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Abstract

In this paper we consider a class of analytic and multivalent
functions to obtain some sufficient conditions of starlikeness
and convexity for the class of Bazelevic function. Moreover we

also obtain certain angular properties for functions belonging
to this class.
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1 Introduction

Let A,(n) denote the class of functions of the form

f(z) =2 + Z apz” (n,p e N={1,2,...}), (1.1)

k=n+p

which are analytic and multivalent in the open unit disk U= (z:2 € C ||z| < 1).
In particular if p =n = 1, then A;(1) = A.

A function f € A,(n) is said to be in the subclass S(p, n, o) of multivalent
starlike functions of order «v in U if it satisfies the following inequality

F(2) e
Re{f(z) }>a (zeU; 0<a<p; peN), (1.2)
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Let S*(p,n, a1, az) be the subclass of A,(n) which satisfies

T 2f'(z T
21<arg ff(,(z))<72 (zeU; 0<ag,a9 <p), (1.3)
This class is called strongly starlike subclass of A,(n).
On the other hand a function f € A,(n) is said to be a p-valently Bazelevic
function of type 5 (5 > 0) and order v (0 < v < p,p € N) if there exists a
function g belonging to the class S*(p,n) := S*(p, n,0) such that

e .
f {mzﬂl—ﬁ[g(zﬂﬂ}” SRS )

This class was studied earlier by Irmak et al. [2].

We denote the class of all such functions by B(p, 3,7). In particular, when
B =1, a function f € K(p,7v) := B(p, 1,7) is said to be p-valently close-to-
convex of order 7 in the unit disk U. Moreover, B(p,0,v) = S*(p,7), when
g =0.

To prove our main results we need the following lemmas
Lemma 1.1 ([3]): Let the function w(z) be (nonconstant) analytic in U with
w(0) = 0. If |w(2)| attains its mazimum value on the circle |z| =r <1 at a
point zog € U, then

zow'(20) = kw(zp), (1.5)

where k 1s real and k >1.
Lemma 1.2 ([4]): Let q(z) be analytic in U with q(0) = 1 and q(z) # 0 for all
z € U. If there exists two points z1, zo € U such that

T T
—71 =arg q(z1) < arg q(z) < arg q(z2) = 72 (1.6)
for ay, a0 >0, and | z |<| z1 |=| 22 |, then we have
/ /
214 (z1) — <061 + 042) m o and 24 (22) — (041 + Oéz) m, (1.7)
q(z1) 2 q(22) 2
where |l
—|a ™ [ Qg — (1
= d =itan — 1.8
m =l and a =1 an4(&1+a2) (1.8)

2  Sufficient conditions

With the help of Lemma 1.1, we will prove following theorem:
Theorem 2.3 Let z € U,5 > 0,0 < a < p,p € N. Suppose that f(z) €
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A,(n), and g(z) € S*(p,n) satisfy anyone of the following inequalities:

2f'(2) <zf”(z) 1 2f'(2) B 2q'(2) 1) B

([f(z)]lﬁ [g(z)]ﬁ> f'(2) =5 i T )P (; ’ |
2.1
(F8 - 0-9F8 - 528+ 1) p-a 0

( 2f'(2) ) (2p — )®’ '

T Pl

(7;;('(2?_“_6)%_6%4_1) < 1 (2.3)

zf'(2) 2p — ’ .

<[f(z>]1—ﬁ[g(z)1" _p) 2 =)
( zf'(2) ) (% —(1- ﬁ)zﬁg) o 62;}22;) T 1) <1 (2.4)
I o) ) |

) i) () )
o T T “”([ﬂz)}l—ﬂg(z)]ﬁ p)

(p—a)(6(2p—a)+1)
(2p — a) ’

(2.5)

then f(z) € B(p,n, 3, ).
Proof. Let f(z) € A,(n) and g(z) € S*(p,n). Define a function w(z) such
that

[f@)%ﬁ(@w =pt-a)u(), (€U, 520 0<a<p peN).
(2.6)

Here w(z) is analytic in U and w(0) = 0. Then it follows from the above
definition (2.6) that

) ) ) | (p—a)aw(e)
(f’(z) =7 ~ 0 “) PER PSS IS M

Hence, from (2.6) and (2.7), we have

(e S il )
Fi(2) = ([f(Z)]l’ﬂ[g(Z)V’) < 7o~ =By —Fe + 1> (2.8)
= (p— a) zw'(2),
2f"(z) (1 _ p\& =) pzd(2)
7o — =0y — Oy + 1)

(7o) b+ (=) ()

Fy(z) = (
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G 1 ) azd(()
F%d__<ﬂw 1 -0) /ﬂm>+1>_zw@) 1
3 - - 9
A w(z) p+ (p—a)w(z)
<U@n“ﬂw@nﬁ p)
(2.10)
G e )
F(d__( 2f'(2) ) <ﬂ@ -8 — A +1>_ZWT@
A 1-6 p 2f'(2) ow(z)
y4 y4 _cJ =)
& lg(2) (vun“ﬂwunﬂ p)
(2.11)

&@>_aﬂ@%_ﬂ_ﬁyf@)_ﬁw%d+l+5< 2f'(2) _p>

G f(2) 9(2) @] l9))
s () (e)
BT E)
(2.12)
Now from Lemma 1.1, suppose that there exist z; € U such that
o ()] = [ ()] = 1
Therefore, letting w(zp) = €? in each of (2.8) - (2.12), we obtain that
[Fi(20)] = |(p — @) 20/ (z0)] = |[(p = @) k| Zp— (2.13)
Fea)| = | L) | )k 5 oo
P+ (0 — @) w(z)] ‘@+@—apﬂ‘ (2p — )
| — zow'(20) 1 _ ket 1
BNt e oGl [T o m e~ @)
(2.15)
|Fi(20)] = Zig?£;§) =lkl>1, (2.16)
sty 2@ Co) [y k=)
Fiteall = 30— awlan) + LNy o0 R
L P=a)(0@p—a)+1)
g (2p —a) ’
(2.17)

which contradicts our assumption (2.1) - (2.5), respectively. Therefore | w(z) |<
1 hold true for all z € U. Thus from (2.6) we have

2f'(2)
)] [9(=))

which implies that f(z) € B(p,n, 3, a).

—p| =@ -a)|wz)] <(p-a) (zel),
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3 Corollaries and Consequences

The Theorem 2.1 yields many interesting and important consequences. Some
of these are given here. First of all, on setting 8 = 0, in Theorem 2.3, we get
Corollary 3.1 If f(z) € A,(n) satisfies anyone of the following inequalities:

‘(zf’(Z)) (zf"<z> _aE) 1)‘ <p-a zeU,  (31)

f(2) f'z)  f(2)
(4) (-S| 222 wen o
@(iﬁi?%z; - CEDERCE (33
GHEEA e

(-5 ) o (F) o= v
3.5

then f(z) € S*(p,n).

The first four results (3.1) to (3.4) are also given recently by Prajapat [6].
Putting 8 = 1, in Theorem 2.3, we get

Corollary 3.2 If f(z) € A,(n)and ¢g(z) € S*(a,p) and 0 < o < p satisfies
anyone of the following inequalities:

'<Zf’(2))(Zf”(Z)_Zg'(Z)+1>‘<p_a c€U,  (36)

9(2) f'(2) g(2)
(20) (00 o
<%i§(f_§)zgé2>+ P L en )
o) EED o e
(- () g g

(3.10)
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then f(2) € K(p,).
Next putting n = p = 1,¢(z) = 2, in Theorem 2.3, we will have
Corollary 3.3 If f(z) € A satisfies anyone of the following inequalities:

() o (L8 a-pTE 50)

<l—-a ze0,

f(2) f'(2) f(2)
(3.11)
(75 - C-DF50+1)|_a-a) g
1-p , '
(f(zz)) £1(2) (2-a)
(5 - a-pF5 - +1) L Leuw (3.13)

N (- e
f'(2)
()

z2f"(z) _ (1-75) 2f'(2)

f
1-8
e +149 ( f(zz)) f'(z) — 1) ‘

< % 2 e,
then f(z )ES*( ) =81, 1, ).

Settingn=p=9d=1 and a = 0 in Corollary 3.2, we easily obtain
Corollary 3.4 If (z) € A, g(z) € §*(1,1) satisfies anyone of the following
inequalities:

Zf’(Z)) ( 2f"(z)  z9'(%) )‘
11)]<1 zem, 3.16
) (56 (210
9(2) ) (Zf”( z)  z4'(z) )’ 1
+1ll<-= z€l, 3.17
(55) (7555 i 47
zf"(z) _ z9'(2)
e — ey T 1 1
I'(2) 9(2)
T <3 2€ U, (3.18)
9(2)
Zf”( ) _ 29'(2)
+1
ZAORY BN CNTE <1 zel, (3.19)
( ) 2f'(z) 1
9(2)
1! / !/
1
( ) 90\ g(») 2

that is, f(z) € K(0).
Remark: The first four results of Corollary 3.4 would yield the corresponding
known result due to Prajapat [6,Corollary 4] upon setting ¢g(z) = f(z) therein.
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4 Argument Properties

Theorem 4.1 Suppose that

Zf’(Z)
0,
) [9(2)) !
for z€U,8>0and 0 <6 <p. If f(z) € Ap(n) and g(z) € S*(p,n) satisfy
™ 1 (1= laf (1 + ) (p = 9)
ot ()

N e
= { (WW [g(z)]ﬁ>

(1+28 g 0, j ) -
< gaz + tan ™! (1 - ;Z; (on + OéQ )

for ay, a9,y > 0, then

—zal < arg ( 22) 5~ (5) < z042. (4.2)

2 [f()]" [9(2)] 2
Proof: Let f(z) € A,(n) and g(z) € S*(p,n) Define a function q(z) by
=1 2 M — 5] 4.3
1 =05 [[f(z)JH’ PO )

Then we see that q(z) is analytic in U, ¢(0) = 1 and ¢(z) # 0 for all z € U. it
follows from (4.3) that

F(2) S i) e 9\ e
([f(z)]lﬂ[gm]ﬂ) (” o - T U—a) ’

= (p—0)2q'(2) + vq(=). (4.4)

Suppose that there exists two points z1,2 € U such that condition (1.6) is
satisfied, then by Lemma (1.2), we obtain (1.7) under the constraint (1.8).
Therefore we have

arg (vq(z1) + (p — 6)2¢'(z1)) = arg (1) + arg (7 +(p— 5>z1q,<21) )
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= —Eal + arg (fy - i(al +an)p = 5)m> ,
2 2
= T — tan! ((041 + az)(p — 5)m) 7
2 2y

< oyt (Ll =)

1+ |al 2
and

1 —laf (o1 + a2)(p — 5))
1+ |al 2 ’
which contradict the assumptions of the theorem. This completes the proof.

Letting 6 = 1 in Theorem 4.1, we have
Corollary 4.2 Suppose that

arg (4(z2) + (p — 0)2q (22)) 2 g% + tan™! (

2f'(2)
)
o) 7
for (z € U) and 0 < < p. If f(2) € A,(n) satisfies
™ 1 (L= lal (a1 + ) (p —0)
ot ()

on{(45) (R ) )

A~ ~—

T 4 (1—a] (a1 +a2) (p—0)
Z t 1
S g tian <1+|ay 2 !
(4.5)
for ay, s,y > 0 then
7r z2f'(z ™
—gon <arg (‘;(—i)) — (5) < 50 (4.6)

Letting =0 or f(z) = g(z) in Theorem 4.1, we have
Corollary 4.3 Suppose that

2f'(2)
) 7
for (z €U) and 0 < 6 < p. if f(z) € Ay(n) satisfies
™ 21 (L= lal (a1 + ) (p —0)
o ().

ool () (- Fih i) - 2
1— |a| (0 + ) (p—5)) |
1+ |al 2y

m —1
< 50&2 + tan
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for ay,ag,v > 0 then

_gal < arg (Zj:;(z? -~ (S) < gaz (4.8)

which is also given by Frasin[l, p7, eq(3.7)].
Taking a = a3 = as = 1 in Corollary 4.3, we have
Corollary 4.4 Suppose that

2f'(2)
f(2)

for (z € U) and 0 < 06 < p. if f(z) € Ay(n) satisfies

2 ()N v \efm) | a0
”g{ i) (f(2)> *(”p—a) ) p—a}
for v >0, then f(z) € S*(p,n,?)

Taking a = oy =ay =1,p=n=1and § =0 in Theorem 4.1, we have
Corollary 4.5 If f(z) € A satisfies

2f(2) ) _ gyl gae(e)
‘arg{([f<zn1*"[g(z>1f’) <1+ 7~ =0 — 5 +7>H (4.10)

s —la
< Fa + tan 7

26

-0
< z—I—taun_1 (p_)
2 Y

(4.9)

for v > 0, then f(z) € B(1,1,0)
Remark: The Corollary 4.5 would yield the corresponding known result due
to Frasin [1, p8, eq(3.12)], upon setting g(z) = f(z), or § = 0 there in.

5 Open problem

In Corollary 4.5 , if we take g(z) = z, § = —n and 0 < 1 < 1, then we obtain a
class of Non-Bazilevic functions (see [6]). Then our open problem is that is it
possible to find sufficient conditions and argument properties for Non-Bazilevic
functions ?

ACKNOWLEDGEMENT :The authors are grateful to Prof. S. P.
Goyal (University of Rajasthan, Jaipur, India) for his supervision and encour-
agement during the preparation of the paper.The first author is thankful to

CSIR, India for providing Junior Research Fellowship under research scheme
no. 09/135(0434)/2006-EMR-1.



On Sufficient Conditions and Angular Properties 107

References

1]

2]

Frasin, B. A., On certain classes of multivalent analytic functions, J. of
Inequal. Pure and Appl. Math, 6(4), Article 104, 1-11(2005).

Irmak, H., Piejko, K. and Stankiewicz, J., A note involving p-valently
Bazilevic functions, Int. J. of Math. and Math. Sci. (IJMMS), 7, 1149-
1153(2005).

Jack, I. S., Functions starlike and convex of order «, J. London math.
soc., 2(3), 469-474(1971).

Nunokawa, M., Owa, S., Saitoh, H., Cho, N. E. and Takahashi, N.,
Some properties of analytic functions at external points for arguments,
preprint.

Obradovic, M., A class of univalent functions, Hokkaido Mathematical
Journal, 27(2), 329-335(1998).

Obradovic, M. and Owa, S., Analytic functions of Non-Bazilevicand star-
likeness, Int. J. Math. Math. Sci., 26(11), 701-706(2001).

Prajapat, J. K., Some sufficient conditions for certain class of analytic
and multivalent functions, South Fast Asian Bulletin of Mathematics(In
Press).



