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ABSTRACT

In this paper we study a class of evolution integrodifferential equations. We
first prove the existence and uniqueness of solutions and then establish the
convergence of Galerkin approximations to the solution.
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1. Introduction

Let H be a separable real Hilbert space. We consider the following integrodifferential equa-
tion in H:
t

d—lzli(ti) = — Au(t) + M(u(t)) + / g(t —s)k(u(s))ds, t>0, (1)
u(0) = ¢, ’

where A is a closed, positive definite, selfadjoint linear operator with dense domain D(A) in H.
We assume that A has a pure point spectrum 0 < A\; < A; <... and a corresponding complete or-
thonormal system {u,} so that Au; = A\u; and (u;u;) = 6,5, (-, +) is the inner product in H and
s, j is the Kronecker delta function. These assumptions on A guarantee that — A generates an
analytic semigroup e ~*4. The nonlinear operators M and k are defined on D(A®) for some ,

0<a<1and ¢isin D(A). The map g is a real-valued continuous function defined on R,.

The existence and uniqueness of solutions to (1) is closely associated with the existence and

uniqueness of solutions to the integrodifferential equation
t

w(®)= e ot [ T + K()(s)lds, (2)

0
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t
where the nonlinear Volterra operator K(u)(t) = [ g(t — s)k(u(s))ds.
0

The present work is closely related to the paper of Miletta [5] in which he has investigated the
abstract evolution equation

240 _ Au(t) + M(u(t)), 3)
u(0) = ¢,
and the related integral equation
u(t) = e "¢ + j te ~ (=) Apr(u(s))ds. (4)
0

For initial studies related to (3, 4) we refer to Segal [9] and Murakami [6]. For a Lipschitz contin-
uous M and ¢ in D(A®*) (4) has a strong solution on some maximal interval of existence, and if
the interval of existence is bounded, then there are some blow-up results associated with the solu-
tion. We also refer to the papers of Bazley [1, 2].

We first establish the existence and uniqueness results for the integral equation (2). The
method used is similar to the one used by Miletta [5]. The solution to (2) is obtained as the limit
of the solutions to the integral equations satisfied by the Galerkin approximations. As remarked
by Miletta [5], the assumptions on the nonlinear maps are not general as far as the existence re-
sults are concerned, but these assumptions give uniform convergence of the approximations.

We assume the following condition on the nonlinear maps M and k:

(L) The nonlinear maps M and k, defined on D(A®*) into H for some a, 0 <a <1, are
continuous and for each r > 0 there exist positive constants C,(r) and C(r) such that

(@) || M(w)|[M < Cp(r) and || k(u) || < Cy(r) for u € D(A%) with || A% || <r,
((15) | M (uy) = M(ug) || < Cpp(r) | A%(uy —up) ||

Il B(uy) = k(ug) || < Crlr) [| A%(uy —uy) ||
for u; € D(A®) with || A%, || <rfori=1,2.

For existence, uniqueness and regularity results we may consider more general nonautono-
mous nonlinearities M(¢,u) and k(t,u) in (1) which satisfy the following conditions (cf. Bahuguna

(3]):
| M(ty,uq) = M(ty,up) || < Cpg(r)l ]t — 15 P A%(uy —uy) || ]
I k(tyyug) = k(ty,ug) || S CR(r) 1ty =t [H+ || A%(uy —uy) || ]

for u; € D(A®) with || u;|| <r,i=1,2, and for some §,p with 0 < 8, u < 1.

2. Existence and Uniqueness

This section is devoted to establishing the existence and uniqueness of the solutions to the

integral equation (2) on [0,7'] for some 0 < T < co. Under the assumptions mentioned in §1, we
prove the following existence and uniqueness result.
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Theorem 2.1: Suppose the assumption (L) holds and ¢ € D(A). Then there exist a T,
0 <T < oo and a unique in C([0,T], D(A®)) satisfying (2) on [0,T].

We shall prove Theorem 2.1 with the help of several lemmas to be proved in this section. Let
Ty, 0 < Ty < oo be fixed, but arbitrary.

Let
1
T :min{TO,[%(l—a)F—lc(R)—l] (1—-01)}’ (5)
where F is such that || A%~ !4 || < Ft=% R=F| 4| ,+1and
C(r) = Cpp(r) + TogoCi(r)

for r > 0 and

9o 5 SrrtlasxTO [g(t)]. (6)

We shall denote by X the Banach space C([0,T], D(A®)) endowed with the norm
lull o =sup || A%(t)]|. (M)
0<t<T

Let H,, denote the subspace of H generated by {ug,u,,...,u,} and P":H—H,_ the associated pro-
jections. For each n, we define

M, (u) = M(P") (®)

k. (u) = k(P"u),

t

K00 = [ o(t=5)k,(u(s))ds.

)
For n =1,2,... we define a map S,, on Br(X*)={ue X*| ||u||, < R} as

t

Su=e” g+ / e~ C=AN (u(s)) + K, (u)(s)]ds. 9)
0
Lemma 2.1: The map

S, BR(X*)—Bg(X®)

1s a contraction.

Proof: We note that for u € Br(X?),
t
ISl Ssup lle™ 4] 4sup [ [ A% 0 () + K ()(s) | ds
- - - 0

FC(R)T'—«
<Fll)l+ 2T " g, (10)

Thus S, : BR(X*)—Bgr(X*). Now, for u; and u, in Br(X®), we have



318 D. BAHUGUNA and S.K. SRIVASTAVA
| M (uy(5)) = M (ug()) || < Cpp(R) |y = ug ]
t
Il K (1)(5) = K (ug)(8) || < 90 / Il kn(ur (7)) =k (ug(r)) [ dT
0

< 90T oCr(R) |l ug —uy || o (11)

Hence for u; and u, in Bp(X?), we have

t
18u) = Suua) < sup [ 114%™~ IR ()M uy(5)) = M ,(5)) |
- - 0

+ |1 K (ug)(s) = K (ug)(s) || Jds

FC(R)T'~ @
<L~y
<ty —uy || 4 (12)

Thus, §,, is a contraction on Br(X*) and therefore there exists a unique u, in Bp(X®) such that

t
w )= e g [T UTI (ul) + K, (u)(0)1ds. (13)
0
We shall assume throughout that ¢ is in D(A) unless otherwise stated.

Lemma 2.2: We have
u,:[0, T]—D(AP)

forall0<t€[0,T] and 0 < B < 1.

Corollary 2.1: There exists a constant U independent of n such that
| APu(t) || <U,

forallt €0, T} and 0 < B < 1.

For proofs of Lemma 2.2 and Corollary 2.1, we refer to the proofs of Lemma 1 and Corollar-
ies 1 and 2 in [5].

Lemma 2.3:

sup || A%u,,(t) — u,, ()] || =0 as m—oo.
{n2m,0<t<T}

Proof: For n > m, we have
| M (w(8)) = M () | < 11 M (un(5)) = M (up () | + 1| M (i () + M (up () |l

< Cpp(R) (| A%un(s) = ()| + Cpr(r) | A%~ P(P™ = P™) APu, (s) ||
Cu(R)
Ao

< Op(R) [| A%uy(s) = ()] + | APup(s) || (14)
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Similarly,

| £ (t(8)) = kp(wn(8)) || < Cr(R) || A%[un(s) = upn(s)]1 + —f%(_ia) | APup(s) 1] -

m

From (14) and Corollary 2.1, for n > m, we have
S
” Kn(un)(s) - Km(um)(s) ” < gO/ ” Kn(un(T)) - Km(um(r)) ” dr
0
< Ty9oCk(R)U,
Also, from (14) we have

+T9oCk(R)  sup || A%u, () —uy(T)] ] -
0<7<s

1) = M) ) < T

Using the estimates of (16) and (17) in the integral equation (13) we obtain that
t
—(t—s)A
A0~ OV < [ 1A% O LD 0, (5)) = M (1)
0

+ ” I{n(un)(s) - Km(um)(s) || ]dS

< C(R)FU,T' ~*

< /\En_a(l—a) +C’(R)F/ (t—s)"% su

p | A%u, (1) — u,(7)] || ds.
0 0 S T S s

The above inequality implies that

sup || A%[u, (1) = upn(7)] |l
0<r<t

t

C(R)FU, T~ / _

——— 4+ C(R)F t— “*su A%u () —u, (7)] || ds.
< S ey HOUF [ =9 s 1 4%T,() ()

0

Applying the Gronwall’s inequality in (18) we get
C(R)FU,T* —«

M1 -a)

Taking the limit as m—oo0 on both the sides, we get the required result.

l1—-a
: C(R)FT! = CRFT_— ~
[1 T—a e

sup || A%u, (1) — u,(T)] || <
0<r<T

+Op(B) sup | A7) = ()] .

1-o ]

319

(15)

(16)

(17)

(18)

(19)

Proof of Theorem 2.1: From Lemma 2.3, it follows that there exists a unique u € Bp(X%)

such that
sup || A%u, (1) —u(7)] || =0 as n—oo.
T

The continuity of M and k imply that
1M 0, (0)) = M) ] + 1| (1)) = (u)(8) || 0 5 n—co.
We may take the limit as n—oo in (13) to assert that u satisfies the integral equation

t
w(t)=e™ o+ [ om0 M(u(s)) + K(u)(s)lds

0

(20)
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Now we prove the uniqueness. Suppose that u; € X%, i =1,2; are two solutions to (20) on
some interval [0,T]. Then for R > 0 large enough, we have

t
2 1 AT(r) (Dl I < C(R)F / (=) % 1Ay (r) )] s, (21)

The uniqueness follows from the application of Gronwall’s inequality in (21) and the fact that for
any u € X9,

lull <A *llullq
3. Faedo-Galerkin Approximations

The solution u € X% of the integral equation (20) and u,, € X® satisfying the approximate
integral equation (13) have the representations

u(t) = ioai(t)u,-, a,(t) = (u(t),u;) 1=0,1,.., (22)
u,(t) = i a(t)u, ol(t) = (u,(t),u;) 1=0,1,... (23)
1 =0

Projecting the integral (20) on H,, we get the Faedo-Galerkin approximation

t s
Pru(t) = e~ tAPTg 4+ / e~ (= Apnpr(Pry(s)) + / g(s — )k(P™(r))drlds.  (24)

0 0
Setting

v=u,(t) = zn: o (t)u;,

1=0
we obtain a system of first order integrodifferential equations

t

2 A () = MO, onrn)+ [ o= RGOl Dds,  (29)
where °
M ag(t),...,an(t)) zi: (t)u,),

n
KR (ag(t), . am()) = (k( ) o (t)u;),u;)
1=0
We observe that v, (t) = P"u,(t). We have the following convergence theorem.

Theorem 3.1:

dim o sup (30 Nay(t) — aP(O]P) =

0<t<T /=0
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Proof: 0o
Alu(t) = un(8)] = ALY (ay(t) — af (1))
o 1=0
= ) M (ei(t) - af(t)u;.
Thus =0
1 ATu0) = (O 2 3 Tete) o (26)

The required result follows from Lemma 2.3.

4. Applications

We consider the following integrodifferential equation

t

u,— Au= f(u, Vu)+ / g(t—s)fo(u(s), Vu(s))ds, z€Q, t>0, (27)
0

u(0,2) = up(z),

where €2 C R? is a bounded domain with sufficiently smooth boundary 0%, A is the 3-dimensional
Laplacian, ¢:R, —R is a continuous function and fi(u,p), (u,p) € Rx R3, i = 1,2, are locally
Lipschitz continuous functions of all its arguments and there is a continuous function p:R | —R |
and a real constant v, 1 <y < 3 such that for ¢ = 1,2, we have

[ fi(w,p)| <p(lul)A+p]7),
| fi(up) = Filw,a) | <p(lul)(1+ Ip|7 71+ [q| 771,

| fi(up) = filvp) | <p(lul + [v[)(X+ P ") u—v].

We refer to Pazy [7] for the case f, =0 in (27). See also Fujita and Kato [4] and Ponce [8]
for related problems. For more general problems, we refer to Simon [10] and references therein.

We reformulate (27) as an abstract integrodifferential equation (1) in the real Hilbert space
H = L%(Q) where A= —A+cl, for some ¢ >0 with D(A) = H3(Q)N H(Q), H*(Q) and HY(Q)
are Sobolev spaces (cf. §7.1 in Pazy [7]), I is the identity operator and

M(u) = f(u, Vu)+cu,
k(u) = f(u, Vu),
¢(z) = uy(2).
3 5v—-3

We observe that for «, max{Z,T} < a <1, all the assumptions of Theorem 2.1 are satisfied

(cf. Corollary 2.3.7 on page 51 and the estimate (4.20) on page 245 in Pazy [7]). Thus, we may
obtain the corresponding existence, uniqueness and convergence results for (27).
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