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We extend the notion of dissipative dynamical systems to formalize the concept of the
nonlinear analog of strict positive realness and strict bounded realness. In particular,
using exponentially weighted system storage functions with appropriate exponentially
weighted supply rates, we introduce the concept of exponential dissipativity. The pro-
posed results provide a generalization of the strict positive real lemma and the strict
bounded real lemma to nonlinear systems. We also provide a nonlinear analog to the
classical passivity and small gain stability theorems for state space nonlinear feedback
systems. These results are used to construct globally stabilizing static and dynamic out-
put feedback controllers for nonlinear passive systems that minimize a nonlinear non-
quadratic performance criterion.

1. Introduction

One of the most basic issues in system theory is the stability of feedback interconnections.
Two of the most fundamental results concerning stability of linear feedback systems are
the positivity and small gain theorems [1, 11, 16, 21]. The positivity theorem states that
if G and G, are (square) positive real transfer functions, one of which is strictly positive
real, then the negative feedback interconnection of G and G, is asymptotically stable.
Alternatively, the small gain theorem implies that if G and G, are asymptotically stable
finite-gain transfer functions, one of which is strictly finite gain so that ||| G|l|« || Gl <
1, then the negative feedback interconnection of G and G, is asymptotically stable.

In an attempt to generalize the above feedback interconnection stability results to non-
linear state space systems, Hill and Moylan [9] introduced the novel concepts of input
strict passivity, output strict passivity, and input-output strict passivity using notions of
storage functions with appropriate supply rates from dissipativity theory for nonlinear
dynamical systems [19]. In particular, Hill and Moylan [9] show that if the nonlinear
dynamical systems % and %, are both input strictly passive, are both output strictly pas-
sive, or 4 is passive and %, is input-output strictly passive, then the negative feedback
interconnection of ¢ and %, is asymptotically stable. However, these nonlinear feedback
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stability results do not represent an exact nonlinear extension to the positivity and small
gain theorems discussed above. Specifically, specializing the notions of input strict pas-
sivity, output strict passivity, and input-output strict passivity to linear systems yields
stronger conditions than strict positive realness and strict bounded realness.

In this paper, we extend the notion of dissipative dynamical systems to formalize the
concept of the nonlinear analog of strict positive realness and strict bounded realness. In
particular, using exponentially weighted system storage functions with appropriate ex-
ponentially weighted supply rates, we introduce the concept of exponential dissipativity.
Furthermore, we develop nonlinear Kalman-Yakubovich-Popov conditions for exponen-
tially dissipative dynamical systems with quadratic supply rates. In the special cases where
the system dynamics are linear and the quadratic supply rates correspond to the net sys-
tem power and the weighted input and output system energy, the Kalman-Yakubovich-
Popov conditions specialize to the strict positive real lemma [18] and strict bounded
real lemma [2]. Furthermore, using exponential dissipativity concepts, we present sev-
eral stability results for nonlinear feedback systems that provide a nonlinear analog to
the classical positivity and small gain theorems for linear feedback systems. In the special
case where we consider a quadratic supply rate corresponding to the net system power,
our notion of exponential dissipativity (with minor additional assumptions on the sys-
tem storage) collapses to the notion of exponential passivity introduced in [4]. However,
it is important to note that results developed in [4] predominantly focus on passivity,
feedback equivalence, and stabilizability of exponentially minimum phase systems. In
contrast, the results of the present paper develop nonlinear extensions to the Kalman-
Yakubovich-Popov conditions for exponential dissipativity as well as stability results for
feedback interconnections of dissipative and exponentially dissipative systems. For an ex-
cellent treatment of passivity and minimum phase systems, the reader is referred to [3].

Using the extended Kalman-Yakubovich-Popov conditions for exponentially passive
systems, we extend the H,-based positive real controller synthesis methods developed
in [6, 14] to nonlinear passive dynamical systems. Specifically, globally stabilizing static
and dynamic exponentially passive output feedback nonlinear controllers are constructed
for nonlinear passive systems that additionally minimize a nonlinear nonquadratic per-
formance criterion involving a nonlinear nonquadratic, nonnegative-definite function
of the state and a quadratic positive-definite function of the control. In particular, by
choosing the nonlinear nonquadratic weighting functions in the performance criterion
in a specified manner, the resulting static and dynamic controllers are guaranteed to be
exponentially passive. In the dynamic output feedback case, we show that the linearized
controller for the linearized passive system is H, optimal.

2. Exponentially dissipative dynamical systems

In this section, we extend the notion of dissipative dynamical systems to formalize the
concept of the nonlinear analog of strict positive realness and strict bounded realness.
In particular, using exponentially weighted system storage functions with appropriate
exponentially weighted supply rates, we introduce the concept of exponential dissipativ-
ity. First, however, we establish a standard notation used throughout the paper. Specifi-
cally, let R and C denote the real and complex numbers, R" the set of n X 1 real column
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vectors, R™*" the set of m X n real matrices, S" the set of n X n symmetric matrices, ()T

and (-)* transpose and complex conjugate transpose, respectively, and I,, or I the n X n
identity matrix. Furthermore, we write || - || for the Euclidean vector norm, opmax(+) (resp.,
Omin(+)) for the maximum (resp., minimum) singular value, V'(x) for the Fréchet deriv-
ative of V at x, and M > 0 (resp., M > 0) to denote the fact that the Hermitian matrix M
is nonnegative (resp., positive) definite. Let

o A|B
(s)~[ C D] (2.1)

denote a state-space realization of a transfer function G(s); that is, G(s) = C(sI — A)"'B+

D. The notation "~" is used to denote a minimal realization. Finally, let C° denote the set
of continuous functions and C” the set of functions with # continuous derivatives.
In this paper, we consider nonlinear dynamical systems % of the form

x(t) = f(x(t)) +G(x()u(t), x(to) =x0, = to, (2.2a)
y(t) = h(x(t)) +] (x(t)u(t), (2.2b)

where x € R", ueR"’,yeRl,f:R” —R", G:R" - R™m |:R" - R and J: R* —
RP>™ ‘We assume that f(+), G(+), h(+), and J(-) are continuously differentiable mappings
and f(-) has at least one equilibrium so that, without loss of generality, f(0) = 0 and
h(0) = 0. Furthermore, for the nonlinear dynamical system 4, we assume that the re-
quired properties for the existence and uniqueness of solutions are satisfied; that is, u(-)
satisfies sufficient regularity conditions such that the system (2.2a) has a unique solution
forward in time. For the dynamical system % given by (2.2), a function r : R” x R/ — R
such that r(0,0) = 0 is called a supply rate [19] if it is locally integrable; that is, for all
input-output pairs u € R™ and y € R/, r(-,-) satisfies fttf [7(u(s), y(s))lds < oo, where
t1,t, = 0. The following definition introduces the notion of exponential dissipativity.

Definition 2.1. A dynamical system %4 of the form (2.2) is exponentially dissipative with
respect to the supply rate r(u, y) if there exists a constant € > 0 such that the dissipation
inequality

t
0< J e=r(u(s), y(s))ds (2.3)

to
is satisfied for all ¢ > ¢, with x(¢y) = 0. A dynamical system % of the form (2.2) is dissipa-
tive with respect to the supply rate r(u, y) [19] if the dissipation inequality (2.3) is satisfied
with ¢ = 0.

Next, we give an extension of the notion of an available storage introduced in [19].
Specifically, define the available exponential storage V,(xo) of the nonlinear dynamical
system % by

T

Va(xo) £ —u(.i)n]f20 . e'r(u(t), y(t))dt, (2.4)
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where x(1), t = 0, is the solution to (2.2a) with x(0) = xy and admissible input u(-). Note
that V,(x) = 0 for all x € R" since V,(x) is the supremum over a set of numbers contain-
ing the zero element (T = 0). It follows from (2.4) that the available exponential storage
of a nonlinear dynamical system 9 is the maximum amount of exponential storage which
can be extracted from % at any time T.

Remark 2.2. Note that if we define the available storage as the time-varying function

T
Va(xo,t0) = — inf elr(u(t), y(1))dt, (2.5)

u(+),T=ty to

where x(t), t = ty, is the solution to (2.2a) with x(fy) = xo and admissible input u(-), it
follows that, since % is time-invariant,

T
Va(x0, tp) = —e (i)an . e'r (u(t), y(t))dt = eV, (xo). (2.6)
u(-), T=0Jo

Hence, an alternative expression for available storage function V,(xp) is given by

T
Va(xp) = —e7¥ inf e“'r (u(t), y(1))dt. (2.7)

u(-),T=ty to

Recall that V, (x0, tp) given by (2.5) defines the available storage function for nonstation-
ary (time-varying) dynamical systems [10, 19]. As shown above, in the case of exponen-
tially time-invariant dissipative systems, V,(xo, fo) = € V,(xo).

Next, we establish an analogous result to dissipative systems given in [19] for expo-
nentially dissipative systems. Specifically, we show that the available exponential storage
given by (2.4) is finite if and only if % is exponentially dissipative. In order to state this
result, we require two additional definitions.

Definition 2.3. Consider the nonlinear dynamical system % given by (2.2). Assume that §
is exponentially dissipative with respect to a supply rate r(u, ). A continuous nonnegative
definite function V, : R” — R satisfying

eVi(x(t) < e Vi(x(ty)) + Jt e“r(u(s), y(s))ds, t=to, (2.8)

for all tg, t > 0, where x(t), t > to, is the solution of (2.2a) with u € R™, is called an
exponential storage function for 4. A continuous nonnegative definite function V,: R" —
R satisfying (2.8) with € = 0 is called a storage function for 4 [19].

Definition 2.4 [9]. A dynamical system 9 is zero-state observable if for all x € R", u(t) = 0
and y(t) = 0 imply x(t) = 0. A dynamical system 9 is completely reachable if for all x; €
R", there exist a finite time #; < 0, square integrable input u(¢) defined on [#;, 0] such that
the state x(t), t > t;, can be driven from x(#;) = 0 to x(0) = x;.
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TueoreM 2.5. Consider the nonlinear dynamical system G given by (2.2) and assume that
G is completely reachable. Then § is exponentially dissipative with respect to the supply
rate r(u, y) if and only if the available exponential system storage V,(xo) given by (2.4) is
finite for all xo € R". Moreover, if V,(xo) is finite for all xo € R", then V,(x), x € R", is an
exponential storage function for 4. Finally, all exponential storage functions Vs(x), x € R",
for G satisfy Va(x) < Vi(x), x € R".

The proof is similar to the proof given in [19] for dissipative systems.

The following corollary is immediate from Theorem 2.5 and shows that a system % is
exponentially dissipative with respect to the supply rate r(u, y) if and only if there exists
a continuous exponential storage function V(-) satisfying (2.8).

CoROLLARY 2.6. Consider the nonlinear dynamical system G given by (2.2) and assume that
G is completely reachable. Then § is exponentially dissipative with respect to the supply rate
r(u, y) if and only if there exists a continuous exponential storage function Vi(x), x € R",

satisfying (2.8).

The following theorem provides conditions for guaranteeing that all exponential stor-
age functions of a given exponentially dissipative nonlinear dynamical system are positive
definite.

TueoreM 2.7. Consider the nonlinear dynamical system G given by (2.2) and assume that
G is completely reachable and zero-state observable. Furthermore, assume that G is ex-
ponentially dissipative with respect to the supply rate r(u, y), and there exists a function
k:RF — R™ such that x(0) = 0 and r(x(y), y) <0, y # 0. Then all the exponential storage
functions Vi(x), x € R", for § are positive definite; that is, V;(0) = 0 and Vs(x) >0, x € R",
x#0.

The proof is identical to the proof given in [8] for dissipative systems.

Remark 2.8. If V(-) is continuously differentiable in Corollary 2.6, then an equivalent
statement for exponential dissipativeness of %4 with respect to the supply rate r(u, y) is

Vi(x(t)) +eVi(x() < r(u(t), y(t)), t=0, (2.9)

where V;(-) denotes the total derivative of V,(x) along the state trajectories x(t), t > 0, of
(2.2a). Furthermore, note that exponential dissipativity implies strict dissipativity; that is,
Vi(x(2)) < r(u(t), y(t)), t = 0, but the converse does not necessarily hold.

Remark 2.9. The notion of exponential dissipativity introduced in this paper is more
general than the notion of exponential passivity introduced in [4]. Specifically, in [4],
a nonlinear dynamical system § is exponentially passive if it is strictly passive; that is,
there exist an r-continuously differentiable storage function V(-) and a positive-definite
function S(-) such that

Ve(x(1)) - Vi(x(0)) = L uT(s) y(s)ds — jo S(x(s)) ds, (2.10)
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and there exist positive scalars a1, az, and a3 such that

arllxl* < Vi(x) < aallx]%, (2.11)

a3 lx]1? < S(x). (2.12)

In the case where there exists an r-continuously differentiable storage function V;(-) with
supply rate r(u, y) = u” y such that (2.11) is satisfied, our notion of exponential dissipa-
tivity specializes to the notion studied in [4].

3. Specialization to exponentially dissipative systems
with quadratic supply rates

In this section, we present a result which shows that exponential dissipativeness of a sys-
tem of the form (2.2) can be characterized in terms of the system functions f(-), G(-),
h(-),and J(-). For the following result, we consider the special case of exponentially dissi-
pative systems with quadratic supply rates. Specifically, let Q € S, R € S, and S € R>™
be given and assume (1, y) = yTQy + 2y " Su+ u” Ru. Furthermore, we assume that there
exists a function x : R! — R such that x(0) = 0, r(x(y), ) <0, y # 0, and there exists a
continuously differentiable available storage V,(x), x € R, for the dynamical system 4.

Tueorem 3.1. Let Q € S', S € R™™ and R € S™, and let G be zero-state observable and
completely reachable. Then 9 is exponentially dissipative with respect to the quadratic sup-
ply rate r(u, y) = yTQy +2y"Su+ u” Ru if and only if there exist functions Vi : R" — R,
€:R" = RP, and W : R" — RP*™ and a scalar € > 0 such that V,(-) is continuously differ-
entiable and positive definite, V5(0) = 0, and, for all x € R",

0= V/(x)f(x)+eVi(x) — hT (x)Qh(x) + €T (x)e(x),

0= % V{(0)G(x) = T (x)(QJ (x) +8) + € (x) W (x), (3.1)

0=R+STJ(x)+]T(x)S+]T(x)QJ (x) = WT ()W (x).
If, alternatively,
NE)EZR+STT(x)+TT(x)S+JT(x)QJ(x) >0, xeR", (3.2)

then G is exponentially dissipative with respect to the quadratic supply rate r(u, y) = y'Qy
+2yTSu+ uT Ru if and only if there exists a continuously differentiable function V,: R" — R
and a scalar € > 0 such that V(-) is positive definite, V;(0) = 0, and, for all x € R",

0= V/(x)f(x)+eVi(x) - KT (x)Qh(x)

+ [%Vs’(x)G(x) —h(x)(Q(x) +S)] (3.3)

1

T
N[ SV - (@) +9) |
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Proof. The proof of equivalence between exponential dissipativity of 4§ and (3.1) is sim-
ilar to the proof given in [8] for dissipative systems with quadratic supply rates. To show
(3.3), note that (3.1) can be equivalently written as

[g‘?T(é;)) ?g((;c))} = - [%?TT(EC;)} [ex) W]<o0, xeRr, (3.4)
where
$0(x) £ V. (x) f (x) +£Vilx) ~ T (x) Qh(),
B(x) 2 1v;<x)c(x> () +S), (3.5)

)
G(x) = —(R+STT(x) +JT(x)S+ ] (x)QJ (x)).

Now, for all invertible I € Rm+Dx(m+D) (3 4) holds if and only if I 7(3.4)T holds.
Hence, the equivalence of (3.1) to (3.3) in the case when (3.2) holds follows from the
(1,1) block of TT(3.4)F, where T 2 [ ¢ 1 ypr(x) 1)- O

Remark 3.2. The assumption of complete reachability in Theorem 3.1 is needed to es-
tablish the existence of a nonnegative-definite exponential storage function V(-) while
the zero-state observability assures that V(-) is positive definite. In the case where the
existence of a continuously differentiable positive-definite exponential storage function
Vi(+) is assumed for 9, then %9 is exponentially dissipative with respect to the quadratic
supply rate r(u, y) with exponential storage function V(-) if and only if conditions (3.1)
are satisfied.

Remark 3.3. Note that if G with a continuously differentiable positive-definite, radially
unbounded storage function Vi(-) is exponentially dissipative with respect to the qua-
dratic supply rate r(u, y) = yTQy +2yTSu+uTRu, Q < 0, and u(t) = 0, it follows that

Vi(x(2)) < —eVi(x(1) + yT(HQy(t) < —eVi(x(t)), t=0. (3.6)

Hence, the undisturbed (u(#) = 0) nonlinear dynamical system (2.2a) is asymptotically
stable. If, in addition, there exists scalars o, § >0 and p > 1 such that a||x[|? < V(x) <
Blix||?, x € R", then the undisturbed (u(¢) = 0) nonlinear dynamical system (2.2a) is
exponentially stable.

Next, we specialize Theorem 3.1 to passive and finite-gain dynamical systems. To state
these results, two key definitions of nonlinear dynamical systems which are exponentially
dissipative with respect to supply rates of a specific form are needed.

Definition 3.4. A dynamical system % of the form (2.2) with m = [ is exponentially passive
if G is exponentially dissipative with respect to the supply rate r(u, y) = 2uT y.

Definition 3.5. A dynamical system 9 of the form (2.2) is exponentially finite gain if §
is exponentially dissipative with respect to the supply rate r(u, y) = y*>u’u — yTy, where
y >0 is given.
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The following results present the nonlinear versions of the Kalman-Yakubovich-Popov
strict positive real lemma and strict bounded real lemma for exponentially passive and
finite-gain systems, respectively.

COROLLARY 3.6. Let § be zero-state observable and completely reachable. Then § is expo-
nentially passive if and only if there exist functions V : R" — R, £ : R" — RP, and W : R" —
RP*™ and a scalar € > 0 such that Vi(-) is continuously differentiable and positive definite,
V(0) = 0, and, for all x € R",

0=V, (x)f(x)+eVi(x)+eT(x)e(x), (3.7a)
0= %V; (£)Glx) = hT () + €7 ()W (), (3.7b)
0=Jx)+J"(x) = WT ()W (x). (3.7¢)

If, alternatively, ] (x) +] T (x) > 0, x € R", then G is exponentially passive if and only if there
exist a continuously differentiable function Vs : R" — R and a scalar € > 0 such that V,(-) is
positive definite, Vs(0) = 0, and, for all x € R",

0> V/(x)f(x)+eVi(x)

1 (3.8)

+[Lviwee) -1 | e e [ v -t |
2Sxx—x]x]x FVs(0)Gx) —hi(x) |

Proof. The result is a direct consequence of Theorem 3.1 with [ = m, Q =0, S = I,,,, and
R = 0. Specifically, with x(y) = —y, it follows that r(x(y), y) = —2yTy <0, y # 0, so that
all the assumptions of Theorem 3.1 are satisfied. O

CoROLLARY 3.7. Let § be zero-state observable and completely reachable. Then 4 is ex-
ponentially finite gain if and only if there exist functions Vs : R" — R, €:R" — RP, and
W :R" — RP*™ and a scalar € > 0 such that V(- ) is continuously differentiable and positive
definite, V5(0) = 0, and, for all x € R",

0= V/(x)f(x)+eVi(x)+hT (x)h(x) + €T (x)e(x),
0= %V;(x)G(x) +hT ()] () + €7 ()W (x), (3.9)
0= 2L =TT ()] (x) = WT (X)W ().

If, alternatively, y* L, — JT (x)] (x) > 0, x € R", then G is exponentially finite gain if and only

if there exist a continuously differentiable function V;: R" — R and a scalar € > 0 such that
V(+) is positive definite, Vs(0) = 0, and, for all x € R",

0= V/(x)f(x) +eVi(x) + hT(0)h(x) + BV; (X)G(x) + hT(x)](x)]
, (3.10)
[P I =TT ) | 3 VG T T |
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Proof. The result is a direct consequence of Theorem 3.1 with Q = —I;, S=0, and R =
y?Iy. Specifically, with x(y) = —(1/2y)y, it follows that r(k(y), y) = —(3/4)yTy <0, y #
0, so that all the assumptions of Theorem 3.1 are satisfied. O

Finally, we present a key result on linearization of exponentially dissipative systems.
For this result, we assume that there exists a function « : R/ — R™ such that x(0) = 0,
r(x(y), y) <0, y # 0, and the available storage V,(+) belongs to C°.

THEOREM 3.8. Let Q € S, S € R™™, and R € S™ and suppose that G given by (2.2) is
completely reachable and exponentially dissipative with respect to the quadratic supply rate
r(u, y) = yTQy+2yTSu+u’ Ru. Then, there exist matrices P € R"™", L € RP*", and W €
RP*™ with P nonnegative definite, and a scalar € > 0 such that
0=ATP+PA+eP-CTQC+L"L,
0=PB-C'(QD+S)+L™W, (3.11)
0=R+S"D+DTS+DTQD - WTW,

where

_ oh

A—i B = G(0), C=— )
ox x=0

ox x=0,

If, in addition, (A, C) is observable, then P > 0.

D =J(0). (3.12)

The proof is similar to the proof of [7, Theorem 2.1] and hence is omitted.

4. Connections to strict positive real and strict bounded
real dynamical systems

In this section, we specialize the results of Section 3 to the case of linear systems and
provide connections for the frequency domain versions of exponential passivity and ex-
ponential finite gain. Specifically, we consider linear systems

A|B
G = G(s) ~ [?’?] (4.1)

with a state-space representation

x(t) = Ax(t) + Bu(t), x(0)=0, t=>0,

y(t) = Cx(t) + Du(t), (4.2)

where x € R", u € R, y € R, A € R™", B € R™™, C € R*", and D € R*™, To present
the main results of this section, we first give several standard definitions.

Definition 4.1. A square transfer function G(s) is called positive real [2] if (i) all elements
of G(s) are analytic in Re[s] > 0, (ii) G(s) + G*(s) = 0, Re[s] > 0. A square transfer func-
tion G(s) is strictly positive real [18] if there exists ¢ > 0 such that G(s — ¢) is positive real.
Finally, a square transfer function G(s) is called strongly positive real [5] if it is strictly
positive real and D + DT >0, where D £ G().
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Definition 4.2. A transfer function G(s) is called bounded real [2] if (i) all elements of
G(s) are analytic in Re[s] > 0, (ii) y*L, — G*(s)G(s) > 0, Re[s] = 0, where y > 0. (Note
that a transfer function G(s) is bounded real if and only if all elements of G(s) are analytic
in Re[s] > 0 and [||G(s)ll < y.) A transfer function G(s) is strictly bounded real [2] if
there exists € > 0 such that G(s — ¢) is bounded real. Finally, a transfer function G(s) is
called strongly bounded real [5] if it is strictly bounded real and y?I,, — DTD > 0, where
D £ G().

Now, we present the key results of this section connecting the nonlinear notion of
exponential passivity and exponential finite gain to strict positive realness and strict
bounded realness, respectively, of a linear dynamical system.

TaEOREM 4.3. Consider the dynamical system

G min A|B
(s) ~ [ c D ] (4.3)

with input u(-) and output y(-). Then the following statements are equivalent:
(1) G(s) is strictly positive real;
(ii) G(s) is exponentially passive; that is, fOT 2eful (1) y(t)dt = 0, T > 0;
(iii) there exist matrices P € R™", L € RP*", and W € RP*™, with P positive definite,
and a scalar € > 0 such that

0=ATP+PA+¢P+L"L, (4.4a)
0=PB-CT+L"w, (4.4b)
0=D+DT-wTw. (4.4¢)

Furthermore, G(s) is strongly positive real if and only if there exists n X n positive-definite
matrices P and R such that

0=ATP+PA+(BTP-C)" (D+D") ' (BTP-C) +R. (4.5)

Proof. The equivalence of (i) and (iii) is standard; see [12] for a proof. The fact that (iii)
implies (ii) follows from Corollary 3.6 with f(x) = Ax, G(x) = B, h(x) = Cx, J(x) = D,
Vi(x) = xTPx, £(x) = Lx, and W'(x) = W. To show that (ii) implies (iii), note that if G(s)
is exponentially passive, then it follows from Theorem 3.8 with f(x) = Ax, G(x) = B,
h(x) =Cx, J(x) =D, Q=0, S=1I,, and R = 0 that there exist matrices P € R"™", L €
RP*" and W e RP*™, with P positive definite, such that (4.4) are satisfied. Finally, with
the linearization given above, it follows from (3.8) that G(s) is strongly positive real if and
only if there exists a scalar € > 0 and a positive-definite matrix P € R"*" such that

0>ATP+PA+eP+ (BTP-C) (D+DT) " (BTP-C). (4.6)

Now, if there exists a scalar € > 0 and a positive-definite matrix P € R"" such that (4.6)
is satisfied, then there exists an n X n positive-definite matrix R such that (4.5) is satisfied.
Conversely, if there exists an n X n positive-definite matrix R such that (4.5) is satisfied,
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then, with € = 0min (R)/0max(P), (4.5) implies (4.6). Hence, G(s) is strongly positive real if
and only if there exists # X n positive-definite matrices P and R such that (4.5) is satisfied.
O

Remark 4.4. Note that the proof of Theorem 4.3 relies on Theorem 3.8 which a priori
assumes that the exponential storage function Vi(-) belongs to C*. However, for linear
dynamical systems, it was shown in [20] that there always exists a smooth (i.e., belonging
to C*) storage function and hence a smooth exponential storage function.

Remark 4.5. The dual version of Theorem 4.3 can be obtained by replacing A by AT
and B by C”. In particular, G(s) is strictly positive real if and only if there exist matrices
Q e Rm<n, L € R™4, and W € R™*4, with Q positive definite, and a scalar € > 0 such that

0=AQ+QAT +eQ+1LLT, (4.7)
0=QCT—B+LWT, (4.8)
0=D+DT - WWT, (4.9)

Next, we present an analogous result for strictly bounded real systems.

THEOREM 4.6. Consider the dynamical system

G min A|B
(s) ~ [ c D ] (4.10)

with input u(-) and output y(-). Then the following statements are equivalent:

(1) G(s) is strictly bounded real;
(ii) G(s) is exponentially finite gain; that is,

T T
J e”yT(t)y(t)dtsyZJ T (Du(d, T > 0; (4.11)
0 0

(iii) there exist matrices P € R™", L € RP*", and W € RP*™, with P positive definite,
and a scalar € > 0 such that

0=A"P+PA+eP+CTC+L"IL,
0=PB+C'D+L™W, (4.12)
0=19*1,-D'D-WTW.

Furthermore, G(s) is strongly bounded real if and only if there exist n X n positive-definite
matrices P and R such that

0=ATP+PA+ (B"P+D'C)" (y*I,— D'D) ' (BTP+DC) +R. (4.13)

The proof is analogous to that of Theorem 4.3 and hence is omitted.
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5. Stability of feedback interconnections of exponentially
dissipative dynamical systems

In this section, we consider stability of feedback interconnections of exponentially dissi-
pative dynamical systems. The treatment here parallels that of Hill and Moylan [9] with
the key difference in that we do not use the notions of input strict passivity, output strict
passivity, and input-output strict passivity. Alternatively, using the notion of exponen-
tially dissipative dynamical systems, with appropriate exponential storage functions and
supply rates, we construct Lyapunov functions for interconnected dynamical systems by
appropriately combining storage functions for each subsystem. We begin by considering
the nonlinear dynamical system % given by (2.2) with the nonlinear feedback system 9.
given by

X(t) = fc(xC(t)) + GC(uC(t)>xc(t))”C(t)> x:(0) = X0, t=0,

Pelt) = he (1 (£),x(0)) + T (1e0), %0 e (0, 51
where x, € R, u. € R™, y. € RE, fe : R™ — R" and satisfies f.(0) =0, G, : R™ X R" —
Rrexme o RMe x R — Rk and satisfies h.(0,0) =0, and J. : R™e x R% — REXme py = [
I, = m. Note that the feedback interconnection is given by u, = y and y. = —u. Here we
assume that the feedback interconnection of § and 4, is well posed; that is, det[I,, +
Je(y,x:)J(x)] # 0 for all y, x, and x.. The following results give sufficient conditions for
Lyapunov stability, asymptotic stability, and exponential stability of the feedback inter-
connection given above.

THEOREM 5.1. Consider the closed-loop system consisting of the nonlinear dynamical sys-
tems G and G, with input-output pairs (u, y) and (u, y.), respectively, and with u. = y
and y. = —u. Assume that G and G, are zero-state observable and dissipative with re-
spect to the supply rates r(u, y) and r(uc, y.) and with continuously differentiable posi-
tive definite, radially unbounded storage functions Vs(-) and Vi.(-), respectively, such that
Vs(0) = 0 and V. (0) = 0. Furthermore, assume that there exists a scalar o > 0 such that
r(u, y) +orc(ue, ye) < 0. Then the following statements hold.

(i) The negative feedback interconnection of G and 8, is Lyapunov stable.

(ii) If Y. is exponentially dissipative with respect to the supply rate r.(uc, y.) and
rank[G,(u.,0)] = m, u. € R™, then the negative feedback interconnection of 4 and 4.
is globally asymptotically stable.

(iii) If 9 and §; are exponentially dissipative with respect to the supply rates r(u, y) and
re(ue, ye), respectively, and Vi(-) and Vi (+) are such that there exist constants o, o, 3, e >0
such that

allx||* < Vi(x) < Blix[I%, xR,
5 . (5.2)
,  Xc € R™,

‘XCHXCHZ < Vee(xe) < Bef|xe

then the negative feedback interconnection of G and G, is globally exponentially stable.

Proof. The proof follows from standard Lyapunov stability and invariant set theorem
arguments using the Lyapunov function candidate V (x, x.) = Vi(x) + 0 Vi (x.). O
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TueorEM 5.2. Let Qe S, Se R>¥™ R e S™ Q. € Sk, S, € RE¥™e and R, € S™. Consider
the closed-loop system consisting of the nonlinear dynamical systems § given by (2.2) and §;
given by (5.1) and assume that G and Y. are zero-state observable. Furthermore, assume that
G is dissipative with respect to the quadratic supply rate r(u, y) = y"Qy +2y"Su+ u"Ru
and has a continuously differentiable radially unbounded storage function V(-), and 4. is
dissipative with respect to the quadratic supply rate r.(uc, yc) = yX Qcye +2yLScuc + ul Reu,
and has a continuously differentiable radially unbounded storage function Vy(-). Finally,
assume that there exists o > 0 such that

~a| Q+oR.  -S+aST
Q= [—sTmsc R+0QC} =0 (5.3)
Then the following statements hold.

(1) The negative feedback interconnection of § and G, is Lyapunov stable.

(ii) If Y. is exponentially dissipative with respect to the supply rate r.(uc, y.) and
rank[G¢(u., 0)] = m, u, € R™:, then the negative feedback interconnection of 4 and 9.
is globally asymptotically stable.

(iii) If G and §; are exponentially dissipative with respect to the supply rates r(u, y) and
re(ue, ye), respectively, and Vs(-) and Vi (-) are such that there exist constants o, o, 3, e >0
such that (5.2) holds, then the negative feedback interconnection of 4 and 4, is globally
exponentially stable.

Proof. The result is a direct consequence of Theorem 5.1 by noting that

T
r(u,y)+or.(ue ye) = [)}/’C] Q[;//C:|, (5.4)

and hence r(u, y) + orc(ue, yc) < 0. -

Remark 5.3. Note that Theorem 5.2 is a generalization of the results given in [9] to expo-
nentially dissipative systems.

The following corollary is a direct consequence of Theorem 5.2. For this result, note
that if a nonlinear dynamical system 4 is dissipative (resp., exponentially dissipative) with
respect to the supply rate r(u, y) = 2u’ y, then, with k(y) = —ky, where the scalar k > 0,
it follows that 7(u, y) = —kyTy <0, y # 0. Alternatively, if a nonlinear dynamical system
4 is dissipative (resp., exponentially dissipative) with respect to the supply rate r(u, y) =
y?uTu— yTy, where y > 0, then, with x(y) = 0, it follows that r(u, y) = —yTy <0, y # 0.
Hence, if § is zero-state observable, it follows from Theorem 3.1 that all storage functions
(resp., exponential storage functions) of % are positive definite.

CoRrOLLARY 5.4. Counsider the closed-loop system consisting of the nonlinear dynamical sys-
tems G given by (2.2) and Y. given by (5.1), and assume that G and §. are zero-state observ-
able and completely reachable with continuously differentiable storage functions Vs(-) and
Vie(+), respectively. Then the following statements hold.

(1) If G is passive, Y. is exponentially passive, and rank[G.(u.,0)] = m, u. € R™:, then
the negative feedback interconnection of G and . is asymptotically stable.
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(ii) If 6 and Y. are exponentially passive with exponential storage functions V() and
Vie(+), respectively, such that (5.2) holds, then the negative feedback interconnection of 4
and 9. is exponentially stable.

(iii) If G is finite gain with gain y > 0, G, is exponentially finite gain with gain y. >0,
rank[G(u.,0)] = m, u. € R™, and yy. < 1, then the negative feedback interconnection of
G and 4, is asymptotically stable.

(iv) If G and 9. are exponentially finite gain with exponential storage functions V(-)
and Vi (+), respectively, such that (5.2) holds, and with gains y >0 and y. > 0, respectively,
such that yy. < 1, then the negative feedback interconnection of 4 and 4. is exponentially
stable.

Proof. The proof is a direct consequence of Theorem 5.2. Specifically, (i) and (ii) follow
from Theorem 5.2 with Q = Q. =0, S =S, = (1/2)I,;, and R = R. = 0; while (iii) and
(iv) follow from Theorem 5.2 with Q = —I;, S= 0, R = y*I,,, Q. = —I;,, S; = 0, and R, =
V2L, O

6. Optimal static output feedback control for passive systems

In this section, we construct globally optimal, stabilizing static output feedback control-
lers for nonlinear passive dynamical systems. In order to address this problem, consider
the nonlinear system given by (2.2a) with the nonlinear nonquadratic performance cri-
terion

I, () 2 [ " [La(x(0) + () Rou(t) ), (6.1)

where L, : R” — R and R, € R™*" are such that L;(x) > 0, x € R”, and R, > 0. The opti-
mal nonlinear feedback controller # = —¢(x) that minimizes the nonlinear nonquadratic
performance criterion (6.1) is given in [17]. For the statement of this result, define the set
of regulation controllers, for x, € R”, by

F(x0) = {u(-) : u € R" and x(-) given by (2.2a) satisfies x(t) — O ast — oo}.  (6.2)

TaEOREM 6.1 [15, 17]. Consider the nonlinear dynamical system (2.2a) with performance
functional (6.1). Assume that there exists a continuously differentiable radially unbounded
function V : R" — R such that V(0) =0, V(x) >0, x € R", x # 0, and

0=Li(x)+V'(x)f(x)— iV’(x)G(x)RglGT(x) VT(x), xeR" (6.3)

Furthermore, with h(x) = L,(x), assume that the nonlinear dynamical system (2.2) is zero-
state observable. Then the zero solution x(t) = 0 of the closed-loop system

x(t) = f(x(t) — G(x(t)p(x(), x(0)=xp, t=0, (6.4)

is globally asymptotically stable with the negative feedback control law

u= g = 3Ry 6TV () (65)
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and the performance functional (6.1) is minimized in the sense that

J (x0, ¢ (x(-))) minx )](xo,u(-)), x0 € R". (6.6)

u()ed(

Finally, ] (x0, ¢(x(+))) = V(x0), xo € R™.

The following result gives globally stabilizing static output feedback controllers for
nonlinear passive dynamical systems that additionally minimize a nonlinear nonqua-
dratic performance functional of the form given by (6.1).

THEOREM 6.2. Consider the nonlinear dynamical system § given by (2.2) with J(x) = 0.
Assume that § is passive, zero-state observable, and completely reachable with a continuously
differentiable radially unbounded storage function V: R" — R. Furthermore, let V : R" —
R be a continuously differentiable radially unbounded function such that V(0) =0, V(x) >
0, x € R", x # 0, and (6.3) is satisfied with Li(x) = €7 (x)€(x) + hT (x)R5'h(x), where £(-)
satisfies (3.7a) with € = 0. Then the zero solution x(t) = 0 to (2.2) is globally asymptotically
stable with the nonlinear output feedback control law

u(t) = —¢(y(1)) = =Ry y(1), (6.7)

and the performance functional

J (xo,u()) = J: [T (x())e(x(1)) + yT ()Ry ' y(t) +u” (1) Ryu(t) | dt (6.8)
is minimized in the sense that

J (x0, ¢ (x(-))) _rrelinx )](Xo;u('))» x0 € R". (6.9)

u()ed(

Finally, ] (x0, ¢(x(+))) = V(x0), x0 € R".

Proof. Since 4 is passive, zero-state observable, and completely reachable, it follows from
Corollary 3.6 that there exists a continuously differentiable, positive-definite storage func-
tion V(-) such that (3.7a) and (3.7b) hold with ¢ = 0. Now, substituting €7 (x)€(x) +
hT(x)Ry'h(x) for Li(x), x € R", in (6.3) and using (3.7a) and (3.7b), it follows that
V(x) = Vi(x) is a solution to (6.3). Next, since ¥ is zero-state observable, it follows that
G is zero-state observable with h(x) replaced by L, (x), x € R", so that all the conditions
of Theorem 6.1 are satisfied. Hence, it follows from Theorem 6.1 and (3.7b) that the zero
solution x(t) = 0 to (2.2) with the nonlinear output feedback control law

$0) = RGOV () = TR GOV = R =Ry (6.10)

is globally asymptotically stable and the performance functional (6.8) is minimized. [

Remark 6.3. Although the equivalence between passivity and state feedback optimality
discussed in [15] would lead one to surmise that the result of Theorem 6.2 is immedi-
ate, this is not the case since Theorem 6.2 gives an optimal output feedback controller.
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Of course, since %9 is assumed to be passive, any u = =Ky, K > 0, will be a stabilizing con-
troller. However, (6.7) additionally minimizes the nonlinear nonquadratic performance
functional (6.8).

It is interesting to note that in the case where 9 is a linear passive system, it follows
from Theorem 6.2 that the optimal output feedback controller is characterized by a sin-
gle Riccati equation as opposed to the coupled modified Riccati and Lyapunov equa-
tions characterizing optimal static output feedback controllers [13]. Specifically, it follows
from Theorem 6.2 with f(x) = Ax, G(x) = B, h(x) = Cx, and L;(x) = x"Rix = x"(LTL+
CTR;'C)x, where L satisfies (4.4a) with e =0, u = —¢(y) = =Ky, and V(x) = x"Px,
where P > 0 is the solution to the algebraic Riccati equation given by

0=ATP+PA+LTL+CTR;'C - PBR;'BTP, (6.11)

that the optimal control gain is given by K = R, . To see that the output feedback con-
troller u(t) = —R;'y(t) minimizes (6.1) with the state weighting R; = LTL + CTR;'C,
recall that a static optimal output feedback controller minimizing (6.1) with L;(x) =
xTRx, where R; > 0, is given by [13]

K = R;'BTPQCT(CQCT) ", (6.12)
where the n X n positive-definite matrices P and Q satisfy

0=ATP+PA+R, —PBR;'BTP+v'PBR;'BTPv,, (6.13)
0=(A-BR;'CY)Q+Q(A—-BR;'Cy)" +V,, (6.14)

where v £ QCT(CQCT)'C, v, 21, -, and V| £ E[xox{ |, where E denotes expecta-

tion. Now, if
G 48 1
(s) ~ [ o } (6.15)

is positive real and R, = LTL+CTR; 1C, where L satisfies (4.4a) with & = 0, it follows that
Cv, = 0 and hence the solution P to (6.13) is also a solution to the Kalman-Yakubovich-
Popov equations (4.4a) and (4.4b) with ¢ = 0. In this case, the optimal output feedback
given by (6.12) collapses to K = R;' and (6.14) is superfluous. Hence, we note that in
the case where the plant is positive real, there exists an optimal static output feedback
controller minimizing (6.1) with L (x) = x"Ryx = xT(L"L + CTR;'C)x, where L satisfies
(4.4a) with ¢ = 0, if and only if (A, B) is stabilizable and (A, R;) is observable.

7. Locally optimal and globally stabilizing dynamic output feedback
compensation for passive systems

In this section, we extend the results of Section 6 to address the problem of locally optimal
and globally stabilizing nonlinear dynamic output feedback compensators for nonlinear
passive dynamical systems. To show local optimality, we require the positivity LQG-based
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result given in [14] which shows that if the plant is positive real and the LQG design
weights are chosen in a specified manner, then the resulting LQG controller is guaranteed
to be positive real. For the statement of this result, let f(x) = Ax, G(x) = B, h(x) = Cx,
and J(x) = 0 so that

x(t) = Ax(t) + Bu(t), x(0)=xp, t=0,

7.1
y(t) = Cx(), 71
and let f.(x;) = Acxe, Ge(ue, x¢) = B, he(ue, xc) = Cexe, and J:(ug, x.) = 0 so that
xe(t) = Acxc(t) +Bc}’(t)> x(0) = Xco,
u(t) = —Coxe(t). 7.2)
Next, assuming that the plant (7.1) is positive real, we seek to determine

Gels) [& &} (7.3)

(s) ~ .

C. |0

that satisfies the following design criteria.
(i) The negative feedback interconnection of

G 415 4
(S)N[co} 7.4)

and G.(s) given by A £ [ ;' 2] is asymptotically stable.
(ii) The H, performance measure

J(As B, Co %) & j: [xT(£)Rix(t) + u” (£)Rou(t)]dt (7.5)

is minimized, where %, £ [x7(0) x;‘r(O)]T, R, >0,and R, >0.

(iii) The transfer function G.(s) is strictly positive real.

Note that since the plant is positive real and the negative feedback compensator is
strictly positive real, condition (i) is automatically satisfied [11]. Furthermore, note that
J(A., B, C., X9) can be written as

Y]

J(Ac, Be, Ce, %) = J xT(t)Rx(t)dt, (7.6)
0

~ T - . T A -
where ¥ 2 [xT xI] and R % [%1 C_ngcc], so that J(A., B, C, %) = Xl P%,, where P €

R2m<21 is the unique, positive-definite solution to the Lyapunov equation
0=ATP+PA+R (7.7)

Furthermore, note that J(A,, B., C, %) = Xd PXy = tr PX,%{, which has the same form as
the H, cost in standard LQG theory. Hence, we replace %% by V, where V £ [ ‘6‘ Bc\g BT ],
and V; € R™" and V; € R are arbitrary design weights such that V; > 0 and V, >0,
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and proceed by determining controller gains that minimize $(A, B, C.) £ tr PV. Now,
using the approach proposed in [6, 14], we have the following result for constructing
strictly positive real compensators that minimize the H, cost $(A., B;, C;).

THEOREM 7.1 [6, 14]. Assume that

G min A|B 7.8
(S)N[CO:| (7.8)

is positive real and let L and L satisfy (4.4a) and (4.7) with & = 0, respectively. Furthermore,
assume that there exist n X n positive-definite matrices X and Y satisfying

0=ATY+YA+R, - YBR;'BY,

0=AX+XAT+V, -XCTV;!CX, (7.9)
where Ry, Ry, V1, and V; satisfy
R =LTL+CTV;'C>0, Vi=LLT+BR;'B" >0, R,=V,. (7.10)
Then the negative feedback dynamic compensator
A-2BR;'C | BR;'
Gc(s)~[ RIC ‘ 0 ] (7.11)

is strictly positive real and satisfies the design criteria (i) and (ii). Furthermore, the H, per-
formance is given by $(A., B, C.) = tr[XR; + XCT V5 'CXY].

Finally, we state the main result of this section characterizing exponentially passive
dynamic nonlinear controllers for nonlinear passive systems. For the statement of this
result, let & denote the set of nth-order linearized stabilizing compensators for the lin-
earized system 9; that is,

¥ £ {(A,B,,C,) : A is asymptotically stable}, (7.12)
where (A, B, C) in the definition of A are given by (3.12) and
oh,

0x, x.=0

Ac = % B, = GC(O)) Cc

= R 7.13
0x, x.=0 ( )

TaEOREM 7.2. Consider the closed-loop system consisting of the nonlinear plant G given
by (2.2) with J(x) = 0, and the nonlinear compensator 4. given by (5.1). Assume that
is completely reachable, zero-state observable, and exponentially passive with continuously
differentiable radially unbounded storage function Vs : R" — R. Furthermore, suppose that
there exists a continuously differentiable, radially unbounded positive-definite function V :
R" — R such that (6.3) is satisfied with Ly (x) = €7 (x)€(x) + eVi(x) + hT (x)R5 ' h(x), where
Vi(+), & and €(-) satisfy (3.7a). Then, the dynamic compensator (5.1), with

fc(xc) = f(xc) - ZG(xc)Rz_lh(xc)J Gc(xc) = G(xc)Rz_l»

he(xc) = Ry h(x,), Jo(x) =0, (7.14)
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is exponentially passive and the negative feedback interconnection of ‘G and 4, is globally
asymptotically stable. Finally, if the linearization of ‘§ is observable, that is, (A, C) is observ-
able, and V() and V (-) belong to C?, then the closed-loop system is locally optimal with
respect to $(A, Be, Cc), where (A¢, B, Cc) € I; that is, there exist n X n positive-definite ma-
trices Y and X such that conditions (7.9) are satisfied with A, B, and C given by (3.12) and
Ry £ 0%L1/9x%|x—0.

Proof. Since L;(x) = €7(x)e(x) + eVi(x) + hT (x)R;'h(x), it follows from (3.7a) and
(3.7b) that V(x) = V,(x) is a solution to (6.3). Now, using (3.7b) and (7.14), it follows
that

VHE)Gelx) = 3V )GR = H ()R =B (). (7.15)

Next, using (3.7a), (3.7b), and (7.14), it follows that

) (7.16)
= V! (x:) fi(xc) +eVilx) + €7 (x.)e(x.) +4hT (x )Ry 'h(x.), x €R™

Now, using (3.7a), (3.7b), (7.15), and (7.16) with Vi.(x;) = Vi(x.) and €.(x.), x. € R,
such that €7 (x.)€(x;) = €7 (xc)€(xc) +4hT (x.)R; 'h(x,), it follows that G, given by (5.1)
with nonlinear gains given by (7.14) is exponentially passive. Hence, it follows from
Corollary 5.4 that the negative feedback interconnection of < and %, is globally asymp-
totically stable.

To show local optimality of the closed-loop system with respect to $(A,, B., C.), where
(A., B, C.) € &, note that since (A, C) is observable, it follows from Theorem 3.8, with
Q=R =0andS = I,,,, that there exist matrices P € R"" and L € R*" and a scalar ¢ > 0,
such that P = 9*V/0x? > 0 and L = 9¢/0x| o, satisfying (4.4a) and (4.4b), with (A, B, C)
given by (3.12). Hence, the triple (A, B, C) is strictly positive real. Now, since L;(x) =
2T (x)e(x) + eVi(x) + hT (x)R; 'h(x), it follows that R, = LTL + &P + CTR;'C and hence
(4.4a) and (4.4b) yield

0=ATP+PA+R, - PBR;'BTP. (7.17)
Finally, since the triple (A, B, C) given by (3.12) is strictly positive real, it follows from
(4.7) and (4.8) that there exist Q2 P! € R™" and L £ P~!LT € R™4, with Q positive
definite, and a scalar € > 0 such that

0=AQ+QAT +V, —QCV;!CTQ, (7.18)

where Vi = LLT +£Q + BV; 'BT. Now, local optimality of the closed-loop system with

respect to $(A,, B, C;), where (A, B., C;) € ¥, is a direct consequence of Theorem 7.1
withX =Q,Y =P,and V, = R,. O
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8. Conclusion

Using exponentially weighted system storage functions with appropriate exponentially
weighted supply rates, we introduce the concept of exponential dissipativity to formalize
the nonlinear analog of strict positive realness and strict bounded realness. The proposed
results provide a generalization of the strict positive real lemma and the strict bounded
real lemma to nonlinear systems. We also provide a nonlinear analog to the classical pos-
itivity and small gain stability theorems for state-space nonlinear feedback systems. The
results were used to extend the H, positive real synthesis techniques of Lozano-Leal and
Joshi [14] to nonlinear passive dynamical systems.
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