2)7#0, (1+2)#0 (3, yER; 2€U).

Hence if the following expression
<1+2Az ) (1—2)°1+2)7#0 (10)
holds true, then we have
1+ ZAnz”_l # 0,

n=2

which is the relation (7) of Lemma 1.4. We know that (10) is equivalent to
- g gl
k—j n—1
1+Z‘3 Z{E;Aj(_1) j ( L )} ( o )] )
n = j=

Therefore, if f(z) € A satisfies

Sz ()00

n=2

VA
—_

z+1

with 4, = 55 it
2(11_a)§ ;{iwﬂmx—l)k—j(k&)}(nik)‘
. 2<11—a>§ {Z(_1)<£J>}(zk)‘
)3 {]z:(—nk-ﬂ (.7, )} (.14 )“
- RSB Re (L) H)

A
—_

then f(z) € 7 («). This completes the proof of Theorem 2.1. O
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Putting 8 = v = 0 in Theorem 2.1, we see the following corollary.

Corollary 2.2 If f(z) € A satisfies

o0
D lal £1-a
n=2

for some o (0 = v < 1), then f(z) € T ().

Next, we derive the coefficient condition for f(z) to be in the class U («).

Theorem 2.3 If f(z) € A satisfies the following condition

> :l{é—l)“ (7 )jaj} (. 24)

n=2 7j=1

<l-«

for some a (0= a<1), R, and vy € R, then f(z) € U().
Proof.  Since f(z) e U(a) & zf'(z) € T(a) and

flz)=z+ Zanz” , 2f(2) ==z —|—Znan,z",
n=2 n=2

replacing a; of Theorem 2.1 with ja;, we prove the theorem. O

Taking # = v = 0 in Theorem 2.3, we obtain

Corollary 2.4 If f(z) € A satisfies

o

anan| Sl-o

n=2

for some o (0 £ a < 1), then f(2) € U(x).

Definition 2.5 (see, for details, [2]) If f(2) € A satisfies

o [(2](2) N -
Re e (g(z) )>0 (z € U) (11)
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for some a (0 < @ < 1), A (—g <A< g) and starlike function g(z) = z +

> by2", then f(z) is said to be close-to-convex of order a with respect to a fized
n=2
starlike function g(z), and let CCx(c; g(z)) denote the class of functions f(z)
which are close-to-convex of order o with respect to a fixed starlike function
9(2).

In particular, when g(z) = z € 8* and X\ = 0, we see that

CCo(a; 2) =U(a).

Remark 2.6 Replacing g(z) by f(z) in (11), we say that f(z) is said to be
A-spiral of order «v in U, and write SP(\, ) defined by
2f'(2)

spiva) = { e s ree (T —a) >0},

Lemma 2.7 A function f(z) € A is in CCx(a; g(2)) if and only if
1+ B2t #0 (12)
n=2

where ,
na, + (2(1 — a)e = cos A — 1)b, + z(na, — by,)

B, = .
2(1 — a)e= cos A

i <z;‘(’S) _ a) — (1 — a)sin A
Proof.  Letting p(z) = (1 —a)cos A

P and Re p(z) > 0 (z € U). It follows from Lemma 1.1 that

e”(ﬂlﬁ—a)—ﬂl—ammk

, we see that p(z) €

z—1
T+ 1

9(2)

7 (= €U) (13)

(1 —a)cos A
for all |z| = 1. Then, we need not consider Lemma 1.1 for z = 0, because it

follows that

rz—1
M®=1%$+1

for all |z| = 1. Since (13) implies that

e (zf'(2) —ag(z)) —i(l —a)g(z)sin A = —1

(1 —a)cos A 7 x+1g<z)’
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we obtain that
(z + 1) {e*(2f'(2) — ag(2)) —i(1 = a)g(z)sin A} # (z = 1)(1 — a)g(z) cos A
(z+1)e?2f'(2)—ae? g(2)—vaec™g(2)—i(1—a)g(z) sin \—iz(1—a)g(z) sin A\(14)
+4 21— a)g(z) cos A — (1 — a)g(z) cos .
The relation (14) is equivalent to
(12 f'(2) —aeg(2) —waeg(z) — (1 - a)e™g(z) + (1 - a)e™g(2) # 0

that is, ' . .
(1+2)e?zf'(2) + (7™ — ze™ — 2a cos N)g(z) # 0.

Note that the above relation can be weitten with

(z 4 1)e™ (2 + Z nanz”) + (e7* — we™ — 2acos \) (z + Z bnz”> #0
n=2

n=2

or

n(z+ 1)a, + (€72 —z — 2ae ™ cos A\)b,, ,,_
2(1—04)008)\2{1—1-2 201 — o) cos A 2 #£0.

n=2

(15)
Dividing the both sides of (15) by 2(1 — «) cos A z (z # 0) and noting
e = —1 4 2e ™ cos )\, (16)
we know that
> na, + (2(1 — a)e™™ — 1)b, + x(na, —b,) ,_,
1 , " 0.
* ; 2(1 — a)e cos A a7
This completes the proof of the lemma. n

Applying Lemma 2.7, we obtain

Theorem 2.8 If f(z) € A satisfies the following condition

nf; i{i(jaj+<<1—a>e-2“—a>bn> (—1)F ( W )} ( 2 )‘

k=1 \ j=1

o {jil(jaj — by)(—1)7 ( kfj )} ( nzk; )H < 2(1 — o) cos A

B

+
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forsomea(0§a<1),)\<—§<>\< ) g eR, veRand g(z) =

Z 4+ i byz" € 8%, then f(z) € CCx(a;g(2)).

n=2

Proof.  Applying the same method of the proof in Theorem 2.1, we know
that f(z) belongs to CCy(a; g(2)) if f(z) € A satisfies

>[> {2 o

=2

<1

where ¢, = < 5 ), d, = < Z ) and B, is the coefficient defined by Lemma
2.7.

Now, we consider that

{Z(jaj +(2(1 — a)e P cos A — 1)b; + z(ja; — bj)) (—1)kjckj} d,

=1 \j=1

1 e}
12(1 — a)e= cos | Z
2

n=

x>

é 1 _ a COS)\ nZ:: [ e {;(]CL] + (2(1 — Oz)e_l)\ Ccos \ — 1)[)]) <_1)k_jck—j} dn—k
ol 1D {Z(Jaj - bj)(—l)kjckj} Ao ]
k=1 (j=1
< 1L

This implies that if f(z) € A satisfies

; kzn; {jzk;(jaj (21— a)e P cos A — 1)bj>(—1)’f—j ( /ﬁj )} ( o )'
+ i{im—w—m—j (.7, )} (.7, )“ < 2(1 - ) con),
then f(z) € CCx(c; g(z)). This completes the proof of Theorem 2.8. O

Considering ¢g(z) = f(z) in Theorem 2.8 and noting (16), we have the fol-
lowing corollary.

Corollary 2.9 ([1], Theorem 3) If f(z) € A satisfies the following inequality
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i{iy—w >e2“><—1>’“‘j(£j)aj}(nlk)'

Jj=1

n g{ﬁ;@—w(—l)“(,ﬁj )} (.04 )u <2(1 - o) cos)

5|

n=2

forsomeoz(0§oz<1),)\<—§<)\< ) B €R and v € R, then f(z) €
SP(\ «).

Furthermore, setting A = 0 in Theorem 2.8, we obtain the following condi-
tion for CCy(cv; g(2)).

Corollary 2.10 If f(z) € A satisfies the following condition

fjlz{zj (1~ 20)) (~1) (,ffj)}(nlk)|

Z{Z”” )<_1)kj<kfj>}<nzk)|]ém_a)

k

for some a (0 S a<1), R, vyeR and g(z) = 2+ > b2" € S*, then
n=2
f(z) € CCo(a; 9(2)).

3 Coefhicient conditions for functions in the
class 87 S, p2)

In this section, we consider the subclass ST S(u1, p2) of A due to Takahashi
and Nunokawa [4] as follows:

575(u1,u2)={f(z)eA : 7TT’“<arng ) <z (—1§u1<0<u2§1)}-

f(2) 2

Now, taking py = —p and ps = p for some p (0 < p < 1), we have the class
ST S(p) of strongly starlike functions of order p in U defined by

2f'(2)
f(2)

2
Similary, we also define the subclasses S7C (1, p2)
z2f"(z

STS(u) = {f(z) eA:

arg <2 (O<u§1)}.

nd S7C(u) of A by

STC(ul,ug):{f(z)EA %<arg (1+ 7z 5

)))<7W2 (—1§M1<0<“2§1)}
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and

STC(u) = {f(z) €A :

org (14 J{"(()))\ <% w<usn).

respectively.
Now, we derive

Theorem 3.1 If f(z) € A saitsfies the both conditions of

v g{;u—n(—l)’”(ﬂj) }(nlk)‘ < —2sin 1
and
52 §2[;;{§;o ol nkj(kfj)a{}(nik)'
+ i{;u—l)(—l)’“‘j(ﬂj)%}(nik)u < 25in

for some p; (=1 < g < 0), po (0 < p2 = 1), B € R and v € R, then
1(2) € STS (i, o)

1—
+'u17ror)\: 2

1
Proof.  Setting A = —

2.9, we obtain the inequality (17) or (18).
Thus, it follows that

7'(' _1+2u1ﬂzf’(z) 0 T k%wzf’(z) T
—2<arg(e f(z)><2 and 2<arg<e <2

7 and taking o = 0 in Corollary

that is, that

rn ) w2+ m) "2—m) _ af(2) T
— d ————== —.
5 < arg e < 5 an 5 < arg ) < 5

Therefore, we have

T z2f'(z)  mua
5 < g ) <5

This completes the proof of Theorem3.1. m
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Letting p; = —p and g = p for some g (0 < g < 1) in Theorem 3.1, we
know the following corollary.

Corollary 3.2 If f(z) € A satisfies the both inequalities of

> [i{iu—e”ﬂ)(—m’“‘j (7 )} (.74 )|

+ g{éu—n(—n“(ﬁj )} (.24 )“ < 25in
and
fj[{Z@—)( 1>’“‘”’(£j)aj}(n3k)|

+ g{é@—n(—n’”(ﬁj )} (.24 )“ < 2sin 7y’

for some p (0 < pu<1), BER and v € R, then f(z) € STS(u).

In particular, putting uy = —1 and g = 1 in Theorem 3.1, we see the
following result.

Corollary 3.3 ([1], Corollary 2) If f(z) € A satisfies the following condition

S[Efom (2)) ()

i{ v (kgj)“j}(nzﬂug

for some § € R and v € R, then f(z) € S§*.

Finally, noting that
f(Z) S STC(MLNZ) — Zf,(Z) S STS(MI? M?)a

we have the following results.

Theorem 3.4 If f(z) € A satisfies the both conditions of
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£ ()10
+g{;m—m(—l)’f‘j(ﬁj)aj}(nlk> < —2sin 701
and
i [ ; {Zi;j(] e (—1)F ( ;{f] )aa} ( nZk: )‘
+ g{ém-n(—l)’” ( ,ﬁj )aj} ( nlk ) ] < 9gin T2

Corollary 3.5 If f(z) € A satisfies the both relations of

> [S{Tu- e (2w (0]

n=2

+§;{Z:J(J—1)( 1)k_j<k,€j> J}(nzk)lé%in%
and
SIS ()6 (0]

g{im—n(—l)’” (7 )} (.24)

J=1

for some p (0 < pu<1), BER and vy € R, then f(z) € STC(u).

] SZsinE
- 2

Corollary 3.6 ([1], Corollary 4) If f(z) € A satisfies the following condition
o) n k
3 [Z{Zi(j+1)(—1)k_j ( ,fj )aj} ( - )
n=2 k=1 7j=1
00 k . 6
" Z{Zm—l)(—l)’“—f (7 )} (.74
k=1 \j=1

for some § € R and v € R, then f(z) € K
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