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An antiplane mixed boundary electroelasticity of a stationary wave process in an un-
bounded piezoceramic medium containing tunnel heterogeneities of opening or thin
rigid inclusion (stringer) type is considered. The excitation of an electric field occurs
at the expense of differences of electric potentials applied to the system of electrodes lo-
cated on a free from stresses opening surface. Using the correct integral representations
of the solutions, the boundary problem is reduced to the system of singular integrodiffer-
ential equations of the second type with resolvent kernels. The results of the parametric
investigations characterizing the behavior of the components of an electroelastic field in
the medium area and on the opening surface are given. A system of singular integrod-
ifferential equations is obtained for investigation of a conjugated electroelastic field in a
piezomedium with a tunnel along the material axis opening a rigid curvilinear inclusion,
excited by a system of active electrodes, located on the opening surface. The solvable sys-
tem of equations of the boundary problem is reduced to two differential equations of
Helmhöltz and Laplace with respect to the amplitude of shear displacement and some
auxiliary functions. The obtained system is solved numerically by a special scheme of the
method of quadrature.

1. Introduction

The analysis of interaction of surface electrodes with piezoceramic material in the theory
of piezoceramic transformations and on various devices on the surfaces of waves must be
carried out on the basis of the strict theory of electroelasticity [8, 10, 11] and the methods
of solution of boundary problems with resolvent conditions on the boundary.

As it is known [3, 7], the edges of the electrodes serve as the sources of concentra-
tion of electric and mechanical fields, and it means that in these areas there may appear
microcracks or develop a breakdown. The criterion of an electromechanical failure of
piezoelectrics initiated by the edges of the electrodes is suggested in [3]. In [4], there is
considered a problem of excitation of Rayleigh waves in a halfspace with the finite system
of electrodes. The plane static problems of the theory of elasticity for plates containing
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the defects of stringer or crack type were considered, for example, in [1, 12]. Some static
and dynamic antiplane problems for a circular cylinder with one or two symmetrically
located electrodes by the method of series are solved in [11]. The approach, based on
the method of boundary integral equations, to the solution of an antiplane problem of
oscillations of a homogeneous piezoceramic cylinder excited by the arbitrary system of
electrodes is suggested in [6]. In [2], there are considered some dynamic problems of
electroelasticity for infinite piezoceramic cylinders with linear defects of tunnel crack and
inclusion type susceptible to the harmonic with time mechanical loading.

In the given article there is obtained the system of singular integrodifferential equa-
tions for investigation of a conjugated electroelastic field in a piezomedium with a tunnel
along the material symmetry axis opening and a rigid curvilinear inclusion, excited by a
system of active electrodes, located on the opening surface. It is assumed that on the elec-
trodes there are prescribed the harmonically changing with time differences of electric
potentials, and the unelectrodized areas of the opening surface come in contact with vac-
uum (air). The solvable system of equations of the boundary problem is reduced to two
differential equations of Helmhöltz and Laplace with respect to the amplitude of shear
displacement and some auxiliary function. To solve this problem there are constructed
integral representations of the solutions, the substitution of the limiting values of which
into boundary condition brings to the system of singular integrodifferential equations
of the second type with resolvent kernels. The obtained system is solved numerically by
a special scheme of the method of quadrature. Results of the numerical investigations
are given.

2. Formulation of the problem

In Cartesian coordinates Ox1x2x3 consider a continuous piezoceramic medium contain-
ing a tunnel opening and thin rigid L. The cross section of the opening is bounded with
sufficiently smooth contour C. On the free from the mechanical stresses opening sur-
face there are placed 2l infinitely long in the direction of axis x3 thin electrodes with
given differences of the electric potential. The unelectrodized sections of the opening
surface are bounded with vacuum. The boundaries of kth electrode are determined by
quantities β2k−1 and β2k (k = 1,2�), and the electric potential on them is prescribed by
quantity φ∗k = Re(Φ∗

k e
−iωt) (ω is the circular frequency, t is the time). It is assumed

that axis x3 coincides with the direction of the electric field of a preliminary polariza-
tion of the piezoceramics, and the electrodes are weightless and have negligible rigidity.
The location of the electrodes, the relative position, and configuration of heterogeneities
cannot be quite arbitrary; the conditional matching imposed on them will be indicated
below.

In the given conditions, in a piecewise-homogeneous medium, there occur an elec-
troelastic field corresponding to the state of antiplane deformation. The full system of
equations in the quasistatic approximation includes the following relations [11]:

(i) equations of movement:

∂1σ13 + ∂2σ23 = ρ∂
2u3

∂t2
, ∂i = ∂

∂xi
, (2.1)
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(ii) constitutive equations of the medium:

σm3 = cE44∂mu3− e15Em,

Dm = e15∂mu3+ �
ε
11 Em (m= 1,2),

(2.2)

(iii) equations of the electrostatics:

div D= 0, E=−gradφ. (2.3)

In (2.1), (2.2), and (2.3), σm3 (m= 1,2) are the components of the stress tensor, u3 is
the component of the elastic displacement vector, E and D are the vectors of the strength
and induction of an electric field; φ is the electric potential; cE44, e15 and �

ε
11 are the shear

modulus measured at a constant value of the electric field, piezoelectric constant and
dielectric permittivity measured at fixed deformations, respectively, ρ is the mass density
of the material.

The system of (2.1), (2.2), and (2.3) is reduced to the differential equations with re-
spect to displacement u3 and electric potential φ,

cE44∇2u3 + e15∇2φ= ρ∂
2u3

∂t2
,

e15∇2u3− �
ε
11 ∇2φ = 0.

(2.4)

From (2.4) follow the relations

∇2u3− c−2 ∂
2u3

∂t2
= 0, ∇2F = 0,

φ= e15

�
ε
11
u3 +F, c =

√√√√ cE44

(
1 + k2

15

)
ρ

, k15 = e15√
cE44 �

ε
11

,
(2.5)

where c is the velocity of the shear wave in a piezoelectric medium, k15 is the factor of
electromechanic connection [11].

The mechanical and electric quantities allowing for (2.2), (2.3), and (2.5) may be ex-
pressed as functions u3 and F by the formulas [2]

σ13− iσ23 = 2
∂

∂z

[
cE44

(
1 + k2

15

)
u3 + e15F

]
,

D1− iD2 =−2 �
ε
11
∂F

∂z
, E1− iE2 =−2

∂

∂z

(
F +

e15

�
ε
11
u3

)
, z = x1 + ix2.

(2.6)

Assuming u3 = Re(U3e−iωt), φ = Re(Φe−iωt), and F = Re(e−iωtF∗), we will write (2.5) re-
lating to amplitude quantities

∇2U3 + γ2U3 = 0, ∇2F∗ = 0,

Φ= e15

�
ε
11
U3 +F∗, γ = ω

c
,

(2.7)

where γ is the wave number.
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Figure 2.1. A medium with a partially electrodized opening and curvilinear stringer.

Considering that the stringer is attached we represent the mechanical and electric
boundary conditions on the contour L in the following way:

u±3 = 0, (2.8)

E+
s = E−s , D+

n =D−n . (2.9)

Here Es andDn are the tangential component of the vector of electric strength and normal
component of the vector of electric induction, respectively, the signs “plus” and “minus”
refer to the left and right edges of inclusion L when moving from its beginning a to the
end b (Figure 2.1).

To obtain the efficient from the point of view of the numerical realization system of
integral equations, it is advisable to differentiate the boundary condition (2.8) over the
arc abscissa s,

(
∂u3

∂s

)±
= 0. (2.10)

The mathematical record of the boundary conditions on an opening surface allowing for
(2.6) has the following form:

∂

∂n

{
cE44

(
1 + k2

15

)
u3 + e15F

}
= 0, (2.11)

φ = F +
e15

�
ε
11
u3 = φ∗(ζ , t), ζ ∈ Cφ, (2.12)

Dn =− �
ε
11
∂F

∂n
= 0, C\Cφ, (2.13)

where Cφ is a part of contour C, corresponding to an electrodized cavity surface, differ-
ential operator ∂/∂n denotes the derivative with respect to normal to contour C.

Thus, the problem is in the definition of functionsU3 and F∗ from (2.7) and boundary
conditions (2.9), (2.10), (2.11), (2.12), and (2.13).
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3. The system of singular integrodifferential equations of
a boundary problem of electroelasticity

To bring the considered boundary problem of electroelasticity to integral equations, we
present the amplitude of sought-for functions u3 and F in the following form [2]:

U3
(
x1,x2

)= i

4cE44

(
1 + k2

15

)
{∫

L
q(ζ)H(1)

0 (γr)ds+
∫
C
p
(
ζ∗
)
H(1)

0 (γr1)ds
}

,

F∗
(
x1,x2

)=− 1
2π �

ε
11

∫
C
f
(
ζ∗
) ∂
∂n

lnr1ds,

r = |ζ − z|, r1 =
∣∣ζ∗ − z∣∣, ζ ∈ L, ζ∗ ∈ C.

(3.1)

Here H(1)
v (x) is the Hankel function of the first kind of v order, ds is the element of the

contour arc length over which the integration is carried out.
Integral representations (3.1) satisfy differential equations (2.7) and electric conditions

(2.9) on inclusion L and also provide the fulfillment of condition
[
U3
]=U+

3 −U−
3 = 0 in

(2.8).
Substituting the limiting values of function (3.1) and their derivatives at z → ζ0 ∈ L

and z→ ζ∗0 ∈ C in boundary conditions (2.10), (2.11), (2.12), and (2.13), we arrive at the
system of integrodifferential equations of the second kind:

∫
L
q(ζ)G1

(
ζ ,ζ0

)
ds+

∫
C
p
(
ζ∗
)
G2
(
ζ∗,ζ0

)
ds= 0, ζ0 ∈ L,

∫
L
q(ζ)G3

(
ζ ,ζ∗0

)
ds+

∫
C
p
(
ζ∗
)
G4
(
ζ∗,ζ∗0

)
ds

+
∫
C
f ′
(
ζ∗
)
G5
(
ζ∗,ζ∗0

)
ds− 2p

(
ζ∗0
)= 0, ζ∗0 ∈ C,

∫
C
f ′
(
ζ∗
)
G6
(
ζ∗,ζ∗0

)
ds= 0, ζ∗0 ∈ C\Cφ,

∫
L
q(ζ)G7

(
ζ ,ζ∗0

)
ds+

∫
C
p
(
ζ∗
)
G8
(
ζ∗,ζ∗0

)
ds

+
∫
C
f
(
ζ∗
)
G9
(
ζ∗,ζ∗0

)
ds+

1
2 �

ε
11
f
(
ζ∗0
)=Φ

(
ζ∗0
)
, ζ∗0 ∈ Cφ,

(3.2)

in which kernels Gm (m= 1,9) are determined by the following expressions:

G1
(
ζ ,ζ0

)= γH1
(
γr0
)

sin
(
ψ0−α0

)− 2i
π

Im
eiψ0

ζ − ζ0
,

G2
(
ζ∗,ζ0

)= γH(1)
1

(
γr10

)
sin
(
ψ0−α10

)
,

G3
(
ζ ,ζ∗0

)= iγH(1)
1

(
γr20

)
cos
(
ψ10−α20

)
,

G4
(
ζ∗,ζ∗0

)= iγH1
(
γr30

)
cos
(
ψ10−α30

)
+

2
π

Re
eiψ10

ζ∗ − ζ∗0
,
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G5
(
ζ∗,ζ∗0

)=− 2e15

π �
ε
11

Im
eiψ10

ζ∗ − ζ∗0
,

G6
(
ζ∗,ζ∗0

)= Im
eiψ10

ζ∗ − ζ∗0
,

G7
(
ζ ,ζ∗0

)= ik2
15

4e15
(
1 + k2

15

)H(1)
0

(
γr20

)
,

G8
(
ζ∗,ζ∗0

)= ik2
15

4e15
(
1 + k2

15

)H(1)
0

(
γr30

)
,

G9
(
ζ∗,ζ∗0

)=− 1
2π �

ε
11

Re
eiψ1

ζ∗ − ζ∗0
,

H1(x)= 2i
πx

+H(1)
1 (x), r0 =

∣∣ζ − ζ0
∣∣, r10 =

∣∣ζ∗ − ζ0
∣∣,

r20 =
∣∣ζ − ζ∗0 ∣∣, r30 =

∣∣ζ∗ − ζ∗0 ∣∣, α0 = arg
(
ζ − ζ0

)
,

α10 = arg
(
ζ∗ − ζ0

)
, α20 = arg

(
ζ − ζ∗0

)
, α30 = arg

(
ζ∗ − ζ∗0

)
,

ψ0 = ψ
(
ζ0
)
, ψ10 = ψ1

(
ζ∗0
)
; ζ ,ζ0 ∈ L; ζ∗,ζ∗0 ∈ C.

(3.3)

Here ψ and ψ1 are the angles between the normals to contours L and C and axis Ox1, re-
spectively; Φ

(
ζ∗0
)

is the piecewise constant function assigning the values of the amplitude
of electric potentials on the electrodized sections of an opening surface.

It should be noted here that as the appearing in the process of oscillation reflected
from inclusions electroelastic waves introduce additional charges on paired (powered by
a separate generator) electrodes, the position of the latter, and also the relative position
of the opening and inclusion and their configuration should provide the similarity of the
additional charges (over the absolute value). Otherwise the system (3.2) becomes unsolv-
able.

4. Intensity of interaction contact forces of an inclusion and a piezomedium

Consider the behavior of an electroelastic field in the vicinity of an inclusion. From inte-
gral representation (3.1) for a displacement amplitude there follows the following equal-
ity:

q(ζ)= cE44

(
1 + k2

15

)[∂U3

∂n

]
, (4.1)

where the square brackets denote the corresponding values on L. From equations of state
(2.2) and relations (2.7), (2.9) it follows that

σn = Re
(
Tne

−iωt),
[
Tn
]= cE44

[
∂U3

∂n

]
+ e15

[
∂Φ

∂n

]
,
[
∂Φ

∂n

]
= e15

�
ε
11

[
∂U3

∂n

]
.

(4.2)
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From expressions (4.1), (4.2), we obtain the equation

q(ζ)= [Tn]. (4.3)

Thus, on the basis of (4.3) function q(ζ) may be interpreted as the intensity of interaction
contact forces of a rigid inclusion and a piezomedium. Therefore, to attain the equilib-
rium of the inclusion, the following equality must be satisfied:

∫
L
q(ζ)ds= 0. (4.4)

By asymptotic analysis of singular integral equations in the vicinity of the inclusion tip
on the line of integration it may be shown that on the ends of L function q(ζ) possesses
singularities of root type. Thus, condition (4.4) must be considered as additional for so-
lution of the system of singular integrodifferential equations (3.2) in the class of functions
not restricted at the ends of L [9].

Due to (2.2), (2.9), and (2.10), we have

[
D∗s
]=�

ε
11

[
E∗s
]= 0,

[
E∗n
]=− e15

�
ε
11

[
∂U3

∂n

]
=− k2

15(
1 + k2

15

)
e15

q(ζ). (4.5)

On the basis of (4.5) we may come to a conclusion that the vector of electric induction D
is continued over L, and the vector of electric E undergoes a breakage on the inclusion.

Defining the functions q(ζ), P
(
ζ∗
)
, and f

(
ζ∗
)

by formulas (2.5), (2.6) and applying
representations (3.1), we may calculate all the components of the wave electroelastic field
in a piecewise homogeneous medium.

We find, for example, the amplitude of density distribution of electric charges ρk(β) on
kth electrode. Introducing the parametrization of the contour C with the help of equali-
ties ζ∗ = ζ∗(β), ζ∗0 = ζ∗(β0) (0≤ β, β0 ≤ 2π) and taking into account that the opening is
connected with vacuum, we may write down [2]

ρk(β)=D(k)
n (β), α2k−1 < β < α2k. (4.6)

Here, D(k)
n (β) represents the amplitude of normal component of the electric induction

vector on the corresponding area of contour C covered with electrodes. Applying integral
representation (3.1) of the function F∗

(
x1,x2

)
and allowing for equalities (2.13), (4.6),

we find

ρk
(
β0
)=− �

ε
11

∫
C
f ′
(
ζ∗
)

Im
eiψ10

ζ∗ − ζ∗0
ds, ζ∗0 ∈ Cφk . (4.7)

Here Cφk is a part of the contour C where kth electrode is placed.
Integrating expression (4.7) by variable β0 in the limits from β2k−1 to β2k, we obtain

the peak value of the total charge of the kth electrode relating to its length unity. The
current flowing through the given electrode and equal to the conduction current in the
generator circuit may be defined by the formulas

Ik(t)= Re
{
iωe−iωt

∫ α2k

α2k−1

ρk
(
β0
)
dβ0

}
, s′

(
β0
)= ds

dβ0
. (4.8)
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Figure 5.1. Changes of a relative total electric charge on an electrode in the function of the normalized
wave number (h/R1 = 1.5).

5. Definition of the concentration of stresses in the vincinity of an opening

To define the concentration of shear stresses near the opening we should calculate stress
σs = σ23 cosψ1 − σ13 sinψ1 on its surface. Taking into account (2.2), (2.3), and (2.5), we
will have

σs = Re
(
Tse

−iωt), Ts
(
ζ∗0
)= cE44

(
1 + k2

15

)∂U3

∂s
+ e15

∂F∗

∂s
. (5.1)

Here by partial derivatives from the corresponding quantities we imply their restricting
values at z → ζ∗0 from the area of the body. Proceeding from (5.1) and representations
(3.1), we find

Ts
(
ζ∗0
)=

∫
L
q(ζ)g1

(
ζ ,ζ∗0

)
ds+

∫
C
p
(
ζ∗
)
g2
(
ζ∗,ζ∗0

)
ds

+
∫
C
f ′
(
ζ∗
)
g3
(
ζ∗,ζ∗0

)
ds+

e15

2 �
ε
11
f ′
(
ζ∗0
)
,

g1
(
ζ ,ζ∗0

)=− iγ
4
H(1)

1

(
γr20

)
sin
(
ψ10−α20

)
,

g2
(
ζ∗,ζ∗0

)=− iγ
4
H(1)

1

(
γr30

)
sin
(
ψ10−α30

)
,

g3
(
ζ∗,ζ∗0

)=− e15

2π �
ε
11

Re
eiψ10

ζ∗ − ζ∗0
.

(5.2)

The above quantities ψ10, r20, r30, α20, α30 are determined in (3.2).
Formula (5.2) allows investigating the concentration of stresses according to the fre-

quency of harmonic excitation, configuration of the cross section of the opening and
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inclusion, quantity and position of the active surface electrodes and the insert, quantities
and locations of active surface electrodes.

6. Examples of calculations

Consider a piezoceramic space (material PZT−4 [5]) containing an opening of elliptic
cross section and an inclusion, the contour of which is parabolic. The parametric equa-
tions of contours L and C have the following forms, respectively:

ζ = δeiϑ(p1 + ip2δ
)

+h, δ ∈ [−1,1],

ζ∗ = R1 cosβ+ iR2 sinβ, β ∈ [0,2π],
(6.1)

where ϑ is the angle characterizing the orientation of the stringer in a space.
Assume that two surface electrodes carry out the excitation of the medium with dif-

ference of the amplitude of potentials 2Φ∗, the centers of which lie on axis x2 (β1 =
5π/14, β2 = 9π/14, β3 = 19π/14, β4 = 23π/14).

Solution of the system of integrodifferential equations (3.2) together with (4.4) allow-
ing for (6.1) was carried out by the scheme of the method of quadratures [2].

Investigate the influence of the dynamic effect on the behavior of the total electric
charge on an electrode in case of an opening interacting with linear stringer (p2/R1 = 0).
Figure 5.1 shows the behavior of quantityQ∗ = |Q/(�ε11 Φ

∗)| (Q is the total electric charge
on an electrode) in the function of normalized wave number γR. Curves 1 and 2 are
constructed for values of parameters R2/R1 = 1, h/R1 = 1.5, ϑ = π/2, p1/R1 = 1, and 3
for (R = 0.5(R1 +R2)), respectively. The similar graphs for the same parameters, except
h/R1 = 3, are represented in Figure 6.1. The dashed line here relates to the case when there
is no inclusion. Quantity Q has been calculated with the help of formula (4.7).

Investigate the intensity of contact forces on an insert according to different parame-
ters. Figure 6.2 represents the changing of quantity λ= |q(δ)/Φ∗| due to the given on two
surface electrodes difference of potentials 2Φ∗. The calculation is carried out on the el-
liptic opening (R1/R2 = 2) with linear inclusion at p1/R1 = 2, h/R1 = 1.5, ϑ= π/2. Curves
1– 4 are constructed for values γR= 0,1,2, and 3, respectively.

Changing of λ on the contour of a parabolic inclusion is illustrated in Figure 6.3 by
curves 1, 2, 3 for values p2/R1 = 0,1.5,3, respectively, at γR = 0.6, R1/R2 = 2, p1/R1 = 3,
h/R1 = 2.5, ϑ= π/2.

In Figures 6.4 and 6.5 the data of calculations characterizing the distribution of quan-
tity η = cE44

∣∣U3/Φ∗∣∣ are represented on the contour of an opening with linear and par-
abolic inclusion, respectively. Curves 1–4 in Figure 6.4 are constructed for the values of
normalized wave number γR= 0,1,2, and 3 at R1/R2 = 2, p2/R1 = 2, h/R1 = 1.5, ϑ= π/2.
Curves 1–3 in Figure 6.5 correspond to values p1/R1 = 3, R1/R2 = 2, h/R1 = 2.5, γR= 0.6,
ϑ= π/2, p2/R1 = 0,1.5, and 3.

It should be noted here that when ϑ= 0 the linear insert at the given symmetric posi-
tion of two electrodes does not cause disturbance in the electroelastic state of the medium
with an opening. The calculations show that in that case q(ζ)≡ 0.

Investigation of the behavior of mechanical quantities at an electric excitation of a
piecewise homogeneous medium is of great interest. The lines of the equal modulus
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Figure 6.1. Changes of a relative total electric charge on an electrode in the function of the normalized
wave number (h1/R1 = 3).
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Figure 6.2. Changes of intensity of contact forces on a linear insert for various values of the normal-
ized wave number γR.

of the displacement amplitude in the area covering a circular tunnel opening and lin-
ear stringer are represented in Figure 6.6 (β1 = 5π/14, β2 = 9π/14, β3 = 19π/14, β4 =
23π/14) and Figure 6.7 (β1 = π/6, β2 = 5π/6, β3 = 7π/6, β4 = 11π/6) at p1/R= 2, h/R=
4, γR = 1. The more light areas correspond to the maximum values of quantity |U3|.
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Figure 6.3. Changes of intensity of contact forces on a parabolic insert for various values of the cur-
vature parameter.

0 π/2 β
0

5.5

11

η

1
2

3

4

Figure 6.4. Changes of the modulus of displacement amplitude on the contour of an elliptic opening
with two electrodes for various values γR.

Figure 6.8 illustrates the lines of level |U3| in the vicinity of elliptic opening (R1/R2 = 2)
and of a stringer for the values of the parameters corresponding to Figure 6.6 and γR= 2.

7. Conclusions

From the given results it is shown that the availability of an inclusion may increase the in-
fluence of the dynamic effect on the behavior of total charges on electrodes. For example,
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Figure 6.5. Changes of the modulus of displacement amplitude on the contour of an elliptic opening
with two electrodes for various values of the curvature parameters.

Figure 6.6. The level lines of the modulus of displacement amplitude in a medium with hetero-
geneities (γR= 1, β1 = 5π/14, β2 = 9π/14, β3 = 19π/14, β4 = 23π/14).

as it follows from Figure 6.1, quantity Q∗ may excess its static analogue by 17% (curve
2). In the absence of the inclusion the dynamic effect is only equal to 9% [2]. As it fol-
lows from Figures 6.6, 6.7, and 6.8, a fixed rigid stringer impedes the distribution of the
medium oscillation.

Also, we should note here that according to the frequency of excitation, the stringer
configuration, and the sizes of electrodized areas, there occur redistribution of contact
forces on the insert contour and displacements on the opening boundary. At antiplane
deformation the stresses of a longitudinal shear on a free-from-mechanical-loading sur-
face do not have singularities on the edges of the electrodes. The numerical calculations
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Figure 6.7. The level lines of the modulus of displacement amplitude in a medium with hetero-
geneities (γR= 1, β1 = π/6, β2 = 5π/6, β3 = 7π/6, β4 = 11π/6).

Figure 6.8. The level lines of the modulus of displacement amplitude in a medium with an elliptic
opening and inclusion (γR= 2, β1 = 5π/14, β2 = 9π/14, β3 = 19π/14, β4 = 23π/14).

proceeding from the here constructed algorithm and formula (5.2) confirm this conclu-
sion. However, the components of the vector of electric induction possess the singularities
of root type on the edges of the electrodes, what directly follows from the consideration
of singular integral equations in (3.2) and expressions (4.6), (4.7).
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