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1. Introduction

Let {Br.(s), s > 0} be a fractional Brownian motion (FBM) with index 0 < H; < 1, i € N¥, and
{BH,, 1 (s, s'), s 20, s' > 0} a fractional Brownian sheet (FBS) with index 0 < H;, Hx <1, j €
N*, k € N*. We refer to [1] for further information about the FBM and the FBS. Denote by \;
and ), two real numbers such that A1, #0.

Define a fractional mixed fractional Gaussian process by a suitable combination of some
appropriate fractional Gaussian processes. In the sequel, we consider the following three ex-
amples.

Example 1.1. The fractional mixed fractional Brownian motion (FMFBM) is defined by
X(wl,ZU2,S) = J\lstBH1 (wl) +)l25H]BH2(w2), (11)

where By, and By, are independent FBM with H; # Hj.
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Example 1.2. The fractional mixed fractional Brownian motion and fractional Brownian sheet
(FMFBMEFBS) are defined by

X(wl,wz, ws3, S) = )L1$H2+H3BH1 (wl) + )LzSHlBHle3 (’LUZ, ’LU3), (12)

where the FBM By, and the FBS By, i, are independent.

Example 1.3. The fractional mixed fractional Brownian sheet (FMFBS) is defined by
X(wl, Wy, W3, Wy, S) = _)Ll SH3+H4BH1,H2 (wl, wz) + )LzSH]JerBHs,H4 (ZU3, ZU4), (13)

where By, n, and By, g, are independent FBS with (Hi, Hy) # (Hs, Hy).

The motivation supporting this paper is threefold.

(i) The first goal of the FMFBS deals with the potential applications. Since the FMFBM,
the FMFBMEBS, and the FMFBS can be analyzed based on the large bodies of knowl-
edge on FBM and FBS, it can be used in the same fields, that is, natural time series in
economics, fluctuations in solid, hydrology, and, more recently, by new problems in
mathematical finance, telecommunication networks, and the environment (see [2—4]).

(ii) A second application deals with the small ball probability problem of the sum of two
not necessarily joint centered Gaussian random vectors X and Y in a separable Ba-
nach space E with norm ||-|| (see [5]). The small ball behavior of the FMFBS under the
uniform norm can be investigated as a special case of the small ball probability prob-
lem of the sum of two centered Gaussian random vectors, having a log-type small ball
factor (see [6]).

(iii) Last but not least, this article extends El-Nouty’s results [6-9] and consequently an-
swers some new questions. Recall first two definitions of the Lévy classes, stated in
[10]. Let {Z(t), t > 0} be a stochastic process defined on the basic probability space
(Q,4).

Definition 1.4. The function f(t), t > 0, belongs to the lower-lower class of the process Z, (f €
LLC(Z)), if, for almost all w € Q, there exists ty = ty(cw) such that Z(t) > f(t) for every t > .

Definition 1.5. The function f (), t > 0, belongs to the lower-upper class of the process Z, (f €
LUC(2)), if, for almost all w € Q, there exists a sequence 0 < t; = t;(w) < t; = tH(w) < --- with
tp,— + oo, as n— + oo, such that Z(t,) < f(t,), n € N*.

In the spirit of [6-9, 11], the main aim of this paper is to characterize the lower classes
of the uniform norm of the FMFBS for any 0 < H;, H», H3, Hy < 1. More precisely, we want to
compare the influence of two FBSs and to measure the weight of a log-type small ball factor
versus another one.
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2. Main results
Our first result is given in the following theorem.

Theorem 2.1. Let X and Y be any two joint Gaussian random vectors in a separable Banach space with
norm ||-||. Assume that there exist Cx > 1 and Cy > 1 such that one has, for any € > 0 small enough,

1/a 1
—Cx< —— logP(||X]| <€) £ = —,
el/a 1 (2.1)
~Cy < ——— logP(|[Y] <€) < - =,
(log (1/e))” Cr

with0 < &, & < +00, 0< B, P < +oo and (a, f) # (&, ).
If (a < @) or (a = @ and B > P), then there exists Kx > Cx depending on Cx only such that one
has, for any € > 0 small enough,

1/a 1
< — logP(I X+ Y] < < - —. 2.2
(og (1/0)) og (]| I <e) Kx (22)

Since the study of the lower classes of the FMFBM (resp., FMFBMFBS) under the uni-
form norm was investigated in [8] (resp., [9]), we focus our attention to the FMFBS. Set

—Kx

Y(t) = sup sup |X (w1, w, w3, wy,s)|, t>0. (2.3)

0<s<t 0wy, wo,w3,w4<s

Note first that, by the scaling property, we have, for any € > 0,

]P(Y(t) < etH1+H2*H3+H4> = ]P’< sup sup |X (w1, wa, w3, wa,s)| < €>

0<s<1 0wy ,wo w3, ws<s

(2.4)
=P(Y(1) <e) = ¢(e),

where ¢ is named the small ball function and y := Hy + H, + H3 + Hy the scaling factor.

Recall that the small ball behavior of the FBS under the uniform norm was studied in
[12,13].

Set &« = min (Hy, H,, Hs, Hy), which is in ]0,1[. We introduce the number p taking its
valuesin {0,1+1/a}. As a direct consequence of Theorem 2.1, we have the following corollary.

Corollary 2.2. There is a constant Ko, 0 < Ko < 1, depending on Hy, Hp, H3, Hy, Ay and A, only,
such that one has, for any € > 0 small enough,

log (1/€))" Ko (log (L/e!
eXp<_<OI§O(Ti))>S¢(€)SeXp<—W>'

Recall that we suppose (H;, Hy) # (H3, Hy). In the sequel, there is no loss of generality
to assume also that

(2.5)

H; <H,, Hj3 < Hy. (2.6)
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Thus when (H; = H,, H; < Hy and H; < Hj), (Hy = Hy, H; = Hy and H; < Hs), or
(Hy < Hy, H3 = Hy and H; < Hy), we emphasize that p = 1 + 1/a, that is, we have a log-type
small ball factor.

Note first that the minimum a plays a key role. This is not really surprising. Indeed, this
phenomenon was already observed in [8, 9].

It appears that the sufficiency part of the lower classes of Y can be stated in a general
framework. Roughly speaking, we follow the same lines as those of [6, 7].

Let {Yy(t), t > 0} be a real-valued statistic of the two independent FBSs, By, 1, and
B, 1, such that Yy (¢) is a nondecreasing function of ¢ > 0.

The following notation is needed. If K is a Hausdorff compact space, we denote, by C(K),
the space of all continuous functions from K to R equipped with the classical sup-norm. Let
X = C([0,1]*) x C([0,1]%) be the product space equipped with the product topology. Denote,
by L (Bw,,H,, B, H,), the Gaussian measure associated to By, p, and By, p, and defined on B,
the Borel o-field of X.

We assume that Y satisfies the following three conditions:

(i) The scaling condition. There exists y,, > 0 such that

P(Yo(t) <eth) =P(Yo(1) <€) = (e). (2.7)

(ii) The convexity condition. There exists a convex and B-measurable function g: (X, L x
(B, H,, Bhy,Hy)) >R such that, for any t > 0,Yo(t) = g(Bmu,m(sit,s2k),
B, 1, (83, sat); 0 < 51, 52,553,554 < 1), and Yy(t) < +oo, with probability 1.

(iii) The log-type small ball condition. There exist ag € ]0,Y,], B, € R and a constant K, 0 <
K <1, depending on Hy, Hz, H3, Hy, y,, a9 and f, only such that we have, for any
€ > 0 small enough,

b o
exp ( _ (log(1/¢))™ M), 2.8)

S ) <@ < e (- =2

Note that these conditions generalize those of [6, 7]. The small ball function still plays a
key role. The convexity of the function ¢ defined by ¢s(e) = —log ¢(¢€), 0 < € < 1, is ensured by
(ii) (see [14, 15]).

Our second result is given in the following theorem.

Theorem 2.3. Let f(t) be a positive nondecreasing function of t > 0. Assume that there exists m > 0
such that (f (t)/t07%) (log tVo/ f (£)) ™ > m.
If

ft) . Y Va0 4(y o) o \Fo 7 f(b)
S s bounded and IO F(e)~e 1o/ >1<1og f(t)> ¢<tTO>dt<+oo, (2.9)



Charles El-Nouty 5

then one has
f € LLC(Yp). (2.10)

The sup-norm statistic Y clearly satisfies the three above conditions with y, = y = Hy +
H,+ H3;+ H,, ag = a = min (Hl,Hz,H3,H4) = min (Hl,H3), ﬁO = ﬁ € {0,1+1/IX}, and K = K.
Now, we characterize the necessity part of the lower classes of the FMFBMFBS. Our main result
is stated in the following theorem.

Theorem 2.4. Let f(t) be a positive nondecreasing function of t > 0 such that f(t)/t" is a nonincreas-
ing function of t > 0.

If
feLLC(Y), (2.11)

then one has

- f®) Ty g (f®)
tl—lglo s 0, «[0 f(t) Y¢<t—y>dt < +00. (2.12)

First, we can notice that Theorem 2.3 involves y,,, ap and f,. If §, = 0, Theorem 2.3 looks
like [7, Theorem 1] or else like [6, Theorem 1.1]. Theorem 2.4 has the same form as the necessity
part of [11, Theorem 1.2] or as the theorems obtained in [6-9]. In his previous works on the
study of the lower classes, the author showed that the methodology in [11] led to two integral
tests, these tests are actually identical when y = a« and = 0. Here, a = min (H;, H3) < y =
Hi + Hy + H3 + Hy. This is why the integral tests of Theorems 2.3 and 2.4 have different forms.
Moreover, since a < y, we must assume, as in [6-9], that f(t)/#" is not only bounded, but also
a nonincreasing function of ¢t > 0. This last assumption will play a key role in some proofs.
Finally, although they are two different integral tests, Theorems 2.3 and 2.4 are sharp. Indeed,
set, if =0,

AtY
y= ———, t>3,1>0, 2.13
F (log log t)* > (2.13)
orelse (ie, p=1+(1/a))
Alog log log £)'**
f(t)=ty( 0g log log ) , t>16,1>0. (2.14)

(log log t)*

If X is small enough, then Theorem 2.3 yields f € LLC(Y), or else if A is large enough,
then f € LUC(Y) by applying Theorem 2.4.

In Section 3, we prove Theorem 2.1. The proof of Theorem 2.4 is postponed to Sections 4
and 5. In the latter, we establish some key small ball estimates. Note also that these estimates
can be of independent interest. The proofs, which are modifications of those of [6, 7], will be
consequently omitted, in particular, the proof of Theorem 2.3.



6 Journal of Applied Mathematics and Stochastic Analysis

3. Proof of Theorem 2.1
Recall, first, a Gaussian correlation inequality stated in [5].

Theorem A. Let y be a centered Gaussian measure on a separable Banach space E. Then for any 0 <
A <1, and any symmetric convex sets A and B in E,

WANB)p(V A+ (1-1%)B) > p(L A)p((1-12)"*B). (3.1)
In particular,
H(ANB) > p(L A)u((1-12)" B). (32)

Rougly speaking, the proof follows the same lines as those in [15] and will be split into
two parts: the lower bound and the upper one.

Part I. The lower bound

Theorem A implies, forany0 <6 <land0< A <1,

P(IX+YlI<e) 2 P(IX] < (1-8) e [IY]| < S¢)
P(IXII < 4 (1-8) ) (Y] < (1-1*)
Then we get, by using (2.1),

3.3
12 be). (3.3)

v

(log (1/4(1-8)e))’ . (log(1/(1 —12)1/256))”‘

(A(1-8)e) - se)

Hence, since (a < &) or (a = @ and f > ﬁ), there exists Cy, > Cx depending on Cx only
such that we have, for any € > 0 small enough,

1/a C’
€ log P(|X + Y| <e) > X

logP(IIX +Y|| <€) > - Cx (3.4)

(3.5)

(log(1/¢))" (-
and the lower bound follows by taking 6 — 0 and A—1.
Part I1. The upper bound
A new use of Theorem A implies, forany0 <6 <land0< X <1,
€ € b€
P(IX|| £ ——F%= ) 2P IX+Y|| <, Y| £ 7—F5~
(1< =5577) 2 P(IX+ YU < 5 V0 < 2557 e
be ’
> P(|X+Y|[<e) P Y<1—2“2—>.
> POX+Yl <) B(IVI < (1- )" 25

Then combining (2.1) with the fact that (a < &) or (a =@ and > ﬁ), there exists Cy, > Cx
depending on Cx only such that we have, for any € > 0 small enough,

Va _ 1/a
¢ logP(|X+Y| <€) < - M'
(log (1/€))" X

and the upper bound follows by taking 6—0 and A—1.
By choosing Kx = max (Cy, C%), we complete the proof of Theorem 2.1.

(3.7)
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Remark 3.1. When X and Y are independent, there is a simple proof without using the cor-
relation inequality in the spirit of [5]. A direct proof of Corollary 2.2 can also be done as in

[9].

4. Proof of Theorem 2.4, Part I

To simplify the reading of our paper, we introduce the following notation. Set a; = f(t) /' and

by = ¢(ar).

Suppose here that, with probability 1, f(t) < Y (t) for all t large enough. We want to prove
that lim ., a; = 0 and [{° at_l/y by (dt/t) < +o0.

In the sequel, there is no loss of generality to assume that f(t) is a continuous function
of t > 0.

Lemma 4.1. One has

lim a; = 0. (4.1)

t—+oo

To prove Theorem 2.4, we will show that f € LUC(Y) when fgo at_l/y by (dt/t) = +o0 and
lim e a; = 0.

Following the same lines as those in [11], our aim is to construct a suitable subset | of
N such that we have the following property for an appropriate family of sets (E;),c; in a basic
probability space: given € > 0, there exist a number K and an integer p such that

Vne], nzp= > P(E,NE,)<P(E,) <1< +(1+e) > ]P’(Em)>. (4.2)

meJ,m>n mejJ,m>n

Lemma 4.2. When f8° at_l/ " b, (dt/t) = +oo and lim_,,o, a; = 0, one can find a sequence {t,, n > 1}
with the two following properties:

tan 2 ta(L+a,"), 3 by, = +oo. (4.3)
n=1

Remark 4.3. The condition “f(t)/t" is a nonincreasing function of ¢ > 0” is essential to prove
Lemma 4.2 (see [7, page 373]).

To continue the construction of the set J, we need the following definition and notation.

Definition 4.4. Consider the interval Ax= [2",2"*1 [[ keN.If at_il/y € Ai, i € N*, then one notes
u(i) = k.

Next, set I = {i € N*, u(i) = k € N} which is finite by Lemma 4.1 and
Ny = exp (Ko (ylog2)P kP 2rk-D/ay, (4.4)

where K( was defined in Corollary 2.2.
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Notation

() Upmp ={ieN*, i€ Iy, i<m, card (It N [i,m[) < Nx}, meN*, ke N;

(ii) ko = inf {n € N, 20"/« > 20/ /(K (2//% - 1) (y log 2)F) +2%/% / K2(2//* - 1)}, (ko depends
ony, a, pand K only);

(iii) Vin = U ey Umk, where m is fixed, u(m) = ki, and k > k; + ko;

(IV) W = Um21 Vm

Now, we can define the set | as follows:
J=N"-W. (4.5)

Since it is assumed that f(t)/#' is a nonincreasing function of t > 0 (being a particular
case of the condition “f(t)/#" is bounded”),

i<m=k=u(i) <u(m) = k. (4.6)

Moreover, since ky > 1, we get k < k; + kg. Hence V,, is always an empty set (by construction).
Thus we obtain | = N*,
We have, by Lemma 4.2,

> by, = +oo. 4.7)

nej

Lemma4.5. n € J, m € ], n < m, such that card (I,om N [1n,m]) > exp (Ko2“1), one has

ttﬂ > exp < exp < % pmin <u<n>,u<m>)>>. (4.8)
n

Proof. Set k = u(n), k1 = u(m) and G = I, N [n,m] = {iy,ip,...,iz}, wheren <i; <ip <--- <
i, < m. We have

—om = R 4.
1 (4.9)

1z "1z

Note that, when i € I, we have t;; > £(1 + a}i/y) > t;(1 + 27%-1). Moreover, since

card (G) > exp (Ko2571) by hypothesis, (4.9) implies

i—m > exp (exp (KOZkl’l) log (1+27071)) > exp <exp <% 2k1>>, (4.10)

when 7 hence k; are large enough.
Thus, since k < ki, (4.10) implies (4.8).
The proof of Lemma 4.5 is now complete. O
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5. Proof of Theorem 2.4, Part II

Consider, now, the events E,, = {Y(t,) < f(t,)}. We have directly P(E,) = by, and, by (4.7),
> neJ b;, = +oo. To prove (4.2), we remark that, given n € J, J can be rewritten as follows:
J=JUUkenJe) VU], where J' = {m € |, t, < t,, <24}, Jx = {m € J NI, t, > 2t,, card (Ix N

[n,m]) < exp (Ko2)}, and J" = J = (J'U (U kery Ji))-
Our first key small ball estimate is given in the following lemma.

Lemma 5.1. Consider 0 <t <u, and 6,v > 0. Then one has

PO(Y(t) <0} N (Y(u) < v}) < exp (Ks) B(Y(t) < 01" exp ( _ %) (5.1)

where Ks depends on Hy, H,, H3, Hy, A1, and X, only.

Proof. Set F1 = {Y(t) <O0t'} and F, = {Y(u) < v}. We have

P(FiNF) = IP’<F1 N { sup sup |X (w1, ws, w3, wy, s)| < v}>

0<s<u 0<wi,wy,w3,w4<s

< IF’<F1 N 4 sup sup | X (w1, wa, w3, wa, s)| < v}> (5.2)

t<s<u 0<wy,wr,ws3,ws<s

< ]P’<F1 Nasup sup | Ms™H BBy b, (w1, w)| < v})

t<s<u 0<wy,wa<s

Denote, by [x], the integer part of a real x. Let 6 > 0. We consider the sequence t, k €
{0,...,n}, where to = t,tx,1 = tx + 6, and n = [(u - t)/6]. Consider also the rectangles R; =
[tj, tjs1] x [tj, tj+1], where j € {0,...,n - 1}. Their area is (tj.1 — ti)2 = &% Let G, be the event
defined by

Gj=Fn {sup sup | Ms™HHEBy, b, (wr,ws) | < v}. (5.3)

t<s<tj 0<wy,wy<s

We have F1NF, C G]
Moreover, we have also

Gj+1 C G]' n {Zj < 417}, (5.4)
where
Z; = )th]ﬁ’fm (Br,, i, (tjs1, tj+1) = Bay, i, (8, tje1) = Bay 1, (tie1, ) + Baym, (8,4)). (5.5)

Before rewritting Z;, we recall the integral representation of By, 1, k € N*, I € N*, given
by

Sk S|
B, b, (Sk,s1) = I I g, (ki) gr, (s1,m) W (d (uk, ), (5.6)
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where W (ui,u;), ux € R, u; € R, is a standard Brownian sheet, gn(s,u) = kg}{ (max (s
-u, O)H_l/2 —max (-u, O)H_l/z), and kyp; is a normalizing constant.
Hence Z; can be rewritten by (5.6) as follows: Z; = Z;1 + Z;>, where

tiv i B B
Zja = Dkl ki #1571 f f (=) (1) P W (1)) (5.7)
ti

Note also that Z;; and Z;; are independent.
Since P(|Z;1 + x| < 4v) is maximum at x = 0 and Z;; and G; are independent, we have

The integral representation of Z;; implies that E(Z;;) = 0 and

T Kok, kot M K2 k2

- _ M5, MH, coH+Hy) 2(H+Ha) 2H, oM, oy 12 c2y

VarZi1 = ————— 6 t; > —————— 67 =L 6. 59
e 4H,H, i+ - 4HH, 69)

Denote, by @, the distribution function of the absolute value of a standard Gaussian
random variable. Then we obtain

P(Z;1) <B(Z)) @(%), (5.10)

and therefore, P(Fy N F,) < P(F;) ®(4v/L6")".
Choosing 6 = v/, we get K5 = —log ®(2/L). Lemma 5.1 is proved. O

Lemma 5.2. ¥, ., P(E,NEy) < K'by, and 3, me(ue Jo P (En N Em) < K"by,, where K' and K" are
numbers.

Proof. Setting u = t,,, t = t,, 8 = a;, and v = f(t,,), Lemma 5.1 implies

P(En N En) < exp (Ks) by, exp < - %) (5.11)

Consider, first, the case whenm € J'.
Lemma 4.2 implies that, for all i > n, we have t;,1 — £; > tia:i/y = f(ti)l/y > f(tn)l/Y. Then
we can establish

t=to m=mf )", flon) < ) (1) <24 (). 6.12)
Combining (5.11) with (5.12), we get
P(E,NEy) < exp (Ks) by, exp < - W), (5.13)

which is the first part of Lemma 5.2.
Consider, now, the case m € Ji.
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Combining (5.11) with the definition of Ji, we have

P(E,NEy) < exp (Ks) by, exp ( - %) (5.14)
2(ar,,) "’
Since u(m) = k, we get
P(E,NEy) < exp (Ks) by, exp (- Ks5257), (5.15)

and consequently, by noting that card Ji < card (Ix N [n,m]) < exp (K(2K™') and by assuming
Ky < K5, we have

> P(E,NEn) < exp (Ks) by, exp ((Ko - Ks) 2. (5.16)
meJ
Lemma 5.2 is, therefore, proved. O

To deal with the set J”, we first state a standard large deviation result and a technical
lemma (see [6]).

Lemma A. Let X = {X(s1,52),(s1,52) € [0, 1]2} be a separable real-valued centered Gaussian process
such that X(0,0) = 0 with probability 1 and satisfying, for any [s1,s1 + h1] x [s2,52 + h2] C [0, 1]2,

1/2
(EX([Sl, S1+ h1] X [52, Sy + hz] )2> < K(hl, hz) < Cx h?l hgz, a1 >0, a,>0, (517)

where

X([s1,t1] % [s2t]) = j X (d (1, 12)).- (5.18)

[s1,1]%[s2,t2]

Then one has, for cc'6 > 1,

]P( sup | X(s1,8)| > 6> < % exp ( —C(c;l6)2), (5.19)

(s1,52)€[0,1)°
where C is a positive constant independent of ¢, and 6.

Lemma B. One has, for €1 > €/2, where € is small enough,

exp <_K3Iel —¢l(log (1/6))ﬂ> <2 <1<3|€1 —¢l(log (1/€)>ﬂ>, (5.20)

cl+1/a = ple) ~ el+1/a

where K5 > 0.

Building on Lemmas A and B, we can establish our last key small ball estimate in the
following result.



12 Journal of Applied Mathematics and Stochastic Analysis

Lemma 5.3. Let A be a real number such that 1/2 < A < 1. Set

. <1 — max (Hl, HZ,H3,H4) (1 — .)L)tX)
r = min .

, 5.21
3 3 (5.21)

Then one has, for u > 2t,

P(Y(t) <0t,Y (u) < vu’)
t\ . [ (log (1/6))" (log (1/%))"
< ¢(O)(v) exp <2<;> K3< gL+(1/a) MRy
e on (-5 () o5 () ©2
Ci2p P 407KZ 5\t Casp P 4NKZ , N\t

+3<L ex C& <E>r> bl ex (_ﬂ <E>r>>
Ciy F 4NKZ |\t Con P 4NKZ |\t '

where K, 1, Kp, 2>0 depend on Hy (H1 <Hy) only, Kg, 1, Ki,2>0 depend on Hz (H3< Hy) only,
K3 > 0is defined as in Lemma B, and C1z,1, C12,2, C34,1, C3ap > 0 are defined as in Lemma A.

Proof. Set Q =P(Y (t) <07, Y (u) < vu').
Setv = Vut.Ift = o(u), then t = o(v) and v = o(u).
Based on (5.6), By, 1, and By, g, can be split as follows:

BH,,H, = BH,, 1,1 + BHy 1,2, Bu,, 1y = B, Hy1 + BHy Hy 2, (5.23)

where we have, for (i, ) € {(1,2),(3,4)},

wj
BH,-,Hj,l (wi,w]-) = J‘ ‘ J‘ gH; (wi,xi) gH]- (w]-,x]-) W(d(xi,xj)). (524)
xi|<v -0

Note that By, 1,1 and B, m, 2 are independent as By, m,,1 and B, b, 2.
Equation (5.23) implies that the FMFBS X can be rewritten as follows: X = X;+X5, where

Xi(w1, wy, w3, wa, s) = Ms™ By 1, i(w1, ws) + \as™ 2By, 1, i (w3, wy). (5.25)
Set

Y;(t) = sup sup |Xi (w1, wo, w3, wa,s)|, t>0,ie{1,2}. (5.26)

0<s<t 0<wq,wy,ws3,w4<s
Then, given 6 > 0, we have (see [11])
Q< Pp0+26)p(v+26)+ 3P(Ya(t) > 6t") + 3P(Yr(u) > 6u"). (5.27)

Equation (5.20) implies

log (1/0))"
$(0 +25) < $(0) exp <251<3 <(°:1(+)))>> (5.28)
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and, consequently,

log (1/0))F  (log (1/v))*
(0 +26)p(v +26) < P(O)P(v) exp <261<3<( Ojfufa))) +(Of1+((15;)) >> (5.29)

If we choose 6 = (t/u)", then we get the first term of the RHS of Lemma 5.3.
Next, we want to obtain an upper bound of

P(Yx(t) > 617)

= P( sup sup |\ ULy, b 0 (w01, w2) + Aas™H Ly, 1o (w3, w04) | > 6)/
0<s<1 0<wi,wy,w3,ws<s
(5.30)
where we have, for (i, ) € {(1,2),(3,4)},

w;

Ly, 12 (wi, wj) = ’[ gu: (wi, xi) gu; (wj, x;) W(d(xi, x;)). (5.31)
|xi[>v/t J -0

We can show, by standard computations, that
6
P(Yz(t) > 6tY) < IP( sup |LH1,H2,2 (wl,w2)| > —)
0<wy,wr<1 2 | '/\1 |
(5.32)

6
+ P sup |LH3/H4,2(ZU3,ZU4)| > —F ).
0<ws,w04<1 2|42

Denote, by oy, the covariance function of a FBM By. Set 012, the covariance function of
the process {Br2(w), 0 < w < 1}, defined by

Biga(w) = f gr1(w, x) W(dx), (5.33)

|x|>v/t

where W(x), x € R, is a Wiener process.
Since

E (L, 2 (w1, w2) L, 2 (W), wh)) = 0,2 (w1, w)) x o, (wa, wh), (5.34)

we have, for any [w1, w1 + hi1] x [w,, w + hy] C [0,1]2,

]E(LHI,HZ,Q([wl,wl + hl] X [wz, wy + h2])2>

= E(j Ly m,2(d(x1,%2))
[w1,201+h ] % [w2, w02 +h2 ]

x L, m,2(d(x], x5 >
f[w1,w1+h1]x[wz,wz+hz] v ( ( ! 2)) (5.35)

wi+hy pwi+hy
f f |0, 2 (o1, X)) | doerdoxy

w1 w1

wy+hy pwo+hy
x J‘ I |oH, (x2,x5) | doxa dxy =T x 11

w2

IN

wy
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Consider II first. We get, by the inequality of Cauchy-Schwarz,

w2+h2 wy+hy
< f f x32 X" dxy dxy < 13, (5.36)
wy

ws

Consider I now.
A straight computation implies that there exists K, » > 0 depending on H; such that

E(Bi,(x1))” < K%, 22 (0/t)*172, (5.37)
and, consequently, by the inequality of Cauchy-Schwarz,
lom 2 (1, x1)| < K3y, 20y (/8172 (5.38)
So we get
I <K}, @/ 20, (5.39)

Hence, combining (5.35) with (5.36) and (5.39), we have

E<LH1,H2,2( [w1, w1 + hy] x [w), wa + hy] )2> < K]zqh2 (v/t)*H2 h% h%. (5.40)
An application of Lemma A with a; = ay =1, ¢, = KHl,z(v/t)Hl_l, and ¢'6 > 1 implies
that
5 1 < Ci2p 5 )
Pl su L mo(wi,w2)| > =—— ) < exp | — - — ). (5.41)
(op Jmnateorodl > i) < i oo K, (/)T 4

Similarly, we can establish

5 1 < Casn 62>
P su L w3, W > —— ) < —— ex - - — ). 5.42
(s Jnatonoo) > 50 ) < oo (o ). oo

Set 6 = (t/u)". Recall that v> = ut and r < (1 — max (Hy, Hy, H3, Hy))/3. Combining
(5.32) with (5.41) and (5.42), we get

1 Cp  [u)" 1 Caap  (u\’
P> 60 < o ep (-2 (1) Jr e on (o (5) ), 643
() ) C F 4NKZ , \t Couz O F 4NKZ , \t 54

that is the second term of the RHS of Lemma 5.3.
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Finally, we can establish a similar result for P(Y; (1) > 6uY), that is,

1 Ca  [u\" 1 Casn  [u)"
P(Yi() > 6u7) < = ex <——’<—>>+—ex <——<—>) 5.44
(1) ) Cpy F 4NKZ |\t Coun P 405K2 |\t 64

which achieves the proof of Lemma 5.3. O

Finally, we state the last technical lemma.

Lemma 5.4. There exists an integer p such that if n > sup
€>0,onehasP(E,NE,;) < (1+¢)b,by,.

s<p (SUp Is), then for m € J", m > n, given

Proof. Let u(n) = k' and u(m) = k;. We have, by Lemma 4.5,

tm > exp <exp <ﬁ Zmi“(k”k1)>>. (5.45)
tn 4

Letp € N. Then k' > p and k; > p. Thus we have min (k', k1) > p.

Sett =t,, u=ty, 0 = a;, and v = a,,. Note that log (1/0) <1/60 < 2(k+Da log (1/v) <
1/v <2k#Da and 1/b;, by, = exp (¢ (0) + ¢ (v)).

By using Lemma 5.3 and letting p— + oo, we end the proof of Lemma 5.4. O

Lemmas 5.2 and 5.4 yield that (4.2) holds. Combining Borel-Cantelli’s second lemma
with (4.2) and (4.7), we show that, given ¢ > 0,

S B(E) > 1 +€2I< — - +12€ < 1P><U En> = ]P<U {Y(ty) < f(t,,)}>, (5.46)

nej nej nej

and, consequently, f € LUC(Y). The proof of Theorem 2.4 is now complete.
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