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1 INTRODUCTION

The object of this note is to characterize weight functions w;, i = 0, 1 and
v, for which the modular inequality

Q—l[ fo Q[w1(x)Tf(x)]wo(x)dx}sP—l { fo PIC f(x)]v(x)dx}
(1.1
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holds, where T is a linear operator defined on non-negative monotone
functions. P and Q are N-functions, where no order relations — such as
QoP~! convex —are assumed, and C > O1is aconstant. The characterizations,
via duality arguments are given in terms of modular inequalities of the form
(1.1) where T is replaced by the composition operators T o I and T o I*,
defined on arbitrary non-negative functions and with changes of weights.
Here I and I* are defined

x

o
Ih)(x) = / h, and I*h)(x) = f h x>0.
0 x

Our results generalize to modulars the duality principle for weighted
LP-spaces and operators defined on non-negative non-increasing functions
given by E.T. Sawyer [15]. His results follow on taking Q(x) = |x|?/q,
P(x) = |x|?/p, 1 < p,q < oo, while the case p = ¢ and T the Hardy
operator yields a result of M. Arifio and B. Muckenhoupt [2].

Characterizations of weights for which (1.1) holds and T is a Volterra
convolution type operator defined on monotone functions was given recently
by J.Q. Sun [19] [20] in the case when Q o P! is convex. Our methods
are different from those and except for some special cases, we do not obtain
these results for the general Volterra convolution operator. Conversely our
results (Proposition 2.2) for the Riemann-Liouville operator on increasing
functions and the Weyl fractional integral operator defined on decreasing
functions does not follow from his.

Our main result (Theorem 2.3) depends strongly on a duality principle
given in [7] and on an extension of a result by C. Herz [8] and S. Bloom and
R. Kerman [3], establishing an equivalence of a weighted modular inequality
and certain weighted Orlicz-Luxemburg norm inequality (Proposition 2.1).
This result may be of independent interest.

‘We conclude this section by giving some definitions and notation required
in the sequel.

DerniTIoN 1.1 (a) A convex function P : RY — IRT is called a Young
function if P(0) = 0 and lim,_, o, P(x) = o0.
(b) A continuous Young function P is called an N-function if it has the
form

x|
P(x) =f p(r)dt,
0
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where p is non-decreasing, right continuous, p(0+) = 0 and p(00) = 400,
and p(¢) > 0if t > 0. If p~! denotes the right continuous inverse of p, then
the complementary function P of P is defined by

. [x|
P(x) =f p~ (@) dr .
0

If P is an N-function, so is P.
(c) If v is a non-negative measurable (weight) function defined on a
measure space X and P is an N-function, then the Orlicz space L p(y)
consists of those measurable f on X for which the (Luxemburg) norm

17 llp@) = inf {x >0 /X P [Ei—"ﬂ] () dx < 1} 12)

is finite. If v(x) dx is replaced by a positive Borel measure u we write
also P(du), and if v = 1 simply P, in (1.2).

For further properties of N-functions and Orlicz spaces we refer to
[9, 10, 14].

DeriniTiON 1.2 (a) An N-function P satisfies the A, condition (P € Aj),
if there is a constant D > 0, such that P(2x) < D P(x), for all x > 0.
(b) The order relation < is defined by P < Q, (P, Q, N-functions) if
there is a constant C > 0, such that

> QoP N a)<CQoP! (Za,)
i i
for every non-negative sequence {a;}.

Note that if Q o P~! is convex, then P < Q. For other properties see [5,
Lemma 1.1].

Finally we denote by yr the characteristic function of the set E, and define
ip by ip(x) = x. Constants are denoted by A, B, C, D and inequalities,
such as (1.1) are interpreted to mean that if the right side is finite, so is
the left side and the inequality holds. Weight functions are non-negative
measurable functions on a measure space X (usually IR") and are denoted
by wo, w1, w, u, v. Non-negative non-increasing = decreasing, respectively,
non-decreasing = increasing functions f are denotedby 0 < f,respectively

0= st
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2 RESULTS AND APPLICATIONS
We require the following result whose special case P = Qandu = w =1
was proved by C. Herz in the preprint [8] (see also [3, Proposition 2.5]).

ProposiTioN 2.1  Suppose (X, dp), (Y, dv) are o -finite measure spaces and
T is a linear operator mapping measurable functions on X to measurable
functions on Y. If P and Q are N-functions, then the modular inequality

0! { /Y 0lw(y) I(Tf)(Y)I]dv(y)} <p-! [ /X PICu(x)| f(x)”dﬂ(x)}
2.1)
is satisfied, if and only if, for every ¢ > 0,

lw TfllgeEpdv) < Cllufllpeepdu (2.2)
holds, where e = 1/Q(1/¢), ep = 1/P(1/¢).
Proof  Suppose (2.2) holds. Define ¢ by P (1) = [y Plufldu, then

. u
lufllpepan) = inf [)» >0: /X P [Tf] epdu < 1}

=inf[k>0:/P[%]dus/F[uf]d;:}:l
b X

and therefore ||w T f|| g(epdv) < C. From the homogeneity of the norm and
the linearity of T it follows that

lw T(f/OlloEgdu = inf [X >0 :/ (0] [&({Q] ggdv < 1} <1.
Y

Hence

/ OLw T(f/C)ldv < — = 0 [P“ ( f Plu f]du)] ,
Y €0 X

which implies (2.1) after replacing f/C by f.
Conversely, if (2.1) is satisfied, fix f and let @ = ||u f || p(cpau), then the
homogeneity of the norms shows that

1= |u f/a|P(epdu) = inf {A >0: f P [f‘_fi] epdu < 1}
X Ao
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[P[Ei]&‘pduﬁl.
X o

Now (2.1) and the linearity of T imply

T
fy . [wacf] sodv = £Q/Y Olw T (f/aC))ldv

and therefore,

<s00 P~ ([ Preucri@oman)|

=£9Q {P‘l ( fx P[uf/a]du,)}
=¢epQo P! (21;)

1
=¢g90 (E) = 1.

0T oo =inf {1 0: [ 0| | eoav <1}

<aC = Clufllpepdn

Hence

and the result follows.
The (weighted) duality principle in Orlicz spaces may be written in the

following form:
Jo. f(x)gx)dx

o<f I £l pewy = "%" o) (2.3)

where v is a weight function and P is the complementary function of the
N-function P.

We also require the following known duality principle for monotone
functions:

THEOREM 2.1 ([7, Theorems 2.2, 2.3]) Suppose P and Pare N -functions
satisfying the Aj condition.
(i) If Ig)(x) = [y & & = 0; (Tv)(x) = 5 v, with (Iv)(00) = 00; then

Jo f®exdx
0<fl I fllpe)

Ig

Iv

2.4)

P (v)



188 P. DRABEK et al.

(i) If I*g)(x) = [° g & = 0; (I*v)(x) = [° v, with (I*v)(0) =
then

I*g
I*v

Jo fFxegw)dx

2.5)
o<t Ifllpw

B(v) .
Here the symbol & is defined to mean that the quotient of the left and right
side of (2.4) and (2.5) is bounded above and below by positive constants.

Remark 2.1 1t follows from (2.3) and (2.4) that if T is a linear operator
defined on decreasing functions on IR then the inequality ||7f low =<
Clfllpw (0 < fl) is equivalent to

“ I1(T*g)

=Clulow, 520
Pw) o)’

where T* is the adjoint of T. Similarly, the above norm inequality for

increasing functions is by (2.3) and (2.5) equivalent to

1*(T*g)
I*v

<|ilo,  #20
B(v) O(w)
Our main result is now the following:

THEOREM 2.2  Suppose P, P € A, are N-functions, and T is a positive
linear operator.

(i) If0 < f and (Iv)(00) = 00 then the modular inequalities

o' {f Q[wl(x)(Tf)(x)]wo(x)dx} <p! {f P[C f(x)]v(x)dx]
0 0

2.6)
and
-1 { fo Q[w1(x)T(I*h)(x)]wo(x)dx}
< p-! { f “p [——————C(I vk (")] v(x)dx} @7
0 v(x)

h > 0, are equivalent.
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(ii) If 0 < f4 and (I*v)(0) = oo, then (2.6) and

0! {/0 Q[wl(X)T(Ih)(x)]wo(x)dX}

<p! { / “p [————————C(I *”)(x)h(x)] v(x)dx} (2.8)
0 v(x)

h > 0, are equivalent.
Proof (i) By Proposition 2.1 with wo(x)dx = dv(x), v(x)dx = du(x),

(2.6) is equivalent to || w1 T fll geouwe) < Cll fllp(epv) Where € > 0. Writing
Ty f = w; Tf, this estimate has the form

1T flloeow) < ClfNPEwy O fI . (2.9

But then by (2.3) and (2.4) (cf. Remark 2.1, with w = ggwo, v = £pv 50
(Iv)(x) becomes gp (Iv)(x)) (2.9) is equivalent to

I1(T'g)
ep(Iv)

8
EQwo

=0, (2.10)

P(epv) B Q(sQw)

where T} is the adjoint of T;. Now, for any linear operator 7, and weight
functions «, 8, w and v

h

ocw

Tih

loTo8l 5wy = CIB8l 50y <= |55

. (211)

o) B P(w)

where T is the adjoint of 7.

Define T> by Trg = IT}'g, then T; = T1I* and hence by (2.11) with
a=1/(eplv),w =¢pv, B = 1/(egwo) and v = ggwp, (2.10) is equivalent
to

(Iv)h
v

I TSRl @eque) < C \

P(epv)
But by Proposition (2.1) this is equivalent to (2.7) since T,'h = T1(I*h) =
w1 T(I*h).

(ii) The proof for 0 < f4 is quite similar. Again we obtain (2.9) from (2.6)
for 0 < f4. But then by (2.3) and (2.5) this is equivalent to
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I* (Tl*g)
ep(Iv)

g
EQwo

g>0. (2.12)

P(epv) B O(eqwo)

Now, applying (2.11) with Trg = I*T{'g, « = 1/(ep(I*v)), w = &pv,
B = 1/(egwp) and v = ggwp, (2.12) is equivalent to

(I*v)h
v

1 T3 Rl gepuo) < C

P(epv) .
By Proposition 2.1 this is equivalent to (2.8) since Tk = w1 T (Ih).

Remark 2.2 As noted earlier, there are no order relations assumed on the
N-functions P and Q in Theorem 2.2 and if for example Q < P, then in
general weight characterizations for which the modular inequality (2.7) and
(2.8) hold seem not to be known. However, if P(x) = x?/p, Q(x) = x9/q,
1 < p, g < oo then Theorem 2.2 shows that || T f|l4,w < C| flp,» holds for
0 < flifandonlyif |[T(I*h)|lg,w < Cll@ lp,» holds for O < h. But this
norm inequality is equivalent to || I—g%)&) o < CI f; lg',w, where p’ and g’
are the conjugate indices of p and q. However, this is exactly the formulation
obtained by E. Sawyer [15]. In the case 0 < f4, one obtained in a similar

way, using now Theorem 2.2(ii), the corresponding result of V.D. Stepanov
[18].

If P < Q, then for suitable operators T I* and T I weight characterizations
for which (2.7) and (2.8) holds are known. We begin with our applications
of Theorem 2.2 when T is the identity operator.

CoroLLARY 2.1  Suppose P and Q are N-functions, such that P < Q. Let
P, P € Ayand (Iv)(00) = 00.If 0 < f, thenthe following are equivalent:

o' { [ Q[wl(x)f(x)]wo(x)dx}sP“ [ / P[Cf(x)]v(x)dx}.
0 0

(2.13)
There exists B > 0, such that forallr > 0,¢ >0

-1 r wl(x) -1 _]_
o {/0 Q[—B— ﬁ(ev)]wo(x)dx]S_P (8) (2.14)

holds.

X(r,00)
e(lv)
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There exists a B > 0, such that, forallr > 0, ¢ > 0,

o™ [ /0 Q[swl(x)]wo(x)dx} < P7UP(Be)(Iv)(r)] 2.15)

holds.

Proof LetT bethe identity operator, then T (I*h)(x) = (I*h)(x) = [ x°° h.
Hence by Theorem 2.2(i), (2.13) is equivalent to

0! { /0 "o [wl(x) / > h] wo(x)dx}

2 2, [CUv)(x)h(x)
<P {/{; P [_—v(x) ]v(x)dx} .

But by [S, Corollary 2.2] or [15, Proposition 3] this modular inequality is
equivalent to (2.14).

That (2.13) and (2.15) are equivalent follows from a result of J.Q. Sun
([20, Theorem 3.4]).

If 0 < f4 aresult similar to Corollary 2.1 holds. In fact if P and Q are
as in Corollary 2.1 and (I*v)(0) = oo then (2.13) with 0 < f4 is equivalent
to:

Thereisa B > 0, such that forall» > 0, & > 0,

0! { [ "o [——"";")

and there exists a B > 0, such that forallr > 0, > 0

X©O,n)
e(I*v)

]wo(x) dx} < P7l1/e) (2.16)
Is(sv)

0! {f°° Olsw; (x)]wo(x) dx} < PYPBI*W)IN). @17

The proof of this follows (again) from Theorem 2.2(ii) and [5, Theorem 2.1]
or [20, Theorem 3.4].

If Px) = xP/p, Q(x) = x%/q, 1 < p < q < oo, wi(x) = 1,
Corollary 2.1 reduces to a result of E. Sawyer [15], while the case for0 < f4
may be found in [6].
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Our next application considers the Hardy operator defined on decreasing
functions.

CoROLLARY 2.2 Suppose P and Q are N-functions, P, Pe Arand P < Q.
If (Iv)(00) =00 and 0 < f| then

o' {fo Y [wl(x)/o f] wo(x)dx] <p! UO P[Cf(x)]v(x)dx}

(2.18)
is satisfied, if and only if, there are constants By, By > 0, such that for all

r>0¢e>0
) [ | wm®) || x©,7)io
Q {/r Ql: By e(Iv)

:| wo(x) dx} <P (l)
P(ev) €

and

X (r, 00)
el (v)

) 7] wi)x
0 {/OQ[ o

] wo(x) dx} <P (l) .
I~’(sv) €
(Recall that ip(x) = x.)

Proof U Tf(x) = f(;‘ f,then T(I*h)(x) = f(;‘th(t) dt + xfx°°h(t) dt.
Hence by Theorem 2.2(i), (2.18) is equivalent to

1 o0 X o0
(0] {/0 o [wl(x) (/0 th(t)de +x[) h(t)dt)] wo(x) dx}

<o [ [ P[] )
0 v(x)

But since P € Aj, the convexity of Q and P show that this is equivalent to

. 00 x
o [/0 Ql:wl(x)/(; th(t)dt] wo(x)dx}

([ [Cm@he)
=F [/o P[ () ]”(x)dx}
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0! UOOO s} [wl(x)x foo h(t) dt] wo(x) dx}

< p! [/oo P [W] v(x)dx} ,
0 v(x) (2.19)

where C1, C2 > O and A > 0. Since P < Q the weight characterizations for
which (2.19) hold are shown in [5] or [19] to be equivalent to the conditions
of the corollary.

and

Note that the proof of Corollary 2.1 shows that the second modular of
(2.19) is also equivalent to

-1 { f ' Q[8xw1(x)]wo(x)dx} < PHPBe)Iv)())
0
r>0,e>0.

Remark 2.3 (i) The equivalence of (2.18) and (2.19) does not require
the order condition P < Q. Hence if P(x) = x?/p, Q(x) = x/q,
1 < p,g < o0 in (2.19) with wi(x) = 1 + Weight characterizations are
known (cf. [12]) and one obtained the result of E. Sawyer [15] and for p = ¢
that of M. Arifio and B. Muckenhoupt [2].

(ii) Corollary 2.2 was proved by J.Q. Sun [19] by different methods.

(iii) For 0 < f 1, a result corresponding to Corollary 2.2 may also be
given. Only now one applies Theorem 2.2(ii) and uses the modular estimates
for

T({Ih)(x) = /x(x —$h(s)ds
0

given in [2, 13, 16, 17]. The reduction to the weighted Lebesgue case yield
the results of [1, 6, 11].

Our final example involves the Riemann-Liouville fractional integral
operator of order &, 0 < o < 0o defined by

I, - a—1
L)) F( ) [ (x = 0L F (1) dt

and the Weyl fractional integral

* —_— a—1
Iy Hx) r()f ¢ —x)""f@)de.
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For the case o > 1 weight characterizations for weighted modular inequalities
or for weighted L?-norm inequalities are known. For the case 0 < o < 1 a
weighted L?-norm characterization was given recently in [4] while weighted
modular inequalities seem not to be available in the literature. It may therefore
be surprising that in the monotone case more can be said.

ProrposiTioN 2.2 (i) Suppose P, Q are N-functions, P, P e Ay and
P < Q. If(Iv)(c0) =00 and 0 < f| thenfor0 < a < 00

0! lfo Q[wl(x)(IJf)(x)]wo(x)dx} < p! [[) PIC f(x)v(x) dx} ,
(2.20)

]wo(x)dx} < p! (1)

P(ev) &
) [ A W)

0 [ [ o [—C

1
(r—x)*|wo(x)dx} < P! (—)
f’(sv) &
are satisfied.

(i) If (I*v)(0) = 00 and 0 < f14, then for 0 < a < 00

ifand only if foralle > 0, r > 0,

0! [[O Q[“”C(")

and

- r)aX(r,oo)
e(Iv)

X(r,00)

e(Iv)

0! { fo Q[wl(x)(laf)(x)]wooc)«:lx}sP-1 { /0 P[Cf(x)]v(x)dx}
(2.21)

] wo(x) dx} <p! (-1—)
B(ev) €

x - r)“] wo(x)dx} < p! (l) .
Is(sv) €

holds, if and only if, forallr > 0, ¢ > 0,

0! [foo 0 [“’IC(")

and

o |[Te|

(r— %o,
e(I*v)

X©,r)
e(I*v)




WEIGHTED MODULAR INEQUALITIES 195

Proof (i) By Theorem 2.2(i), (2.20) is equivalent to

0! {/0 Qfwy (x) IX (I*R) (x)]wo(x) dx}

1 [, [ CUV)E)R(K)

h > 0.But I;(I*h)(x) = (I, ;h)(x) and since & + 1 > 1, Theorem 2.2 of
[20] (see also [3, 13]) shows that this is equivalent to the conditions of the
proposition.

(ii) By Theorem 2.2(ii), (2.21) is equivalent to

o [ /0 Olw1 ()L (Th) (1) lwo (x) dx}

[ [ [CT* )x)R(x)
o [FRE e

where h > 0. But I, /h = I,41h, and since @ + 1 > 1 the result follows
from [19, Theorem 2.1]. (See also [3, 13]).

For o > 1 this result was also proved by J.Q. Sun [20].

Note that if P(x) = xP/p, Q(x) =x9/q,1 < p < g < 00, wi(x) =1,
then Proposition 2.2(i) shows that for 0 < o < o0

00 00 q 1/q 0 1/p
( f [ f -0t dt] wo (x) dx) <C ( / fx)Pu(x) dx)
0 X 0
holds for all 0 < f|, if and only if, for every r > 0

1/p

r 1/q ) ’ x -p'
(/ wo(x) dx) (/ (x —r)*? (/ v) v(x) dx) <C
0 r 0
r 1/q r -1/p
([ r — x)*wp(x) dx) (f v(x) dx) <C.
0 0

A similar remark holds for the Riemann-Liouville operator defined on
increasing functions.

and
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