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ABSTRACT

The present paper is concerned with the existence of integral manifolds
of impulsive differential equations as t-++o0o. Under the assumption of
exponential trichotomy on the linear part of the right-hand side of the
equation, it is proved that if the nonlinear perturbation is small enough, then
there exist integral manifolds as t— + co for the perturbed equations.
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1. INTRODUCTION

Impulsive differential equations have found many applications in physics, chemistry,
control theory, etc. In recent years, may interesting results on qualitative theory of these
equations have been obtained [1], [2], [5], [10]. The existence of stable and unstable integral
manifolds of such equations has been investigated in [10] under the assumption that the linear
part of the right-had sides of these equations is hyperbolic. In [2], the authors have
investigated the existence of integral manifolds, some components of which remain bounded as

t— + oo.

In this paper we are concerned with the existence of integral manifolds, some
components of which remain bounded as -+ co. Introducing the notion of trichotomy of the

linear part of the right-hand sides of these equations, we have proved that under a small
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nonlinear perturbation there exist integral manifolds with properties mentioned above for

differential equations with impulse effect.

2. PRELIMINARIES

In the present paper, we consider equations of the form

%§=Aan+pa¢)ﬁt¢%¢en+

Az|, = b= B,x(t,—0)+1I,(z(t,—-0)),neN

(1)

where z € X, X is a complex Banach space, Az |, __=z(r+0)- (r—0),F:RT x X=X is a
piecewise continuous function with discontinuities of the first kind at the points t =1,
n=1,2,... with respect to ¢ and continuous with respect to z, A(t) is a continuous and
bounded operator with respect to ¢, B, are bounded linear operators, I,,: X=X are impulsive

operators. Furthermore,
0<ty <ty<.., lim t, = +oco.

We assume that there exists uniformly in t e R+

i(t,t+T)

lim =p< 400 (2)

T+ oo T

where i(a,b) is defined as the number of points ¢, belonging to (a,b).
Definition 1: By solution of (1), we understand a piecewise continuous function z(t),
t € Rt with discontinuities of the first kind at the points t,, n €N such that for every t # ¢,
we have
4z = At)z(t) + F(t,2(1))
and z(t) satisfies (2) for every t =1¢,.

Definition 2: The linear part of (1) is said to have an ezponential trichotomy if there
exists a splitting X = X, & X, ® X3 and positive constants «, a, §, o > B with the following

properties:
i) A(t), B, leave X;, i = 1,2,3 invariant for every t € R* and neN,
i) XX ) I < ezp(—alt—3)), for t > s

|| X3(t)X 31(3) || <& exp(—a(s—t)), for s>t
| X,()X ‘ll(s) || <kexp(B|t-—s]), forallt,s
where X(t) = diag(X,(t), X,(t), X5(t)) is a fundamental solution operator of the linear part of
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(1).

Definition 3: We call an integral manifold of (1) any subset M of the extended phase

space consisting of whole integral curves.

From now on we shall deal with integral manifolds which can be represented in the

form of a graph of a mapping with certain properties.
In what follows L(p,n) denotes the set of mappings ¢:R* x X;-X, ® X, enjoying the
following properties:
lo(t,u)|| <p for (t,u) ERT x X,

| o(t,u) —p(t,v) || <nllu—v] forallteRY uve X,
We shall consider only nonlinear perturbations F, I, in (1) satisfying the Lipschitz condition
with respect to z, i.e.

| F(t,z) - F(t,y) || <6]lz—y|| forallteR¥,z,ye X

11,(2) = I,(0) | <8llz—yl| for all n €N,z € X.

Furthermore, we assume that

| F(t.2) || <@ || In(2) || < Q for all ¢,m,z.

3. PREPARATORY LEMMAS

The proof of our main result needs some technical preparations which we carry out in

this section.

Lemma 1: Suppose that the nonlinear perturbations F, I, in (1) are independent of z
and X5 = {0}, (i.c., the linear part of (1) has an ezponential dichotomy). then (1) has at least

one bounded solution. In addition, all bounded solutions of (1) satisfy the following equation

[}
[o.]
z(t)= X(t)y + /G(t,r)F(r)d‘r-}- Z G(t,t;)I; 3
() i=1
where X(t) is the principal fundamental solution operator of the homogeneous equation (i.e.,

X(0) =Id), G(t,7) is Green’s function of the homogeneous equation, y € X,.

Proof: The proof of the lemma can be carried out in a well known way (see e.g. [1]).

Thus we omit it.
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Lemma 2: Assume that X5 ={0}. Then (1) has at least one bounded solution (as
t=+00) and all bounded solutions of (1) satisfy the equation

2(8) = X(t)y + / Gt,9)F(ta(s))ds + 3 Gt )T (=() (@)
0

i=1
where the notation is the same as in Lemma 1.

It may be noted that under the assumptions stated above equation (1) satisfies the

Existence and Uniqueness Theorem.

Now we rewrite equation (1) in another form

%%: Al(t)u+F1(t,u,v),u € vaeXg@X:;
D = A4+ Fy(tu,0), if t #£1,t€RT (5)

Auly oy = Blu(t,—0)+In(u(t, - 0),v(t, —0))

AV |y o, = Bao(t, —0) + In(u(t, = 0),v(t, = 0)).

Suppose that M is any integral manifold of (5) which is represented by the function
2 x X=X,® X3, ¢ € L(p,n). Now we are going to find the equation defining ¢. Let
z(t) be any solution of (1) such that (t,z(t)) € M for all t e R*. Then z(t) = (u(t), p(¢, u(t)),
where u(t) = P, x(t), Py, Py, Pj denote the projections: X-—X;, X,, X5 respectively. It is

clear that u(t) is a solution of the following equation

%_1; = A,(tyu+ Fy(t,u,p(t,u)) if t # ¢,

Aulpzy = Bru+ In(u, p(t,, ). ©
On the other hand, ¢(t,u(t)) is a solution of the equation
Aol w0 a0yt u(t)) + Folty u(t) oty u(®)) it  tpyt €R* 7
Aol = IRp(t g u(t, = 0) + Ia(u(t, - 0),¢(t,, u(t, — 0))). v
From Lemma 2, it follows that there exists y € X, such that
o
Pl u(0) = X(t 1y + [ Glt,5)Fs, (), (s u(s)ds +

° ©

£ 32 Gl ) P(u(ty) ot u(ty).

i=1
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Lemma 3: Suppose that u(t) is piecewise continuous with discontinuities of the first

kind at the points t,, n = 1,2,... on the interval [t, + c0) and satisfies
t

W2 [uosds+FO+ T Bat)+ Y afd) (9)
! t0<t‘-<t t0<t‘-<t
0

where v > 0 is piecewise continuous, a;, F are increasing, ;> 0. Then we have

t

ifv(s)ds
wt)y S(FO)+ Y ), 11 (14 Be”

o<t < o<t<

Proof: See [2].

Now we assume that ¢(t,u,y) satisfy the inequality

—-v(it—-t
oty ug,91) = (g o) | S 1 llwg =g |+ Ze ™10 gy =gy (10)
where uy,uy € X391,y € X,,0 < 7,0 <v.

Let U(t,s,u|¢) be the solution of (6) corresponding to ¢,starting at the moment s
from u. We denote

1»bl(t) = U(tvsvul I ‘)01)"/"2(0 = U(t,s,u2 | 302)'

It is easy to verify that for equation (6), we have the variation of parameters formula

t
¢1(t) = Xl(t’ s)ul + /Xl(t, T)Fl(r, ul’%(r? ul’ yl)dr +
s

(11)
+ 30 X)Wy (t) + elt, ¥i(1)))

s<t <t

where X,(t,s) is the Cauchy operator of the linear part of (6). So, we have the following

estimate for ¢t > s
t
Iy =l < 11 X1 (88) ] luy —ug |l + / N Xy @) L F (i (r) + #1(my 9y (7))

- Fl(rv ¢2(7‘) + <p2(r, ¢2(1‘))) ” dr +

+ D I Xt L IT(1(8) + 01 (0 %1(8))) = Ti(w(t) +

s<t; <t

+ oot Yt |l <
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t

S'ﬂeﬁ(t—s)“ up—uy || + /Keﬁ(t—r)‘s( =%l +0ll%1 -9l +

8

- tg) B(t-t,)

+Le” X

lyy—val)dr+ Y ke
s<t; <t

6C11 a8 = Bt |+l %18 = wa(t) | +Le ™ 70 |1y, gy 1)
where ¢, ¢, denotes (i, -,y;), (1, -,y5) respectively.

But
u(t) = e =P || gy (8) = ho(8) || 0(t) = Sx(1 + 1)
t
F(t)=Ke—Bs“u1"'u2 ” +6:‘CL“y1-—y2” /e—ll(r—-to)—ﬁrdr

—(B+ V)t + vt
Bi = (L+muba(t) = e~ TN 0y g .
Thus, applying Lemma 3, we obtain for ¢t > s

91— va |l < (kP [uy—uy || +

kL "o

_ B(t—-s8)-vs _ _—ut
+ Ly~ e ) +

+ Z Lt~ (BHY)E +uty vy =l ](1+(1+n)'€6)£(s,t)eb'n(l+n)(t-s).
s<t; <t

Now for t < s, we have
8

1=l <k g =ug )+ [ e 510 1y = ] +

t

+Le ™00 |y, g, | )dr * gj ke IS0+ ) || v (8) — (e 1| +
i<s

+Le ™0 |y — g, 1),

where ¥, (t) = ¥(t,5,u; | 1), ¥o(t) = ¥(t,5,u9 | p5). Thus we get

P hy(8) = () | < ke [luy —uy || + /5n(1+n)eﬁrll Yy (r) =o(r) || dr +
t

s

—-tn) + Br Bt -
+5“/L“ vy1—Yalle” o)+ Prg, + Z Se(L+me* [ 9y(t) — ot | +
! t<t-<s
+ 3 orpe Ty g

t<t"<3

(12)



Integral Manifolds of Impulsive Differential Equations 105

Put
u(t) = P || 9y (1) = (1) ||, 0(2) = 6k(1+n)

F(t) = keP® || u; —uy || +6xL ||y, -y, | /e —vlr—tg) +Br
t

Bi = (1+ s, ay(t) = 6xLel® TNt Yoy, g, .

We have the inequality

8

WS FO+ [+ Y 80+ o)

f t<t;<s t<t; <s

Note that for ¢ < s, F is nonincreasing. So we have Gronwall’s inequality of the same type as

for the case ¢ > s. Finally we get the estimate for each t < s

[l 98,581 1) = 0(t 5,05 | @3) | < (660D luy —uy || +

vip -t) = - —Bt+(B-v)t. +ut
+oL |y = vy | =5 (PO m e N seLe T OTI g gy )
t<t"<-9

x (14 (1 + n)s) (8 Debr(l +n)e - ) (13)

We define L(p,R,n,L,v,t) as the space of functions
e(tu,y)(t € [tg, +00),u€ X, y€ Xy, |ly|l| £R) satisfying condition (10) and
le(tuy) |l <pfort>7 > to

Melll= _ sup le(t,u,y) || -
t2t;u |ly|l <R

In this space we shall investigate the operator S defined by the formula

(Se)tuw) = X(t iy + [ GltaFyls,w(sitiule) +
to
(s b5, bu ol v)ds + 3 Gt L) ((t tu | 9)) +
i=1

+<P(ti’ '»b(ti’ t’u ; <P)) (14)

Lemma 4: Let R,p,n be positive constants, L > k,0 < v < a. Then there ezist 6,5,Q,
and t; >1, such that for every 0<6§<8,0<Q<Qyt >t; the operator S acts in
L(p7 R’ M L’ Va-{ )-
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Proof: First of all, we shall prove that for §,Q small enough, 7 large enough, we have

IS¢l < p. In fact,

(o ¢]
I(Se)(t uy) || < xe” " |y +/~e'“""'czds+
to
N —alt—t|
+Zne Q. (15)
1=1

Since {t,} satisfies condition (2), it is easy to show that

o0
Ze_a‘t_til <C,< 4+
i=1
where C', depends only on a and {t,}. Thus if we choose Q small enough, 1T large enough,
we get || (Se)(t,u,y)|| <pfor ||y|| SR, t€[f, +0),u€ X,;. Now we are going to choose
Q, 6 so small that § = S¢ satisfies condition (10). We have

af

~ ~ —aft-ty)
||80(t,upy1)—50(t’uz,y2) “ S’ce 0 ” Y1—Y2 ” +

+ [neme 1ol (@) 0ot | ) = b g ) ] +
to

v(s—tg)

+1e 7T |y gy | )ds +

+ 3 are T N @) ot oy Loy = Bty oy L 0g) 1| +
t=1

+Le ™ TR0 g~ ).

Based on the estimates (12), (13), we obtain

a(t —tg) |

||$(t9u17y1)"$(t’u2’y2) ” SKZC— lyl‘y2 ” +

[o o)
OO
4 [anzem 1 =m0y, gy s 3 awre ™ T TG g g
tO i=1
[ <}
+ [axane™ 1 st uy [ oy) = Yoty o) 1 s +
to
&= —alt—t,
+ 3 an(tme ™ T (o ey — Wit g L o) | <
i=1
t
<N@ v =sall + [an( e e g =y | +
to

—5)— - —Bs+(B-v)t; +ut
+ Ly —yp Il D(LEI =¥ emvey L 3 gppe TR @A oy ) x
5<t'~<t
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x(1+(1+ n)wd) (bRl +m)t=s)gs |
4 [t e =00y~ | D 3y =0y | (P07
t

—e” ua) + Z 6'9Leﬁ8 -(B"" V)t. + Uto ” yl _ y2 ” )(1 + (1 + n)né)i(t,s)e&c(l +ﬂ)(3— t) +
t< t" <s

—-at-t; B(t—-t,
+Z¢Sne ( ‘)(fce( ‘)Ilul—-u2“+D”y1”y2”x
<t

e—ﬁtj+(ﬁ'")ti+"t0 “ ”

x (e

)+ Z 6kL -y ll)x

ti<tj<t

X (1+ (14 ms) e OSROEE=0) 4 5™ gy = altimt)
t<t;

B(t; —t)-vt_ -

-t B(t.:
x (ke luy —ug || + D' ||y, v, || (2L i) +

Bt.—(B+v)t.+ vt i .
i ( )J 0)(1+(1+n)ic6) (t.))

S+t -1) (16)

+Z bkle
t<ti<
X

where N(6)-0 as §—0 and t, is large enough, D, D’ are positive constants. Put dx(1+7) = 1.

Then, if 6 is small enough and (2) is satisfied, we have

0<(147)@ee=t co=cls=8) g ccca—g.
Finally, we get the estimate

~ ~ —-vit—-t
% (tupvy) = (B ugyg) | < MG [ —ug || +r(6)e ™7 1y, — gy |

where M(6)-0 as 60, «(8) < L if § is small enough and x < L. This completes the proof of

Lemma 4.

4. MAIN RESULT

Theorem 1: Assume that the linear part of (1) has an ezponential trichotomy with the
above notation. Then for every 7,p,R,0<v <« and L large enough, there ezxist positive

constants Qq, 8, with the following properties:

Let 6,Q belong to (0,64),(0,Q,) respectively. Then for every y€ X,, ||yl <R
equation (1) has an integral manifold represented by a function ¢ € L(p,n). In addition, ¢

satisfies the conditions:
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1) Py(u+p(t,u,y)) =y, P, is the projection: XX,
2)  llebuy)ll <pfort—t, 27T, ||yl <R

3) (ot uy,yp) = e(tuny) | Snlluy—ugll +le —v(t=to)

My, —ya ll-

Proof: From Lemma 4, it follows that there exist positive constants Qg,dq,?, such
that S acts in L(p,R,n,L,v,T ). Now we are going to show that if Qg 8o are chose small

enough, then S is contracting. In fact, we have

1St =St | < [ 16018015, tul o) -
ty
— s, tyu @) |+ (e bt | @) = @5, (s, tyu | ) [ )ds
+ NG 16119t tul )= kit ) | +
1=1

“ (P(tialpl(ti)t)u l <P)) - ‘P,(tiﬂp(ti, tau ‘ ‘PI)) ” )
where 1(2,s,u | ) is the solution of (6).

On the other hand, we have

(s tyu | @) = (s, t,u] @) || < / k6P| gy — vy || + llle — #'lII)dE

t

+ 3 T8yt = 9at) || +llle =~ 2l

t<ti<-§

Setting u(s) = e~ 5% || ¥1(8) = ¥9(s) || and applying Gronwall’s inequality, we have

s

(o) <( [ e g+ 3 wte ™) fllo= ol x

s t< ti <s
(1 + 55)’.(" 3)66':(3 - t). (18)
So we have
(s, t,ul0) =¥ (s,t,u] ") || < D)o - || (19)

where D(6)-0 as §—0.
Substituting (19) into (17), we have
[o 2]
1 Se)tu0) = (5t wu) | <16 [[we™ 141D 1* =41 + 1)as

to
+ Y wte =t (@) e - 2l (20)
i=1
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From (2), (20) it follows that if é is sufficiently small, then S is contracting. This completes

the proof of the theorem.
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