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Abstract

In this paper, we define a general class of a-convex func-
tions, denoted by MLg,(q), with respect to a convexr domain
D (q(2) € Hu(U), q(0) =1, q(U) = D) contained in the right half
plane by using the linear operator Df defined by

DY A A,
o0
Dif(z) =2+ (1+ (i —1DN a2,
7j=2

o0
where B, A€ R, 3>0, A\ >0 and f(z) = Z+Z ajzj. Regarding the
j=2
class M Lg(q), we give a inclusion theorem and a transforming
theorem, from which we may obtain many particular results.

Keywords: a-convex functions, generalized Libera integral operator, Briot-
Bouquet differential subordination, modified Salagean operator.

1 Introduction

Let H(U) be the set of functions which are regular in the unit disc U, A =

{feHU): f(0)=f'(0)—1=0}, H,(U) ={f € H(U) : f is univalent in U}
and S = {f € A: f is univalent in U}.
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Let D™ be the Salagean differential operator (see [14]) defined as:
D":A— A, neN and Df(z) = f(2)
D'f(z) = Df(z) = 2f'(z) . D"f(z) = D(D""}f(z)).

Remark
IffeAfz )—z+2ajz] then D" f(z )-z—i—Z] a;z7 is also in A.

= =
Let n € N and A > 0. Let denote with DY the Al Oboudi operator (see

[7]) defined by
DYy :A— A,
D3f(z) = f(2) . DAf(2) = (L= N f(2) + Azf'(2) = Daf(2),
D} f(z) = Dy (D37 f(2)) -

o0
We observe that DY is a linear operator and for f(z) = z + Z a;2’ we have
j=2

DYf(z Zl—l— (5 — DN " a;27.
7j=2

The aim of this paper is to define a general class of a-convex functions with
respect to a convex domain D, contained in the right half plane, by using a
modified Salagean operator ,which is also a modified Al-Oboudi operator, and
to obtain some properties of this class.

2 Preliminary results

We recall here the definitions of the well - known classes of starlike functions,
convex functions and a-convex functions (see [8])

2f'(2)
f(2)

S*:{feA:Re >O,zeU},

SC:(JV:K:{feA;Re<1+Zf”(z)) >0, zeU} ,
f'(2)

M,={f€A; ReJ(a, f;2) >0, ze U, a € R},

J(a, f;2)=(1 —a)zﬂg to <1+ %i?)

where
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We observe that My = S* and M; = 5S¢ where S* and S¢ are the class of
starlike functions, respectively the class of convex functions.

Remark By using the subordination relation, we may define the class M,
thus

1
if f(2) = z4as2*+..., z € U, then f € M, if and only if J (o, f; 2) < ] +
where by ” <" we denote the subordination relation.

Let consider the generalized Libera integral operator L, : A — A defined
as:

z
, z €U,
z

z

f(z):LaF(z):1+a/F(t)~t“1dt, acC, Rea>0. (1)

Za

0

In the case a = 1 this operator was introduced by Libera [7] and it was
studied by many authors in different general cases. In this general form (a €
C, Rea>0) was used first time by Pascu in [13].

The next theorem is result of the so called ”admissible functions method”
introduced by Miller and Mocanu (see [10], [11], [12]).

Theorem Let ¢ be convex in U and Re[Bq(z) +v] >0, z € U. If pe H(U)
with p(0) = ¢(0) and p satisfied the Briot-Bouquet differential subordination

2/ (2)

p(z) + W =< q(z), then p(Z) =< q(z).

Definition 2.1 /] Let 3, A€ R, >0, A >0 and f(z) = z+ Y _a;2’. We
j=2
denote by Df the linear operator defined by

DE:A—>A,
Dif(z) =2+ (1+(G—1N a2 .
j=2

Definition 2.2 [}/ Let q(z) € H,(U), with ¢(0) = 1 and q(U) = D, where
D is a convex domain contained in the right half plane, B, € R, 3 > 0 and
A > 0. We say that a function f(z) € A is in the class SLj(q) if

DY f(z)
D{f(z)

Theorem 2.1 [4] Let 3,A € R, 8> 0 and A > 1. If F(z) € SLj(q) then
f(z) = LoF(2) € SLj(q), where L, is the integral operator defined by (1).

<q(z),z€U.
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Definition 2.3 [5] Let q(z) € H,(U), with q(0) = 1 and q(U) = D, where
D s a conver domain contained in the right half plane, B, A € R, § > 0
and A\ > 0. We say that a function f(z) € A is in the class SL§(q) if

DI f(2)

M<Q(2),Z€U.

Theorem 2.2 [5] Let B,A € R, B > 0 and A > 1. If F(z) € SL5(q) then
f(z) = L F'(2) € SL§(q), where L, is the integral operator defined by (1).

3 Main results

Definition 3.1 Let q(z) € H,(U), with ¢(0) = 1, ¢(U) = D, where D is a
convex domain contained in the right half plane, > 0, A > 0 and o € [0, 1].
We say that a function f(z) € A is in the class M Lgo(q) if

D' f(z) . DIf(2)

Joa(a, fi2) = (1 —a) Df\gf(z) an+lf(Z>

<q(2),z€U

Remark 3.1 Geometric interpretation: f(z) € MLgo(q) if and only if Jg (v, f -
z) take all values in the convexr domain D contained in the right half-plane.

Remark 3.2 We have M Lgo(q) = SLj(q) and M Lg,(q) = SL5(q).

Remark 3.3 It is easy to observe that if we choose different function q(z)
we obtain variously classes of a-convex functions, such as (for example), for
A= 1and 8 = 0, the class of a-convexr functions, the class of a-uniform
convex functions with respect to a conver domain (see [3]), and, for X =1 and
B =ne€N, the class UD, o(b,7), b >0, v € [-1,1), b+~ > 0 (see [2]), the
class of a-n-uniformly convex functions with respect to a convexr domain (see

[3]).

Remark 3.4 For ¢1(z) < q2(2) we have M Lgo(q1) C MLgo(q2). From the
1

above we obtain M Lg.(q) C MLg, (1 i z> :

—Z

Remark 3.5 [t is easy to observe that for every f >0, o € [0,1] and A > 0
we have id(z) € M Lg o(q), where id(z) =z, z € U.

Theorem 3.1 Let q(z) € H,(U), with q(0) = 1, ¢(U) = D, where D is a
convex domain contained in the right half plane, 3 > 0 and X > 0. For all
a,a’ € [0,1], with « < o, we have M Lg o (q) C MLgo(q).
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Proof. From f(z) € MLg.(q) we have
D) | DR I()
Dif(z) DY)

where ¢(z) is univalent in U with ¢(0) = 1 and maps the unit disc U into the
convex domain D contained in the right half-plane.
Define the function

Jaald, fi2) = (1—d) < q(z), (2)

DI f(2)

:1+plz+...
Dif(2)

p(z) =

for f(z) € A with

o0
2)=z+ E a; 2.
i=2

Note that
z (Df“ ) = Z DA a2l = 2 + i ((G=1)+1) 1+ G =N a;z2
=
+ fj 1+ G — DN a2 + i(j — D1+ G =N e
— 24 DY E( z+Z]—1 Y1+ (G — DN a2
= D{7 () + %Z (G = D) 1+ (G = N 027
— DI f(2) AZ A+ -DA=1) A+ (G —1N a2
= DI i A a2+ %Z (14— 1N a2
=
= D) - § (D5714) = =) + 5 (D37242) - =)
= DY)~ DY) 4 S 4 DR ()~
= 2D e+ 1 D5 )

= (0= DDET ) + DER )
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Similarly we have

> =

(D3f) =2+ 35 (G = 1A 027 =

j=2

Thus we see that ) 5 )
2D (2 _ DY f(z
PE) Ay T D)

(A =DDLfGE) + DT () -

oy ((A — D)D)+ DI f(z) (A= 1)DIf(z) + DI f(2)

ADTTf(2) ADJf(z)

DY f(z) |, DI f(z)

— (1 — / A A
D T D)
= Jga(c, f;2).
From (2) we have
p(2)+ 22 L),

) -p(2)

with p(0) = ¢(0), Req(z) >0,z € U, & > 0 and A > 0. In this conditions
from Theorem 2 we obtain p(z) < ¢(2) or p(z) take all values in D.
If we consider the function g : [0, /] — C,

Azp'(2)
g(u) =p(z) +u- :
(1) = p() +u-
with g(0) = p(2) € D and g(a/) = Jga(c/, f;2) € D, it easy to see that

g(a):p(z)—i-a-)\;]();()z) eD,0<a<d.

Thus we have
Jsale, f52) < q(2)
or

f(2) € MLga(q)-

From the above theorem we have

Corollary 3.1 For every >0, A >0 and a € [0, 1], we have

MLga(q) C MLgo(q) = SLs(q)

)
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Theorem 3.2 Let q(z) € H,(U), with q(0) = 1, ¢(U) = D, where D is a
convex domain contained in the right half plane, 5 >0, a € [0,1] and A > 1.
If F(z) € MLgo(q) then f(z) = L F'(2) € SLj(q), where Ly is the integral
operator defined by (1).

Proof. From (1) we have
(14 @)F() = af () + 27(2).

Note that ,
(1+a)DIF(z) = aDP™ f(2) + 2 (DU £(2))

(=)D ) + DI ).

= an'Hf(z) + 3

A1+ a)DYT F(2) = ((a+ )X = 1) DY F(2) + DI £(2)

and
A1+4a)D{F(z) = ((a+ )X = 1) DY f(2) + DI f(2).

With the following definition for p(z),
DY (2)
Dif(2)

= p(=), p(0) = 1,
we obtain
(D3 () + 2p() (DRF()) == (DE7(2))
This implies that
Aep(2) DY F(2)+ (= Dp(2) DL (2)+p(:) DS () = A=1)DEM f(2)+ D52 1 (2).

Therefore, we have that

, Dyf(2) Dyf(2) Dy f(2)
Azp(z A A—1)p(z A z2)=(A—1 A ,
p(2) Df“f(z) + )p( )Derlf(Z) +p(2) = ( )+ Df“f(z)
that is, that )
DY)
D) = g P A ).
Therefore, we obtain
DIT'F(2)  p(2)? + A2p/(2) + ((a+ D)X — 1) p(2) 2p/(2)

DIF(:) (=) + (a+ A1) = p(2) + A
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where a € C, Rea >0, 5>0and A > 1.
,BJrlF(Z)
’\ﬁ— = h(z), with h(0) = 1, we have from F(z) €
DyF(z)
M Lgo(q) (see the proof of the above Theorem):

If we denote

Jar(a, Fiz) =h(z) + - )\-M < q(z)

Using the hypothesis, from Theorem 2, we obtain

h(z) < q(z)
or
zp'(2)
p(z) + ((a+1)A -1
where a € C, Rea >0 and A\ > 1.
By using the Theorem 2 and the hypothesis we have

p(z) + A

)<q(2),

p(z) < q(2)

or
DI f(2)

Dif( 4

where >0 and A > 1.
This means f(z) = L.F'(2) € SLj(q) -

Remark 3.6 [t is easy to observe that if we choose different values for the
parameters 3 and X\, and different functions q(z), in the present results, we
obtain variously previously results (for example see [2], [3]).

4 Open problem

In [1] the author define a generic class of analytical functions from which it
is easy to obtain a great number of subclasses of starlike, convex and close to
convex functions, and so to study properties for this generic class and simply
translate them to the corresponding subclasses. We recall here the main ideas
of this paper:

We have already see in the Preliminary results section the definitions for
the classes SLj(q) and SL§(q). More, in [6] the authors consider the following
general class of close to convex functions:
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Definition 4.1 Let ¢(z) € H,(U), with q(0) = 1 and q(U) = D, where D is
a conver domain contained in the right half plane, B, € R, >0 and A > 0.
We say that a function f(z) € A is in the class CCLg(q), with respect to the

‘ vy e DV(R)
function g(z) € SLj(q), if D) <q(2),z€U.

We observe that the conditions from the definitions of the classes SLj(q),
SL5(q), CCLg(q) can be written

p(z) < q(2)
where
~ DY) DY) DRT(2)

PO =00 D) 7 D) ®)

From the above notations we have p(0) = 1.
This mean that instead of all three classes, we may define a generic class
of analytic functions by

CLASS(p,q,B8,\) ={f € A : peH(U) having the form (3) satisfy p(z) < q(z)} .

Remark 4.1 In the case of the third form of p(z) from (3) it is sufficiently to
us to consider that g is also in the class CLASS(p,q, 5,\) .

The open problem is to define a generic class of analytical functions
such that the class M Lg,(q) is contained inside and is possible to obtain, in
a similarly way with the results from [1], where results for all the four general
classes are included.
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