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ABSTRACT

Existence principles and theorems are established for the nonlinear problem
Lu = f(t,u) where Lu = — (pu') + hu is a quasi-differential operator and f is a
Carathéodory function. We prove a maximum principle for the operator L and
then we show the validity of the upper and lower solution method as well as the
monotone iterative technique.
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1. Introduction

The linear equation
— (PO +h(Bu(t) =0, LER (1.1)

is one of the most widely studied differential equations in the mathematical literature. In the
mid-1800s, Sturm and Liouville observed that even for p = 1 there is no closed form available in
general, and they started a study of the qualitative properties of the solutions. On the other
hand, it is obvious that one of the most relevant areas of research in the qualitative theory of dif-
ferential equations is the study of existence of periodic solutions. Consequently we shall study the
periodic boundary value problem for some linear and nonlinear equations related to the quasi-dif-
ferential operator

Lu= —(pu') + hu. (1.2)

t
L
P

oS~ —_

After imposing some conditions on p and introducing the new independent variable z =
so that (1.1) becomes

v+ H(z)v =0, (1.3)
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we study the operator L in the form (1.2) since it is symmetric (formally self-adjoint) and many
of the celebrated equations of mathematical physics appear as in (1.2). For the relation between
these two forms for second and higher order differential equations, the reader is referred to [4] and

[7].

We consider the following periodic boundary value problem
—(pu') + hu = f(t,u), fora.e.tel=][0,2n] (1.4)

u(0) = u(2m), «'(0) ='(2m). (1.5)
Throughout this paper, we shall refer to the nonlinear problem (1.4), (1.5) as (NP), and
further, we shall assume that the coefficient functions p and h satisfy
() p e Wh(I) (Sobolev space of first order), p(t) > py >0, p(0) = p(27).

(i) heLYI), h > 0; that is, h(t) > 0 for a.e. t € I and h(t) > 0 on a subset of I of positive
measure.

Also, the function f:IxR—R is assumed to satisfy the Carathéodory conditions; that is,
f(-,u) is measurable for every u € R, f(t,-) is continuous for a.e. t € I, and for every R >0

there exists a function hp € L'(I) with
| f(t,u)| <hpg(t) for a.e. t € I and every |u| < R. (1.6)

By a solution of (NP) we mean a function u € W2 1(I) satisfying the equation for a.e. t € T
and u(0) = u(27), w'(0) = u'(27), where W% (I) denotes the Sobolev space of second order [3]. If
p=1and h=M >0 then Lu = —u" + Mu and we extend the well-known results for the exis-

tence of periodic solutions of —u" = f(t,u) for f continuous (see [5], [8]) and for f a Carathéo-
dory function (see [9]).

We first prove a maximum principle for the operator L with periodic boundary conditions.
In particular, we obtain that L is invertible and that the corresponding Green’s function is non-
negative. This allows us to give some existence results.

In section 3 we define the concept of upper solution, £, and lower solution, a. If o < 3 then
(NP) has at least one solution between a and (. In the study of (NP) the function I'(t) =
limsuplul_mof(t—l;u2 plays an important role. In §4, we show that h > I' implies that (NP) is

solvable. Finally, under a one-sided Lipschitz condition, we show that validity of the monotone
iterative method that approximates the minimal and maximal solutions between « and .

2. Preliminary Results

In this section, we present some results concerning the linear problem
—p(u) +hu=0 (2.1)
u(0) = u(27), '(0)=7u'(27) (2.2)

where ¢ € L'(I). We shall refer to problem (2.1), (2.2) as (LP).

Theorem 2.1:  Assume o € L}(I) and o >0. Then, any solution u of (LP) is such that
u(t) >0 forae. t€1.

Proof: Since u is a solution of (LP),
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0 0 0
2w
Thus, f h(t)u(t)dt [ o(t)dt.
0
Now if u<0 on I, then hu <0 and hence f o(t)dt <0, which is a contradiction with the

condition on o. Hence, u(t,,) = maz{u(t);t € I} Z 0. Let us show that the minimum of u is non-
negative. Assume u(t,,) = min{u(t);t € I} <0. If ¢, €(0,27) and ¢, <ty let t; € ({,,,ty)
with u(t) <0 on (¢,,,%,), u(t;) =0. Then hu <0 on (t,,t,), and hence

—(pu') > —(pu') +hu=0, a.e. on (t,t),

which shows that pu’ is decreasing on (¢,,,t,). Since ¢, is minimum of u, u'(¢,,) = 0, and hence
pu' <0 on (t,,,t). Also, from (7) it follows that u'(t) <0 on (t,,,¢,), and thus u(t) is decreasing
on (t,,,t), which is a contradiction. If ¢, >y, let t, € (t5,t,.) with u(t) >0, t € (t,,t,,), and
u(ty) = 0. As before, we have that pu’ is decreasing on (t4,t,). Now, from u'(t,,) =0 we get
that u' > 0 on (t,,1,,) and that u is increasing on (t,,1,,), which is again a contradiction.

Next, assume the minimum to be attained at t,, = 0. Then «'(0) > 0. It follows that ¢t = 27
is also minimum, and hence u'(27) < 0 and u'(0) = 0. The proof follows as in the previous case. O

Remark 2.1: The conclusion of the previous theorem is still valid if we replace the periodic
conditions by u(0) = u(27), v'(0) < u'(2n).

Corollary 2.1: (LP) (with o = 0) has only the trivial solution.
Proof: Multiplying (2.1) by u and integrating over [0,27] we get

2w

| 1)+ hsys)ds = .
Thus, u = 0. ° a

Corollary 2.2: (LP) has a unique solution u, given by
27
u(t) = / G(t,s)o(s)ds, (2.3)
0
where G(t,s) is the Green’s function corresponding to (LP) for o = 0.
Proof: It is enough to construct the Green’s function G(t,s). Write (2.1) in the following

form
u”(t) + a(t)u'(t) + b(t)u(t) = (1),

where a(t) = p'(1)/p(1), b(t) = — h(t)/p(t) and ¢(t) = — o(£)/p().

Let u;,uy be two linearly independent solutions of the homogeneous equation (2.1) with
o = 0. Then, the general solution of (2.1) is given by

27

) = ey (1) +equg(e) + [ DL o), (2.4
0

W(s)

where W is the Wronskian of u; and u,. The derivative of u is given by
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2w
W(t) = equp(t) + cpup(t) + / _”1(””2(‘;,)(:)"2(”“1(3) o(s)ds.
0

To determine ¢; and ¢y, we use (2.2) and get the following system

uy(0) — uy(27) u,(0) — ug(2m) 1 _ dy
uy(0)—uy(2m)  up(0) - up(2r) ¢z dy )
27T

dlz/ _“1(2”)“2“‘/{)(‘:)"2(2”)"1(3) (s)ds,

where

0

.- /2"—ua<2w>u2<s>+u'z<2w>ul<s>

W) c(s)ds.

0

It follows from Corollary 2.1 that the above system has a unique solution

( ¢y ) 3 ( uy(0) — uy (27) uy(0) — uy(27) )_1( dy )
¢ |\ w0 —wer)  uy(0) - uy(2n) dy |

Substituting the values of c1 and c, into (2.4) we obtain the unique solution wu(t) of (LP).
Moreover, u(t) has the form fG (t,s)o(s)ds, with a uniquely determined function G(t,s), which

satisfies all the properties of the Green’s function. a

Lemma 2.1: Let v € L'(I) with 0 > 7. Then there exists 6(y) =6 >0 such that

B (u) = B(w) = / (O @R = 10PN 2 8wl
where HY(I) denotes WH(I) [3].

Proof: In L*(I) consider the following inner product

2
(o), = [ pnou(v,
0
which is equivalent to the usual one. We first show that B(u) = 0 if and only if u = 0. Obvious-
ly u =0 implies B(u) = 0 Let B(u) = 0. Thus u is constant on I since B(u) > f p()[w'(t)])2dt.
Consequently, 0 = uzf 7(t)dt and u = 0.

If the conclusion of the lemma is not true, then there exists a sequence {v,} in Hl(I) such

that B(v,) <4 v, || i{l(l)' Let u, = v,/ || v, || ay Thus (passing to a subsequence) we have

that {B(xu,,)}—0, {u,}—uin C(I), {u, }—»u (weak) in HY(I) and {u/ }—u' (weak) in L*(I).

27 .
Thus [ p(t)[w'(t)]*dt < hrglnfj p(t)[u. (¢)]*dt and
0
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2w

27
: ' 294 _ _ U2 .
Jim_ [ PO (1)2dt = [ (bt

27 2w
Hence, B(u) <0 and u =0 which implies that [ p(t)[u/(t)]*dt=0 and [ u(t)dt = 0.
0 0

From this we obtain that lim || u, | = 0 which is a contradiction. 0

H(I)
Remark 2.2: If v,,v, € LY(I) satisfy 0 > 72 > 71, then we can take 6(7,) > 6(7,) > 0 since

2m 2w
B, ()= Z (o) ~ 7] 2 / [o()? ~ 7302 > 8(33) || u |

Now, let W = {u € W2(I);u(0) — u(27) = «'(0) —u'(27) = 0}. From corollaries 2.1 and 2.2
we have that L: Wi—L!(I) is invertible and L ~! is the integral operator whose kernel is G.

HY (1)

We end this section with the following result concerning (NP).

Theorem 2.2: Suppose f: I xR—R is a bounded function in the Carathéodory class. Then
(NP) has at least one solution.

Proof: Let N:L(I)—L(I) be defined by (Nu)(t) = f(t,u(t)). Since f is bounded, there
exists a constant c; such that

| f(tyu)| <co V(tu)€IxR.

This implies that N maps Ll(I) into the closed ball of radius 2mc in Ll(I). Consequently (see
(1, Ch. 3]), N is continuous. Also, (NP) is equivalent to the fixed point problem

u = Tu, (2.6)

where T =10 L~ Yo N, i: L}(I)—L(I) being the inclusion.

Note that there exists a constant ¢ > 0 such that || Tu|| < c for all u € L'(I). Therefore, all
solutions of u = ATwu, A €[0,1] are bounded. This implies that T has a fixed point [11, Th.
4.3.2], and hence, problem (NP) has at least one solution. O

3. Upper and Lower Solutions

We say that « € W2 Y(I) is a lower solution of (NP), if
— (pa) + ha < f(t, @), aetel
a(0) = a(27) (3.1)
a'(0) > o'(27).
Similarly, we say that 8 € W2 1(I) is an upper solution of (NP), if
— (") +hB = f(t,B), aetel
p(0) = B(2m) (3-2)
p'(0) < p'(2m).

Next, we will show that the existence of lower and upper solutions with o < /4 is a sufficient
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condition to guarantee the existence of solution of (NP) in the sector [a, ] = {u € W2 (I);
a(t) <u(t) < B(t),Vt}). Relative to «, B consider the following functions p(t,u) = maz{a(t),
min{u, B(t)}}, F(t,u) = f(t,p(t,u)), and the modified problem

— (pu/)/ + hu = F(ta 'll,) (33)
u(0) = u(27),w'(0) = u'(27).

Since F(t,u) is a Carathéodory function on I xR, and moreover, it is bounded, it follows
from Theorem 2.2 that (3.3) has a solution.

Theorem 3.1: Suppose that o, are lower and upper solutions for (1.4), (1.5) respectively,
such that a(t) < B(t) for every t € I. Then there exists at least one solution u of (NP) such that
a(t) < u(t) < B(t) for every t € 1.

Proof: It is clear that the modified problem (3.3) coincides with (NP) in the sector [«, 3].
Hence, it will suffice to show that any solution of (3.3) lies between « and (. Let us show that
a < u. (That u < f is obtained in an analogous way.)

- Let us suppose that u(t) < a(t), Vt € I. Since — (pu') + hu = F(t,u), — f (pu) + f hu =
f f(t «), and using the properties of p and (3.3),

0= [ [£(5,0(5)) — h(s)u(s))ds

2m

> / h(s)[a(s) - u(s))ds > 0,

0

which is a contradiction. Hence, there exist points t' € I such that a(t') < u(t').

Consider the function ¢(t) = a(t) —u(t) and take t, € I with ¢(t,) = max{p(t);t € I'}. Next
assume that ¢(t,) > 0 and take ¢; € I with ¢(t;) <0. If t; € (0,27) and ¢, < t;, take t, € (ty,t;)
such that ¢(t,) = 0, ¢(t) > 0 for all t € [t,,1,).

Since — (pa')’ + ha < f(t,a) and p(t,u) = o in [ty,t,), —(pu')' + hu = f(t, ), and hence, py’'
is increasing on [t(,t,). Since ¢'(ty) =0, ¢'(t) >0, Vt € [ty,t5). This shows that ¢ is increasing
in [y, 1,), which is a contradiction. If ¢y > t;, the result will be obtained in the same way (see the
proof of Theorem 2.1).

Next, if ¢ attains its maximum at ¢, =0, ¢'(0) <0. Since ¢t=2m is also maximum,

¢'(2m) > 0. Now, since ¢'(0) > ¢'(27), ¢'(0) must equal 0, and the result follows as in the pre-
vious case. O

If « is a constant lower solution then o must satisfy
h(t)a < f(t,a) fora.e.te €1.

Analogously, if 3 is a constant upper solution, then h(¢t)8 > f(t,3) for a.e. t € I. Thus we obtain
the following corollary.

Corollary 3.1: Assume that
f(t u)

< h(t) for |u| sufficiently large and a.e. t € I.
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Then (NP) has at least one solution.

Proof: Let R > 0 be such that —5— f(t R) < h(t) for a.e. t € I. Hence B(t) = R, t € I is an upper
solution. Similarly a(t) =r<0,t€l w1th f(t r) < h(t) for a.e. t € I is a lower solution. 0
4. Existence Results

We first consider the problem

—(puY+hu=cu+o (4.1)
u(0) = u(27), u'(0)='(2m) (4.2)

where c,0 € Ll(I).

If h>con I then by Corollary 2.2 (4.1), (4.2) has exactly one solution. To extend this result
to (NP) we need some “a priori” estimates for the solutions of the nonlinear problem.

Lemma 4.1: Suppose that there exists v € Ll(I) with 0 > v and € €[0,6), where § is defined
by Lemma 2.1, with

c(t) < h(t)+y(t) +¢€ for a.e. t € 1.
Then there exists a > 0 such that
_ 1
lul yry Sa6=9~ el

for any solution of (4.1), (4.2).
Proof: Multiply (4.1) by u and integrate on I to get

2m 2w 2m
/ (O (O)Pdt + / [h(2) — e(8)Ju(t)?dt = / o(t)u(t)dt.
0 0 0
Hence,
2w 2m 2m
| owuwarz [ (pon P -oueta-c [
0 0 0
_B(u)—f”u”Lz(I

> 6 lull 21,y = llull2s

On the other hand,
2T

ot < ol 1 - ull ooy Salla gy Il g,
0

In consequence, || u || 1) S <a(6—¢)" o || Ly ]

Theorem 4.1: Suppose that there exists v € LY(I) with 0 > and
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h(t) +v(t) > I'(¢) = limsup f('i;u)

lu|—o0
uniformly for a.e. t € I. Then the nonlinear problem (NP) has at least one solution.

Proof: There exists M > 0 such that |u| > M implies

t,
f(uu) < h(t)+ () +%, for a.e. t € I.

Define
fltw) lu| > M
) f(t];/[M) O<u< M
g\, u) =
—f(t’_MM) -M<u<0
h(t) +~(t) u=0

and d(t,u) = f(t,u) — g(t,u)u.

It is easy to see that g and d are Carathéodory functions such that
g(t,u) < h(t) + () +5, for u € R and ace. t € I
and
ld(t,u)| <sup | f(t,u) —g(t,u)u| <2]hp(2)].
lu] <M
Thus, (NP) is equivalent to
= (pu') + hu = d(t,u) + g(t,u)u
u(0) = u(27), v'(0) = u'(27).
This suggests to consider the following homotopy:
—(pu') + hu=[(1 = X)y+ (1 = A)h+ Ag(t,u)]u + Ad(t,u), (4.3)
u(0) = u(2m), u'(0)=u'(2m). (4.4)
Equation (4.3) is equivalent to
—(pu) —yu = A —yu— hu + g(t,u)u + d(t,u)). (4.5)

If L,Y:Wz’l(I)v—-»Ll(I) is defined by L u= —(pu')' —yu with —v >0, then the set of equations
(4.3), (4.4) is equivalent to

u=AL; oN)u (4.6)

where Nu = — yu — hu + g(t,u)u + d(t, u).
On the other hand, (4.3) is of the form (4.1) with

e(t) = (1 =A)y(t) + (1 = A)h(t) + Ag(t,u(t))
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and o(t) = Ad(t,u(t)). We have that
e(t) < (1= M[A(E) + 7()] + AlA() + (1)) + X5
<h() +9() +5,

and | Ad(t,u(t))| < 2hy,(t) for a.e. t € I, which implies that || o || L) <2|| hprll Ly

Consequently,
A A5
ottty S ol§) 20l gy =406~ lhag 1y
and all the solutions of (4.3), (4.4) are bounded independently of A € (0, 1).

In consequence, by [11, Th. 4.3.2], (4.6) has a fixed point for A =1 which is a solution of
(NP). O

5. The Monotone Method

In this section we assume that « is a lower solution and f is an upper solution of (NP)
respectively, such that o« < 8 on I.

We introduce the following additional hypothesis: There exists M € Ll(I) with M(¢) > 0 for
a.e. t€l, and

Ftu) = F(t0) > - M(D(u—0), a(t) <v<u<BD) (5.1)
Next, for each n € L!(I), consider the modified problem

(Lu)(t) + M(8)u(t) = f(t,n(t)) + M(t)n(t) = o, (1) (5.2)
u(0) = u(27), u'(0) = u'(2m).

Note that, since o, € LMI) and M(t) >0 for a.e. t € I, then (5.2) has a unique solution since
h+ M > 0. Define an operator A:Ll(I)HE by An = u to be the solution of (5.2). The basic pro-
perties of A are summarized in the following.

Lemma 5.1: Assume that (5.1) holds. Then the operator A has the following properties.
1. If n € L)(I) is such that « <1 < B for a.e. t € I, then
a< An< B, fora.e tel.
2. If ny,my € LY(I) are such that o < n <ny < B forae tel, then

a< Any < Any < B, forae tel.
Proof: Let us show that a < An for a.e. t € I. (The case An < 8 can be proved similarly.)

Let v = u — o, where u = An. From (5.1) it follows that (Lv)(t) + M (t)v(t) > 0 for a.e. t € I.
Moreover, v(0) = v(27) and v'(0) < v'(27). Also note that h+ M > 0. Hence v>0 for a.e. t €1
as a consequence of Remark 2.1, and thus o <u = An.

To prove the second part, put v=u,—u;, where u; = An; (i=1,2). Then (Lv)(t)+
M(t)v(t) > 0 for a.e. t € I, and the result follows as before. a
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Theorem 5.1: Suppose that a and B are lower and upper solutions of (1.4), (1.5) respectively,

such that o < 3. Assume that condition (5.1) holds. Then there exists monotone sequences {a,,},
{B,.} such that

1. {a,} is increasing and {8} is decreasing.

2. a, < B,, for any n,m e N.

3. a = lima,, is the minimal solution of (NP) in [a, B].
4. B =limp,, is the mazimal solution of (NP) in [, 3].

Moreover, if u is a solution of (NP) with u € [a, B], then u € [& ,ﬁ ].

Proof: Let oy =a and define {«,} inductively by a, 1= Ay, for n>0. Similarly, let
Bo= B and B, .= AB,, for m>0. It follows now from the previous lemma that {e, } is in-
creasing and {f,,} is decreasing. Also, a,, < 8, for all n,m € N.

Therefore, {o,,} is uniformly bounded and increasing, and it has a pointwise limit, say & (t),

t€I. Using the integral representation for a,, , 4 given by (2.3) and by standard arguments, it
can be shown that @ is a solution of (NP) and properties 1-4 are valid. O
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