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ABSTRACT

In this paper, we discuss the qualitative behavior of a map h
along solutions of an autonomous system whose initial values are
measured by a second map h;. By doing this, we may deal with, in a
unified way, several concepts and associated problems, which are usually
considered separately. Five theorems on asymptotic stability are given
and two examples are worked out.
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1. INTRODUCTION

It is well known that LaSalle’s invariance principle [3] is one of the most useful results
in applications since it allows using the total energy as a Lyapunov function to obtain
asymptotic stability in mechanical problems with dissipation. The key idea of the invariance
principle is to use Lyapunov’s method to locate an attractive set and then to refine the result
by using invariance properties of its subsets. Recently, Hatvani [1] successfully extended the

invariance principle to the study of partial stability which improves LaSalle’s result

significantly.

Due to the needs of applications, there are several different concepts of stability
studied in the literature, such as orbital stability, partial stability, conditional stability, just to
name a few. To unify these varieties of stability notions and to offer a general framework for
investigation, the stability concepts in terms of two different measures have been proven very

useful. See Lakshmikantham and Liu [2] for a detailed discussion of this point.

We shall discuss, in this paper, stability properties in terms of two measures for

autonomous differential systems and extend the invariance principle to the study of (hy,h)-

stability.
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2. PRELIMINARIES

Let us list the following definitions and classes of functions for convenience.
K =[oc € C[R _,R  Jo(u) is strictly increasing and o(0) = 0].

[ =[heC[R"R _jinf h(z)=0]
z € R"
Consider the differential system

' = f(z) (2.1)
where r€ R", feC[R",R"). For p>0, we define s(h,p)=[z€ R™h(z)<p]. Let
z(t) = z(t,z,) denote any solution of (2.1) with z(0) = z,. We shall assume that if z(t) is a
solution of (2.1) so that h(z(t)) < p for t €[0,), then z(t) can be continued to the closed
interval [0,a]. For y € S(h,p), we denote by y(y) the positive trajectory of (2.1) passing
through y i.e. v(y) = {z(¢t,y);t > 0}, and by Q_(z,) all the positive trajectories of (2.1) passing
through z, with hy(z,) < o, i.e. Q (zy) = [z € R™;z = z(t,z4),t > 0, and hy(z,) < o).

Definition 2.1: Let hy,h € . Then we say that h; is finer than A if there exists a
constant p > 0 and a function ¢ € K such that

ho(z) < p implies h(z) < ¢(hy(z)).

Definition 2.2:  Let V € C[R™,R _]. Then the generalized derivative of V along
solutions of (2.1) is defined by

D*V(z) =lim supl{V(z +6f(z)) - V()]
s—ot 0
We define the set E by

E={z€5(hp), D¥V(z)=0).

Definition 2.3:  Let hp,h €T and V € C[R",R ]. Then V is said to be
(1)  h-positive definite if for some p > 0 and b € K, h(z) < p implies V(z) > b(h(z));
(i1)  hg-decrescent if for some p > 0 and a € K, hy(z) < p implies V(z) < a(hy(z))-

Definition 2.4: Let hg,h € T. The system (2.1) is said to be
(1) (hg,h)-stable if given ¢ > 0 there exists § = é(¢) > 0 such that hy(z,) < & implies
h(z(t)) <€, t > 0, where z(t) = z(t, z,) is any solution of (2.1);
(17)  (hg, h)-attractive if there exists a o > 0 such that hy(z,) < o implies h(z(t))—0 as
t—00;

(#42)  (hg, h)-asymptotically stable if (i) and (i) hold;
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(iv)  (hg, h)-unstable if (i) fails to hold.

Definition 2.4 describes the qualitative behavior of a map h € ' along solutions z(¢) of
system (2.1) whose initial values are measured by a second map hy€Tl. By using this
definition, we can deal with, in a unified way, several concepts and associated problems, which
are usually considered separately. It is easy to see that Definition 2.4 reduces to

(1)  the well-known stability of the trivial solution of (2.1) if h(z) = hy(z) = || z ||,
where || - || denote the Euclidian norm in R™;

(2)  orbital stability if h(z) = hy(z) = d(z,v), where v is a given periodic orbit of
(2.1), and d is the distance function;

(3)  partial stability of the trivial solution of (2.1) if h(z) = ||z]|,, 1 <s<n, and
ho(z) = N1z 1l;

(4)  the stability of an invariant set A C R" if h(z) = hy(z) = d(z, A);

(6)  the stability of conditionally invariant set B with respect to A, where

A C BCR", if h(z) = d(z, B) and hy(z) = d(z, A).

3. MAIN RESULTS

We state and prove our main results in this section. Let us begin by proving a result

on (hg,h)-asymptotic stability under weaker assumptions.

Theorem 3.1: Assume that
(7) ho,h € T and hy is uniformly finer than h;
(i) V eC[R™ R _]V(z) is locally Lipschitzian in z, h-positive definite, hy-

decrescent and

Dt V(z) <0 on S(h,p),

(#7)  the set s(h,p)NQ, (z,) is precompact;
(iv)  for any ¢ >0, the set ENV ~1(c) contains no complete positive trajectory of
(2.1), where V= Y(z) = {z € s(h, p);V(z) = c}.

Then the system (2.1) is (hy, h)-asymptotically stable.
Proof: Assumptions (i)-(¢i) imply that the system (2.1) is (hgy, h)-stable. Thus for

p > 0, there exists a 65 = 6,(p) > 0 such that

ho(z) < 6, implies h(z(t,z)) < p, t > 0. (3.1)
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Choose § = min{8y,¢}. Then by assumption (iii) and (3.1) we see that hy(z() < & implies that
z(t,zy) is bounded and h(z(t,zy)) < p, t > 0. Since V(z(t,z,)) is nonincreasing and bounded
from below, it follows that I‘i_r_.nOOV(x(t,zo)) =c >0. Suppose, for the sake of contradiction,
that ¢ > 0. Since z(t,z,) is bounded, it follows that Q(z,) is nonempty and invariant. Then
for y € Q(zqy),z(t,y) € Azp), t €[0,00). Thus V(z(t,y))=c and D tV(z(t,y)) =0 for
t €[0,00). Hence v(y) C ENV ~!(c), which contradicts assumption (iv). So, we must have
¢ = 0. Since V(z) is h-positive definite, this shows I‘i_rzlooh(z(t,zo)) = 0. Thus the system (2.1)

is (hg, h)-asymptotically stable and the proof is complete.

Remark:  If hy(z) = h(z) = || z||, then condition (ii?) is a consequence of conditions
(i) and (it) and Theorem 3.1 reduces to LaSalle’s result [3]. In case hy(z)= ||z and

h(z) = | z]|,, @ < s < n, then Theorem 3.1 includes Oziraner’s result [4] on partial stability.

If we remove the condition (iii) in Theorem 3.1, i.e. without demanding the

boundedness of solutions of (2.1), then we have the following result.

Theorem 3.2: Assume that
(1)  hh™hy €T, and h(z)+h*(z) = ¢(hy(z)), where ¢ € K and ¢(hy(z))—o0 as
| z || —o0;

(1)  assumptions (ii) and (iv) of Theorem 3.1 hold.

Then there ezists a constant §>0 such that hy(z,) <6, implies that either

V(z(t,z5))—0 or h™(z(t,z4))—00 as t—oo.

Proof: By condition (i), h(z) < ¢(hg(z)), which means that hg is uniformly finer
than h. This, together with condition (ii¢) of Theorem 3.1 implies that the system (2.1) is
(hgy h)-stable. Thus for ¢ = p > 0, there exists a 65 = 6,4(p) > 0 such that

ho(zy) < 8 implies h(z(t,z5)) < p, t > 0. (3.2)

Let z(t,zy) be a solution of (2.1) such that h*(z(t,zy))x—cc as t—oco. Then there exists a
sequence t, € R, t —oo as n—oo such that {h*(z(t,,z))} and {h(z(t,,zy))} are bounded
which implies, by condition (i), that {z(t,,z,)} is bounded. Thus Q(z,) is nonempty. Since
V(z(t,zy))—c >0 as t—oo, then there exists a y € Q(zy) such that V(y) =c. But the set
Q(zy) is invariant, consequently, the set E ﬂV"l(c) contains a complete positive trajectory.

This, together with assumption (iv) of Theorem 3.1, implies ¢ = 0. Thus the proof is complete.

Employing Theorem 3.2, one can get (hg, h)-asymptotic stability as follows.
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Theorem 3.3: Let the assumptions of Theorem 3.2 hold. Suppose further that
(A)  V(z)—0 as D V(z)—0 and h*(z)—oo.

Then the system (2.1) s (hy, h)-asymptotically stable.

Proof: (hgy h)-stability of (2.1) is immediate. Thus there exists &, = 5(p) >0
such that hy(zy) < &, implies h(z(¢,zy)) <p, t 2 0. Let z(t,z;) be a solution of (2.1) with
ho(zg) < 6g. Then by Theorem 3.2, V(z(t,z,))—0 as t—oo or h*(z(t,zy))—co as t—oo. Since
V(z) is nonnegative and D ¥ V(z(t,z,)) <0, t > 0, it follows that Iti_rzéosupD"'V(z(t,zo)) =0,
which implies that there exists a sequence t, € R+ such that D ¥ V(z(t,,z,))—0 as n—oc.
Suppose that lti_r_.rgoV(z(t,xo))zcyéO. Then h*(z(t,,zy))—00 as n—oo, which implies, by
assumption (A), V(z(t,,z5))—0 as n—oo. This is impossible. Thus we must have
V(z(t,zy))—0 as t—oo. Since V(z) is h-positive definite, this in turn implies that

h(z(t,zy))—0 as t—oo and hence the system (2.1) is (hg, h)-asymptotically stable, completing

the proof.
Example 3.1: Consider the nonlinear system
Ty = —z(1 +z3),
Th = —z,, (3.3)
1

Choose V(z) = z3 + 22 + z3z%, h(z) =22+ 12, h*(z) =22 and hy(z) = h(z)+h*(z). Then

V(z) is h-positive definite, hj-decrescent and continuously differentiable. The derivative of
V(z) along solutions of (3.3) is

D*V(z)= -2z}l +22) + 25+ z223] <0

It is easy to see that D*V(z)—0 iff z,—0, z,—0 and x%a:g—»o. If h*(z)—o0, then we must

have zgrg—vo, which implies

V(z)—0 as Dt V(z)—0 and h*(z)—oco.

Thus condition (A) of Theorem 3.3 is satisfied. It is easy to verify that all other conditions of

Theorem 3.3 are met. Thus the system (3.3) is (hg, h)-asymptotically stable.

Theorem 3.4: Assume that conditions (i) and (ii) of Theorem 3.1 hold. Suppose
further that
(iii*) for any ¢ >0, any complele positive irajectory of (2.1) contained in V" (c)NE
is also contained in the set N = {z € R",h(z) = 0};
(iv*) h(z)—0 as || z || —oo if h(z) is bounded.
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Then the system (2.1) is (hy, h)-asymptotically stable.

Proof: Evidently, system (2.1) is (hg, h)-stable. Thus there exists 6, = é,(p) >0
such that

ho(zy) < 6, implies h(z(t,zy)) < p, t > 0. (3.4)

Let z(t,z,) be a solution of (2.1) satisfying (3.4) and define m(t) = V(z(t,zy)), t € R . Then
m(t) is nonincreasing and bounded from below, so Itil"noom(t) = c exist. Let us assume ¢ > 0 for
otherwise ¢ =0 and the theorem is proved. Since h(z(t,zy)) is bounded for any t >0, it
follows from condition (iv™) that we only need consider the case when || z(t,z;) || {—oc0 as
t—oo. If || z(t,zy) || =00 as t—oo, then w(zy) # ¢ and w(zy) CV " Hc)NE. Let y € w(zy).
Then ¥(y) C w(zy) since w(z,) is invariant. By condition (#i:™), ¥(y) C N which implies
w(zy) C N and h(y) =0 for any y € w(zy). If there exists a sequence {z(t;,z,)} such that
|| z(tg, o) || =00 as k—oo, then by conditions (iv™) iizlooh(a:(tk, ry)) =0. Thus we conclude
that It@wh(z(t,ro)) = 0 for any solution z(t,z,) of (2.1) satisfying (3.4) and hence the system
(2.1) is (hg, h)-asymptotically stable.

The following result is a direct consequence of Theorem 3.4 and its proof is omitted.

Theorem 3.5: Let conditions (i) and (i) of Theorem 3.1 and condition (iii™) of
Theorem 3.4 hold. Suppose further that

lim V(z) = co. (3.5)
|z |—o00
0< h(z) < p
Then the system (2.1) is (hy, h)-asymptotically stable.
Example 3.2: Consider the nonlinear system
Ty = 73,
T =z,
(3.6)
1 2 2 2
zh = ——(z x5 — x5 — 2z
3 1+I%( 174 13 1 3)7
o =—2Lr (-2, —z,2% 22,22, — 3z,z,).
L 4 2+x¥+:%( 2 274 1%374 24)

4

Let V(z) = %(:cfxz + 2222 + 232k + 22 + 222) + 22, h(z) =224 22 and hy(z) =.le?. Then
1=

V(z) is h-positive definite, hy-decrescent and continuously differentiable. The derivative of

V(z) along solutions of (3.6) is

DYtV(z)= - 2::%::% - 32:%2:3 <0.
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E={ze€ R4;zlx3 =0 and z,z, = 0}. The largest invariant set contained in E is the (z,,z,)-
plane where h(z) vanishes. Since lim_V(x) = oo, it follows that condition (3.5) is satisfied.
2

Thus by Theorem 3.5 the system (3.6) is (hg, h)-asymptotically stable.
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