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Abstract

In this paper, we study the concepts of lacunary statisti-
cal convergent and lacunary statistical Cauchy sequences in
probabilistic normed spaces and prove some basic properties.
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1 Introduction

Probabilistic normed (PN) spaces are real linear spaces in which the norm of
each vector is an appropriate probability distribution function rather than
a number. Such spaces were introduced by Serstnev in 1963 [15]. In [1]
Alsina, Schweizer and Sklar gave a new definition of PN spaces which in-
cludes Serstnev’s as a special case and leads naturally to the identification of
the principle class of PN spaces, the Menger spaces. In [2], the continuity
properties of probabilistic norms and the vector space operations (vector ad-
dition and scalar multiplication) are studied in details and it is shown that
a PN space endowed with the strong topology turns out to be a topological
vector space under certain conditions. A detailed history and the development
of the subject up to 2006 can be found in [14]. Sen¢imen and Pehlivan [13]
extended the results in paper [2] to a more general type of continuity, namely,
the statistical continuity of probabilistic norms and vector space operations
via the concepts of strong statistical convergence (see also [12, 8, 7]).

Since the concept of Lacunary statistical convergence is a generalization of
the concept of statistical convergence (see [4, 5, 10]), it seems reasonable to
think if the concept of lacunary statistical convergence and lacunary statistical
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Cauchy sequences (see [3, 6, 9]) via the concepts of lacunary statistical strong
convergence and lacunary statistical Cauchy can be extended to probabilistic
normed spaces and in that case how the basic properties are effected. Since the
study of convergence in PN spaces is fundamental to probabilistic functional
analysis, we feel that the concept of lacunary statistical convergence and lacu-
nary statistical Cauchy in a PN space would provide a more general framework
for the subject.

2 Preliminaries

We recall some basic definition and results concerning PN spaces, see [1, 11]. A
distance distribution function is a nondecreasing function F' defined on R =
[0, +00], with F/(0) = 0 and F(4o00) = 1, and is left-continuous on (0, +0c0).
The set of all distance distribution functions will be denoted by A*. The
elements of AT are partially order by the usual pointwise ordering of functions
and has both a maximal element £5 and a minimal element ., these are given,
respectively, by

0, <0, 0, =< +o0,
go(z) = . 0 and ey (z) = . N
, x>0. , T = —+o0.

There is a natural topology on A* that is induced by the modified Lévy
metric dy, (see, [11], Sec. 4.2). Convergence with respect to the metric dy, is
equivalent to weak convergence of distribution functions, i.e., {F,} in AT and
F in AT, the sequence {dL(F,, F)} converges to 0 if and only if the sequence
{F,(x)} converges to F(x) at every point of continuity of the limit function
F. Moreover, the metric space (AT, dy) is compact and complete.

A triangle function is a binary operation 7 on A1 that is commutative,
associative, non-decreasing in each place, and has ¢y as an identity element.
Continuity of triangle function means uniform continuity with respect to the
natural product topology on A*T x AT,

Definition 2.1 A probabilistic normed space (briefly, a PN space) is a
quadruple (V,n,7,7*) where V' is a real linear space, T and T are continuous
triangle functions, and, n be is a mapping from V' into the space of distribution
functions AT such that - writing N, for n(p)-for all p,q in V, the following
conditions hold:

(N1) N, = ¢¢ if and only if p =6, the null vector in V,
(N2) N_p = Ny,

(N3) Npiq = 7(Np, Ny),

(N4) Np < 7*(Nap, Na—ayp), for all o in [0, 1].
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It follows from (N1), (N2), (N3) that if F: S x S — AT is defined via

F(pa Q) = qu = Np—qa (1)

then (V,F,7) is a PM space ([11], Chap. 8). Furthermore, since 7 is continu-
ous, the system of neighborhoods {N,,(t): p € V,t > 0}, where

No(t) = {qg € Vi dp(Fppc0) < th = {g € V: Epyt) > 1 — t} 2)

determine a first-countable and Hausdorff topology on V', called the strong
topology. Thus, the strong topology can be completely specified in terms of
the convergence of sequences. Throughout this paper, V' denotes a PN space
endowed with the strong topology, written additively, which satisfies the first
axiom of countability.

A sequence {p,} in V' converges strongly to a point p € V', and we write
lim,, p, = p, if for any ¢ > 0 there is a positive integer m such that p, € N, (t)
for all n > m. Similarly, a sequence {p,} in V is a strong Cauchy sequence
if for any ¢ > 0 there is a positive integer ¢ such that (p,,p,) € U(t) for all
n, m > 1, where

U) ={(p,q) €V X V:d(Fp,e0) <t}

for any ¢ > 0 is called the strong vicinity(see [11]).

Definition 2.2 [8] A sequence {py} in V is statistically strong convergent
to 0 the null vector in V' provided that for every t > 0

1
lim —|{k < n:dy(N,,, ) >t} =0.

n—oo M,

In this case we write S — limy, py, = 6 or pr, — 6(S).

We shall use S to denote the set of all statistically strong convergent sequences
in V. Of course, there is nothing special about 6 as a limit; if one wishes to
consider the convergence of the sequence {p,} to the vector p, then it suffices
to consider the sequence {p, — p} and its convergence to 6.

The statistical strong Cauchy sequence in PN space can be defined in a
similar way as

Definition 2.3 A sequence {pr} in V is a statistically strong Cauchy se-
quence if there there exists a positive integer m such that

lim L[{k < n: (pe — pm) & U0} = 0.

n—oo N



288 Mohd. Rafi

3 Lacunary statistical convergence and some
basic properties

By a lacunary sequence ¢ = {k,}; r = 0,1,2,---, where ky = 0, we means
an increasing sequence of nonnegative integers with h, = k, — k,_; — o0 as
r — oo. The interval determined by ¥ will be denoted by I, = (k,_1, k] and
qr = kk:r A real number sequence {z} is said to be lacunary statistically

convergent (briefly Sy-convergent) to a € R provided that for each ¢t > 0

1
lim h—\{k €l |xy—al >t} =0.

A sequence {z} is a cauchy sequence if there exists a subsequence {zy/(y} of
{@r} such that &'(r) € I, for each r, lim, o 2 () = [ and for every ¢ > 0

1
lim h—|{k‘ €l vy — xpe| >t} =0.

Using these concepts, we extend the lacunary statistical convergence and
lacunary statistical Cauchy to the setting of sequences in a PN space endowed
with the strong topology as follows.

Definition 3.1 Let ¥ be a lacunary sequence. A sequence {py} inV is said
to be lacunary statistically strong convergent (briefly, Sg-strong convergent) to

0 in V if for each t > 0,

1
lim —|{k € I,: dp(N,,,c0) >t} =0 (3)
or, equivalently,
o1
Jim = [{k € L2 p & No(t)}] =0, (4)

T

where Np(t) = {p € V: Ny(t) > 1 —t} is the neighborhood of 6. In this case,
we write Sy — limp, = p or pr — 0(Sy), and we will call 6, as the lacunary
strong limit of the sequence {pr}. We shall use Sy to denote the set of all
lacunary strong convergent sequences from V.

Of course, there is nothing special about € as a limit; if one wishes to
consider the Sy-strong convergent of the sequence {p,} to the vector p, then
it suffices to consider the sequence {p, — p} and its Sy-strong convergent to 6.

Theorem 3.2 Let ¥ be a lacunary sequence. If {px} is a Sy-strong conver-
gent sequence in V', then its limit is unique.
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PROOF. Suppose the sequence {px} is Sy-strong convergent to two distinct
points p and ¢ (say). Since p # ¢, we have N,,_, # ¢, whence t = d,(N,_4,€0) >
0. Set

K, = {k} el,:p—p € N@(t/Q)},

Ky=A{kel,:pp. —qeNy(t/2)}.

Then, clearly lim,_ |K1,T Kol — 1, so K; N K5 is a nonempty set. Let m €

K1 N Ky, then d(N,_p, . 20) < t/2 and d(N,, _q,€0) < t/2. By uniform
continuity of 7, we have

dr(Np—q:€0) < di(T(Np-p,s Np—q): €0) <t = dr(Np—g, o),

a contradiction to the fact that K; N K5 is a nonempty set. Therefore p = ¢
and the proof is completed. O

Theorem 3.3 For any lacunary sequence 9, Sy C S if limsup, ¢, < oo.

ProoF. If limsup, ¢, < oo then there exists a v > 0 such that ¢, < « for all
r. Let Sy — limg pr = 0. We are going to prove that S — limgpr, = 6. Set
K, = {k € I.: pr & Np(t)}|. Then, by definition, for a given ¢t > 0, there
exists ro € N such that

K, t
— < — forall r>rg.
h, 2y

Let M = max{K,: 1 <r <ry} and let n € N such that k._; < n < k.. Then
we can write

1 1
k< pe g No} < —I{k <K i € No(D)}
1
= ’ {K1_|_K2+..._|_KTO_|_...+KT}
r—1
o M N t
X ks To % qr
o M —I—t
S ok 02
and the result follows immediately. a

Theorem 3.4 For any lacunary sequence 9, S C Sy if limsup, ¢, > 1.

ProOOF. If limsup, ¢. > 1 then there exists a £ > 0 and a positive integer rg
such that ¢, > 1+ & for all r > ry. Hence for r > rg,
h'r k'r’—l

e _ &
kr ke 1+¢&
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Let S — limy p, = 6. Then for every t > 0 and for every r > ry, we have
1 1
Ik <k g NGO} = k€ L pr & No(1)}
1S 1
> —— . —|{kel: No(t)}].
= 1+¢ 7n|{ pr & No(t)}
Therefore Sy — limy p. = 6. O

Corollary 3.5 Let ¥ be a lacunary sequence, then S = Sy if

1 < liminf ¢, < limsup < oo.
T

T

PrROOF. By combining the Theorem 3.3 and Theorem 3.4. O

Definition 3.6 Let ¥ be a lacunary sequence. A sequence {py} inV is said
to be Sy-strong Cauchy sequence if there exists a subsequence {pw )} of {pr}
such that k'(r) € I, for each r, lim, o pp(ry = p and for every t >0

1

r—o00

Theorem 3.7 The sequence {py} in V is Sy-strong convergent if and only
if it is Sy-strong Cauchy sequence in V.

PROOF. Let Sy — limy, p, = 6 and write

K, = {k € N: p, € Ny(1/n)},

for each n € N. Then, obviously K, ;1 C K, for each n and lim, _ u(';l—m’"l = 1.

This implies that there exists m; such that r > m; and lKZ—CITl > 0, ie.,
Kin1I, # 0. We next choose my > my such that » > msy implies that
Ky N1, # (. Thus for each r satisfying m; < r < my, we choose k'(r) € I,
such that &'(r) € I, N Ky, i.e., ppy € Np(1). In general we choose my, 1 > m,,
such that r > m,, implies that k'(r) € I, N K,, ie., ppu)y € Ny(1/n).
Thus k'(r) € I, for each r and py ) € Np(1/n) implies that lim, pyy = 6.
Furthermore, for ¢ > 0 and the uniform continuity of 7 implies that

{k € I:dp(N, go) >ty C{k e l: dp(1(Np,, Np, . )s€0) >t}

PE=Pk!(r)? Pr(r)

C {k €I d(Np,,g0) > t/2} U{k € L,z dp(N,,,,,,€0) > t/2}.

The above inclusion implies
1 1
k€ L peey E NN < oIk € L e & Nalt/2)

1
+ Kk e L:pve) ¢ No(t/2)}]
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Since Sy — limy, pr, = 0 and lim, py() = 0, it follows that {p;} is a Sy-strong
Cauchy sequence.

Conversely, suppose that {px} is a Syg-strong Cauchy sequence. For every
t > 0 and the uniform continuity of 7, we have

{kel:dy(Ny,e0) >t} C{ke L :d(r(N, N, .),€0) >t}

Pk=Py/(r) T PR (1)

C {k €L du(Npp,.,.0) > /2y U {k € I,: di(Ny,, . <0) > t/2}.

The above inclusion implies
1 1
h—|{k3 € Lipr ¢ No(D)} < h—|{k3 € L pr — Py & No(t/2)}
1
ol € L piy € No(t/2)H

for which it follows that Sy — limy p, = 6. O

Corollary 3.8 If {pr} in V is a Sy-strong convergent sequence, then {py}
has a strong convergent subsequence.

PRrROOF. The proof is an immediate consequence of Theorem 3.4. a

4 Conclusion

We study the concepts of lacunary statistical convergent and lacunary sta-
tistical Cauchy sequences in probabilistic normed spaces and proved several
important properties of sequences in probabilistic normed spaces.

5 Open Problem

It can be easily proved that if a sequence {p,} in V is a strong convergent se-
quence in V' then it is a Sy-strong convergent sequence in V. But the converse
is not necessarily true. Find a suitable condition(s) so that the converse of the
above proposition valid.
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