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1. Introduction

In this paper, we study backward stochastic differential equations (BSDEs for short) of
the form

—-dY, = f(t,Y,Z;)dt — Z,d Wy, Y =¢, (L.1)

where 7 is a bounded stopping time for the filtration §.

Since the first result about the solutions in L? was obtained by Pardoux and Peng [1],
some related results have been generalized. Moreover, for mathematical interest, many
people have studied the results of existence and uniqueness in L?. Let us mention that
when the generator is uniformly Lipschitz continuous, a result of El Karoui et al. [2]
provides the existence of a solution when the data & and {f(£,0,0)},c(o,1] are in L? for
p € (1, 0). But in many applications, Lipschitz condition is too restrictive to be assumed.
Consequently, we are interested in replacing the Lipschitz condition with a weaker one
and we always assume that 7 is bounded. In this field, in [3], Briand and Carmona have
discussed the L? solutions for BSDEs with polynomial growth generators and then in [4],
Briand et al. generalized the result.
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Now let us mention that the pricing problem of an American claim is equivalent to
solving the BSDE

dY, = [r()Y: +0(0)Z)dt + Z:dW,, Y. =§, (1.2)

where r(t) is the interest rate and 0(¢) is the risk premium vector. In general, both of them
may be unbounded, therefore the results mentioned above may be invalid.

In this paper, we try to get the existence and uniqueness result of L? (p > 1) solu-
tions for BSDEs with stochastic Lipschitz condition, which was introduced by El Karoui
and Huang [5]. We have to mention that Bender and Kohlman have discussed BSDEs
with stochastic Lipschitz condition and by strengthening the integrability conditions on
the generator and the terminal value, they got a wellposedness result in L? in [6]. We
also strengthen the integrability conditions both on the data (&, f) and on the solu-
tions, but we do not use the contraction mapping theorem which plays a key role in
[6] any longer. Instead, just like the work in [4], we construct a sequence of special BS-
DEs which have unique solutions in L?, and then prove that the sequence of their solu-
tions converge in L?. However, now it is not constants (| f (t, y,z) — f(t,y,2")| <ulz — 2|
and (y — y', f(t,y,2) — f(t,¥",2)) <Ay — y'|?), but processes (| f(t,y,2z) — f(t,y",2')| <
u(®)ly —y | +y(t)|z—2'|) that control the generator. On the other hand, noting that the
maturity of an American claim is bounded in general, we assume the stopping time is
bounded in this paper.

The paper is organized as follows. In Section 2, we introduce the assumptions, some
notations including some spaces, which are different from the standard spaces used be-
fore. In Section 3, some useful a priori estimates are given. The main result of this paper,
an existence and uniqueness theorem in L?, is obtained in Section 4.

2. Preliminaries

2.1. Definition and notations. First of all, W = {W,} ;s is a standard Brownian motion
with values in R defined on some complete probability space (Q,F,P). § = {Fi}i=0
augmented by all P-null-sets is the natural filtration of W, which satisfies the usual con-
ditions.

For convenience in writing and reading, we always consider the space L?*? where p >
1/2 instead of the space L? where p > 1.

The standard inner product of R™ is denoted by (-, -), the Euclidean norm by | - |. A
norm on R™*4 is defined by tr(ZZ*), we will denote this norm by | - | too.

We study the following BSDE:

_dY,f:f(t,Yt,Z[)dt_Z[th, YT =f, (2.1)

where 7 is a stopping time for filtration F.
Now we can introduce the appropriate spaces.
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Let a be a nonnegative §-adapted process, we define the increasing continuous process
Aby

t
A = J a’ds. (2.2)
0
For p >1/2 and f3 > 3, we set

M?P (B,a,7,R") = {Y is progressively measurable; Y, € R";

T 5 P
||Y||MZP—E[(J o4 | Y| ds) ]<oo};
0

N?P(B,a,7,R") = {Y is progressively measurable; Y, € R";

(2.3)
Y135, = | sup e |7, || < ol

O<t<t

N2Pa(B,a,7,R") = {Y is progressively measurable; Y; € R";
Y1 = E| [ aters |y, 7as] < o},
Consequently,
RB2P(B,a,7) = (N?P(B,a,7,R™) N NP (B,a,7,R™)) X M?*P (B,a,7,R™) (2.4)
is a Banach space with the norm
102560 = Y13+ 1Y 13 + 12110 (2.5)

Now we illustrate what we mean by a solution of the BSDE (2.1) in this paper.

Definition 2.1. A solution of the BSDE (2.1) is a pair of progressively measurable processes
(Y,Z) with values in R™ x R"*? such that on the set {t > 7}, Y; = £ and Z; = 0, P-a.s.,
t — Z; belongs to LIOC(O,T), t — f(t,Ys,Z:) belongs to L}, (0,7), and for all ¢ € (0,7), P-
a.s.,

T

=&+ J f(s,YZ)ds— | ZdAW.. (2.6)
AT

tAT

Moreover, let f >0 and let a be an F-adapted process, a solution (Y,Z) is said to be
an (a,f)-solution of the BSDE (2.1) if P-as., t — eV2PA1,_ f(t,Y,,Z;) and t —
areIPA1,_. Y, belong to L (0,0), t — e/2PA1,_. Z, belongs to L} (0, ).

For 2p > 1, a solution is said to be an L?? solution if we have, moreover, (Y,Z) €
B2 (B,a,T).
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2.2. Assumptions on data (¢, f). Now we make the following assumptions. For § >0,
(A1) 7 is a stopping time for the filtration § and P-a.s., 7 < T < oo, where T is a posi-
tive constant;
(A2) there are two nonnegative §-adapted processes u(t) and y(t) such that V(y,z,
y',2') € R™ x R™4 x R™ x R™<4,

| f(t,y,2) = f(6,¥,2)| <u®)ly—y |+y(t)lz—2|; (2.7)

(A3) Je>0,af = u(t) +y*(t) = &
(A4) f(t,0,0)/a; € M??(B,a,T,R™);
(A5) the R¥-valued %,-measurable vector & satisfies

E[ePPAc|E]2P] < oo; (2.8)

(A6) let L < o0 be a positive constant such that
forp>1, A; <co, P-as; forpe (%, 1), A; <L, P-as. (2.9)

We refer to (A2) as the stochastic Lipschitz condition.

LEMMA 2.2. For 2p > 1, if (Y,Z) € B?P(B,a,7) and (A2), (A3), (A4), (A6) hold, then
t— V2B, f(t,Y,Z,) and t — a}eVPPAL,_. Y, belongto L} (0,00), t — eV/DBA1,_ 7,
belongs to L}, (0, 0).

Proof. Ttis obvious that t — e(/2BA1,_. 7, belongs to L}, (0, )
On the other hand, for p € (1/2,1], we have

T T
J a?ePA: Y$|2ds=J (el PIPA: Y5|272p)<a§e1’“5 Y| ) ds
’ ’ g (T i (2.10)
< ( sup el!"PRA |y, | p) (J aZePPAs | v, | pds) < o0,
0<t=<t 0
For p > 1, we have
T T
J aZePAs Y3|2ds=J (aﬁzPiz)/p)(agz/P)eﬁAs Y, |%)ds
0 0 (2.11)

T (p=V/p , (7 ) 1/p
< <J afds) (J aelPA| Y| pds) < 0.
0

0

Now we get that

J a2ePA: | Y, | ds < oo, (2.12)
0
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it follows that

T ) 1/2
J aZell/2BAs Y| ds) < o0, (2.13)
0

T 172 T
Y |ds < (J afds) (J aZePAs
0 0

From the assumption on f, we obtain that

f(s,Ys,Zs) | ds

T
- J e(V2)BAS (
0

T
J S/2PBA;
0

f(510)0)| +“(S)|YS~ +)’(5)|Zs|)d5

T 12, rr 2 12 or (2.14)
- (J afds) (J oBAs £(s,0,0) ds) +J a2 VOBA | Y, | ds
0 0 as 0
T 12, ot , 2
+ (J afds) (J ePA| Z,| ds) < o0,
0 0
the second inequality follows from the fact that a7 = u(t) +y*(t). a

3. A priori estimates

The goal of this section is to study some estimates concerning solutions to the BSDE (2.1).
In what follows, we always assume that 2p > 1.
Firstly, we recall the result of Bender and Kohlmann [6, Theorem 3].

THEOREM 3.1. For p =1, let (A1), (A2), (A3), (A4), and (A5) hold for a sufficient large 5.
There is a unique pair (Y,Z) in B2(f,a,7) satisfying (2.1).

Since Theorem 3.1 demands that f3 is large enough, we can always assume that

B> (zpz_l v3). (3.1)

Moreover, letting (A6) holds, by Lemma 2.2, the unique pair (Y,Z) in Theorem 3.1 is
an (a,)-solution of BSDE (2.1). Now we give a basic estimate concerning the solution.

LemMA 3.2. For p>1and 3> (2/(2p—1) Vv 3), assume that (A1), (A2), (A3) hold, let
(Y,Z) € B2(B,a,1) be a solution of BSDE (2.1) and assume that P-a.s.,

sup e(/2pA

O<t<t

t,0,0
% ' <n,  VDBAE <, (3.2)
t

then
Y € N (B,a,7,R™) N N?P4(B,a,7,R™). (3.3)

For p € (1/2,1), moreover, assuming that (A6) holds, then one can reach the same conclusion
as the case where p > 1.
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Proof. Applying Ito’s formula to efA«+|Y;|2, we obtain

ePAin Z| 2 +pa? | Y| 2)ds

T
2
Yt/\r| +J eﬁAS(
EAT

T T
:eﬁAf|f|2+ZI (Y, f(s, Yo Z))ds—2 | &P (Y, ZdAW,)
tAT AT

T
<t [ U] £60.0] +2u) | Y| 4209 | V] )
AT
—2J e (Y, Z,dW,)
tAT
T 2
Sn2+J eﬁAS<a§|Ys| +
tAT
T 5 T
+J eﬁA‘|Zs|ds—2J P4 (Yo, Zod W)
tAT tAT

4 ,0,0) |2
sn2+.[ eﬁAS(3a§|YS|2+‘M
tAT as

T
- 2I ePA (Y, ZdW).
tAT

(3.4)

2
+(2u(s)+ () | Y: ) ds

)ds+J P4 | Z,| 2 ds

AT

Thus, it follows that

eﬁAW|Y,M| +J (B-3)a eﬁA5|YS|2d5sn2+n2T—2J ePA(Y, ZAW,).  (3.5)

AT

Noting that {|, IAT oA Y, Z:dWs) } =0 is a martingale and taking the conditional ex-
pectation with respect to %, ., we have

ePAune | Y,nr |2 +EU ( ] <n?+n’T. (3.6)
tAT
Thus, we can conclude that
sup PP Y, | < (n? +n*T)". (3.7)
o<t<t
For p > 1, we have
T
E[J alePPAs Ys|2pds] = [J (p=DBA: |y, |P7%) (a2eP4 | Y, | ds]
0 0
2p-2 ’ 2
ol [
0o<t<t 0
(3.8)

the last inequality follows from estimates (3.7). Now we have proved the first result.



Jiajie Wangetal. 7

For p € (1/2,1), by (A6), we have
E[J afePﬁAf|Ys|2Pds] =E[J (ai ) (asf epPA:
0 0

T p
sLl’P<E[J aszeﬁAS|Ys|2ds]) < 0,
0

Y| Zp)ds]

the second result follows.

Now we show how to control the process Z in terms of the data and Y.

(3.9)

LemMa 3.3. For 2p > 1 and B> (2/(2p — 1) V 3), let the assumption (A2), (A3), (A4),
(A6) hold and let (Y,Z) be an (a,3)-solution of BSDE (2.1). Moreover, assume that Y €
N22(B,a,7,R™) N N2P4(B,a,7,R™), then Z € M?P(B,a,T,R™?) and there exists a constant

C, depending only on p such that

(£,0,0)
12112, < cp<||Y||i{ép ¥ Hfa—
t

2p
Mz ) '

Proof. For each integer n > 1, let us introduce the stopping time

t
T, = inf{te [0,7] | J A | Zo | ds = n} AT.
0

Applying It&’s formula to eP4+ | Y;,,|2, we obtain that

Y| ds

Tn Tn
1Yo |” + Jo PA | Z, | ds + Jo Ba?(s)eP4s

Tn Tn
= efhn |y, |? +2J PA(Ys, f (s, Y5, Zs) ) ds — ZJ PA(Y,, ZdWS).
0 0

However, from the assumption on f, we get that

21 {y, f(ty,2)) | <20pl| £(£,0,0)| +2u(t)|y|*+2y(1) |yl |zl
- 'f(t,0,0) 2
at

1
+alyl?+2u(t)y|* +2y* ()] y|* + EIZI2

(£,0,0) |? 1
= ‘fT +3(Jl%|y|2+z|z|2.
t

Thanks to the estimate (2.12) in last section, since 7, < 7 and f > 3, it follows that

7| ds

1"
_J OB
2 Jo

T
< sup eﬁA’|Yt|2+J ePAs

0<t<t 0

2 -
W' ds+2’J ePA (Y, Z AW, |.
s 0

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)



8 Journal of Applied Mathematics and Stochastic Analysis

Thus,

Tn
(e
0

T
S%[WP@MWnVP+Q[J&

O<t<t 0

P
Z| 2ds)

f(5,0,0)

)

2 p T p
ds) + ‘ I ePAs (Y, ZA W) ]
0

(3.15)

By the Burkholder-Davis-Gundy (BDG) inequality, we get

p B Tn
} <d,E <J e2PAs
| \Jo

~ .
<d,E ( sup elV/2PA ]y, | P) (J ePAs
0

O<t<t

Ty p/2
cpEU JO PA(Y, ZAW,) Y,|? | Z| 2ds> }

p/2
Z| 2ds) ]

r Tn p
< d,E| sup ePﬁA’|Yt|2P]+lE[<J 6/3A5|Zs|2d5> ]’
Lo<t<t 2 0
(3.16)

where we use the notation d,, for a constant depending on p and whose value could be
changing from line to line. Combining this with the estimate of (" ef4| Z|?ds)?, we get,
for each n > 1,

Ty P T ,0,0 2 P
([ ) )< e e ][0 ]
0 0<t<t 0 as
2w || f(£,0,0) (]
= CP(HYHsz N H—at )<
(3.17)
Letting n — oo and using Fatou’s lemma, we get that
r p £,0,0) ||
E[(J eﬁAslzslzds) ]<Cp<|Y||if’ép+Hf( ) )<oo. (3.18)
0 at Mz2p
So we obtain the result and finish the proof. O

.. 2 . 2 2
After estimating || Z|| Afzp, the next ones we want to estimate are || Y| szp and ||[Y| J\fzp,,,.
To this end, we recall [4, Corollary 2.3].
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Lemma 3.4. If (Y,Z) is a solution of BSDE (2.1), 2p > 1, c(p) = p[(2p — 1) A 1], and
0<t<ux<T,then

2p-2

|Yt|2P+C(P)J | Y| lyﬂéo|Z5|2ds

R Ys,f(s,Ys,Z))ds—ZpI Y, | (Y, ZdW,),

(3.19)

< v +2p [ 7]

where x = (x/|x|) 140
An immediate consequence of Lemma 3.4 is the following result.

CoroLLARY 3.5. If (Y,Z) is an (a,p)-solution of the BSDE (2.1), 2p > 1, ¢(p) = p[(2p —
DAl],and0<t<u<T,then

ePPAine | Y. | 2 +c(p) JT ePPA| Y| 2p721yﬁé0 | Zs| 2ds+ JT pPaerPA| Y| P ds
tAT tAT
< ePPA-|E12P 4 2p LTM ebPAs |y, | 2l (f’s,f(s, Y, Zs))ds
~ap[ ey (R zaW),
o (3.20)
Proof. Applying Ito’s formula to e(/2P41Y, and letting
Y, = e VPBAy, Z,=eVPBA 7, (3.21)
we get
—dY: = f(t, Y, Ze)dt = Z:dW;, Y, =, (3.22)
where

- - 1
f — e(l/2)ﬁA,€’ f(t,y,Z) — e(l/Z)ﬁA[f(t’ef(l/Z)ﬁA[y’ef(l/Z)ﬁAtz) _ Eﬁa%y (323)

By Definition 2.1 and Lemma 3.4, we can get the result. O

Now we can give the estimates of || Y||sz and || YHMM

ProrositioN 3.6. For 5> (2/(2p—1) Vv 3), let the assumption (A2), (A3), (A4), (A5),
(A6) hold and let (Y,Z) be an (a,)-solution of BSDE (2.1). Moreover, assume that Y €
N2P(B,a,7,R™) N N2P4(B,a,7,R™). Then, for p > 1, there exists a constant C, g depending
only on p and B such that

t,0, 0
1Y 12, + 1Y 12, + 1218, < Cpﬁ( [ePPA-|£120] Hf(

>; (3.24)
e

for p € (1/2,1), the estimate (3.24) still holds where the constant C, g is replaced by another
constant C, g1 depending only on p, B and L.
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Proof. Because of the result of Lemma 3.3, we only need to prove

£,0,0
1Y 1280 4 1Y 1200 < G (E[epﬁfﬂazpl + H%
t

2p
). (3.25)

e

By Corollary 3.5, we get that

2
ePPAw Y, |ds

T
2
Youe | +C(p)L ePAs
AT

T
Vo 1y g0l 2 dst | ppatert®
tAT

T
< ePPA<|E|2P +2pL ePPA | Y3|2p_l(Ys,f(s, Yy, Z))ds
AT

T
— 2p j ep‘BAS
AT

< ePﬁAT\£|2P+2pJT ePPA (| Y, |71 | £(5,0,0) | +u(s)| Y| ) ds
tAT

Y|P NY, ZdW,)

T T
+2pJ ePPAsy(s)| Y| P |Zs\d572p'[ PP | Y, |, Zd W)
AT AT

1

< ePPAT|E12P 42 JT P/"A‘( Y77 £(5,0,00 | 4 —
PP +2p ) e | Y| ™[ £(5,0,0) Gp- DAl

+c(P) JT oPPAS
2 AT

af|Y5|2P)ds

T
Yo 1y 00| 20 2ds - 2p L PR | Y| 27 (T, Z.d W),
AT
(3.26)

The last inequality follows from the following one:

zpepﬁAs)’(S) | Y| i |Z| = Z(Pe(p/z)ﬁAsy(s) | Y, |p) (e(P/z)ﬁAs Y| P711Y5%0 | Z])

Y; | zp_zle%O | Zs | 2-

2
Loy (9)| v, P %el’ﬁ"s

<—>
2p-1)n1
(3.27)
Letting
X = ePﬁAf|£|2P+2pj e | Y, |77 £(5,0,0) | ds, (3.28)
0
since > (2/(2p—1) v3) = 2/((2p — 1) A 1), we get the inequality
epﬁAmr Yt/\‘r | 2p + C(Z_P) I epﬁAs YS | 2P721Y51‘é0 |ZS | 2d5
tAT
’ . # 2 ,pBAs 2p
+me<[3 (2p_1)/\1>ase | Ys|“ds (3.29)

T
<X-2p LMePﬁAs | Y, |2 7H(Y,, ZdWS).
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The BDG inequality implies that {M; = fOMT ePPA | Y20~ 1(Y o, Zd W) } a0 is @ uni-
formly integrable martingale. Indeed, we have by Young’s inequality
12 2p-1( (7 2\
E[(M,M), ]SE[ sup el@P=D/2PA |y, | 2P~ (J ePA| Z,| ds) ]
O<t=<t 0

0] ] Sl i)
< 2 sup efP4e| Yy | +2PE( e |Zs|d5) < o0,

0<t<t 0
(3.30)
the last inequality follows from Lemma 3.3.
Thus, we have
c(p) T oA 2p-2 2
SEE | e Y. | 1y 00| 2| Pds | < E[X] (3.31)
2 AT
and by BDG inequality, we get that
BA 2p ! 2 2 ,pBA 2p
E supep t|Yt| + pﬁ_ﬁ asep S|Y5| ds
0t=r 0 2p-1DA (3.32)

< 2E[X] + k,E[(M,M)"*].

On the other hand, we have also

T 1/2
ka[(M,M)l/z] < ka[ sup elP/2PA | Yt|P(J ePPAs | Ys|2p_21Y5%O|Zs|2dS) ]

T
O<t<t 0

1 »] Kk !
SEE[ sup e/ |, | ]+EEU e

Vol 1y 0|22 s .

0<t<T 0
(3.33)
Thus, we obtain
E[ sup ePr |y, | +d(p,/3)f a2ePbh |y, ZPds] < k,E[X], (3.34)
O<t=<t 0
where d(p,) = p(B— (2/2p—1) A 1)).
For p > 1, let us estimate E[X], then d(p,f) = p( — 2) and we have
kp[X] = kpePAe|E|2P +KPJ ePPAs | Yo |7 £(5,0,0) | ds, (3.35)
0
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now we estimate the second term of the right-hand side,

T
KPJ ePBA | Y|P £(5,0,0) | ds
0

' _ -1
:Kp JO (ase(P/z)ﬁAs YS|P)(6((P 1)/2)BAs Y5|‘D )(e(l/z)ﬁAs

f(s,0,0) ’)ds

S

. _ d ,0,0) |2
< PL aterPt | Ys|2pdS+Kp( sup el VFA: |y, | 2) (JO b | 1500 ds)
O<t<t S
! 1 i ,0,0) 2 \*
spJ a2ePPA | Y|P ds+ = sup ePﬁAlet|2P+KP<J ePAs /(0,0) ds) ,
0 2 o<t=r 0 as

(3.36)

where we use the notation K, for a constant depending on p and whose value could be
changing from line to line.
Coming back to estimate (3.34), since 3 > 3, we get that

E[ sup ePﬁA'|Yt|2p+p(ﬁ—3)J afepﬁAS|Ys|2Pd5]
0

O<t=<t
T 2 P
< KPE[eP5A1|£|2P+ (J ePAs M ds) ]
0 as
The first result follows easily.
Now we study the case that p € (1/2,1). Noting that the estimate (3.34) also holds for
p € (1/2,1), we have

(3.37)

E[ sup ePPA | Yt|2P+d(p,/3)J alePPAs
0

O<t<t

where d(p,) = p(B—2/(2p — 1)) and X = ePPAr |E|2P +2p [ ePPA| Y|P~V £(5,0,0)|ds.
Just like the proof of the first result, we estimate

Y| Zpds] < k,E[X], (3.38)

K, JO ePPA: | Y, |77 | £(5,0,0) | ds. (3.39)
Since p € (1/2,1), we have, P-a.s.,

Y| ?7' | £(5,0,0) | ds

.
K, L oPPA,
=K, JOT (a§2p—1>/pe(2p—1>/2/5As | Y5|2p—1> (agl—p)/P) (e(l/z)ﬁAs f(s;i(s),o) ‘ )ds
2p
>ds

£(5,0,0)
2
£(s5,0,0) ds)p

as
as
(3.40)

B @J’ afePﬁAs | Ys|2pdS+KP)ﬁJ (a?(l—P))(epﬁAs
0 0
T i o '
0 ’ '

f(5,0,0)

S

_4p.p) J'T a2 ePPAs
2 0

2 \p
ds).

T
Y| P ds + Kppr ( J ePAs
0
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Coming back to estimate (3.34), we get

E[ sup ePPAr |y | Py d(pT,,& J aelPA | Y| 2pds]
0

O<t<t
2 p
ds) ]

The second result follows easily. O

f(5,0,0)

as

T
< Kp,ﬁ,LE[ePﬁA’ |E]2P + (J ePAs
0

4. Existence and uniqueness of a solution

With the help of the above a priori estimates, now we can prove our existence and unique-
ness result.

THEOREM 4.1. For p > 1/2, let (Al), (A2), (A3), (A4), (A5), and (A6) hold for a sufficient
large B, the BSDE (2.1) has a unique solution in B*P (B,a,1).

Proof. Let us start by studying the uniqueness part.

Assuming that (Y,Z) and (Y’,Z’) are two solutions of BSDE (2.1) in B2/ (B,a,1), we
denote by (17,2) the process (Y —Y',Z — Z’). It is obvious that (17,2) is a solution in
B2 (B,a,7) to the following BSDE:

T T

?t/\r = h(s, ?s: 2s)d5 - ZSdWS) (4.1)

tAT tAT

where h stands for the random function
h(t,y,2) = f(t,y+Y,,z+2Z,) — f(t,Y/,Z}). (4.2)

It is easy to verify that BSDE (4.1) satisfies the assumption (A1), (A2), (A3), (A4), (A5),
and (A6). Noting that h(#,0,0) =0, by Proposition 3.6, we get immediately that (17,2) =0.
Let us turn to the existence part.
For each n > 1, let us define &, = e~ (/2PArg, (e/2PAE) and

f(50,0) D (4.3)

fult,y,2) = f(t, ,2) — f(£,0,0) +ae” V2P g, (e“/z)’“' .
t

where q,(x) = x(n/|x| v n).
It is easy to show that each pair (&, f,) satisfies the condition demanded by Theorem
3.1, then for each n > 1, the BSDE

T
Yt"):£n+J Fls, Y™, zMds— [ zmaw, (4.4)

T
tAT tAT

has a unique solution in %Z(ﬂ,a,r). Moreover, according to Lemma 3.2,

YW e N2P(B,a,7,R™) N N?P(B,a,7,R™). (4.5)
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By Proposition 3.6, for each (n,k) € N X N,

||Y(Vl+k) —y®

o YO — YO8, || 2040 - 20|32,

< CpgaE| | quak e0/PPE) — g, (P48 |

. ( J f(,0,0) D —a (eampAt
0

az

e

1600)) |

(4.6)

Since (A4) and (A5) hold, by dominated convergence theorem, we obtain that the
right-hand side of the last inequality clearly tends to 0, as n — co, uniformly in k, so
(Y™,ZM) is a Cauchy sequence in B?#(B,a,). It is easy to pass to the limit in the ap-

proximating equation, yielding a solution of the BSDE (2.1) in B??(,4, 7). O
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