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Consider the problem

y’(t)- f(t,y(t),i),

(o)- o,
(,) 0.

t e J [0, b],

Employing the method of upper and lower solutions and the monotone
iterative technique, existence of extremal solutions for the above equation
are proved.
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1. Prehminaries

Consider the following differential equation

x’(t) = f(t,x(t),), t E J : [O,b] (la)
with the boundary conditions

x(O)- kO, x(b) kl, (lb)
where f C(J R R,R) and ko, k1 R are given. The corresponding solution of

(1) yields a pair of (x, ) CI(J, R) x R for which problem (1) is satisfied. Problem
(1) is called a problem with a parameter.

Conditions on f which guarantee the existence of solutions to (1) are important
analysis theorems. Such theorems can be formulated under the assumption that f
satisfies the Lipschitz condition with respect to the last two variables with suitable
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Lipschitz constants or Lipschitz functions [1-3, 5].
This paper applies the method of lower and upper solutions for proving existence

results [4]. Using this technique, we construct monotone sequences, giving sufficient
conditions under which they are convergent. Moreover this method gives a problem
solution in a closed set.

Note that x(b) in condition (lb) may appear in a nonlinear way, so it is a reason
that we consider the following problem in the place of (1):

y’(t) f(t, y(t), ix), t E J [0, b],

where f C(J x n x R, n), G C(R x R, R).

2. Main Results

A pair (v, c) e CI(j, R) x R is said to be a lower solution of (2) if:

v’(t) <_ f(t, v(t), c), t J,

<

and an upper solution of (2) if the inequalities are reversed.
Theorem 1" Assume that f C(J x R x R, R), G C(R x R, R), and:
1 o yo, Zo e CI(j,R), ixo, 3’o R, such that (Yo, IXo), (Zo, 3’o) are lower and

upper solutions of problem (2) such that yo(t) < zo(t), t e J and, ixo < /o;
2 o f is nondecreasing with respect to the last two variables;
3 o G is nondecreasing with respect to the first variable;
4 o G(y, ix)- G(y, ) <_ N(- iX) for yo(t) <_ y(t) <_ zo(t), t J, ixo <- ix <- fl

<- /o with N >_ O.
Then there exist monotone sequences {Yn, IXn}, {Zn,’n} such that yn(t)-*y(t),

zn(t)-*z(t), t E J; ixnix, ")’n/ as noc; and this convergence is uniformly and
monotonically on J. Moreover, (y, ix), (z,) are minimal and maximal solutions of
problem (2), respectively.

Proof: From the above assumptions, it is known that:

Yo(0) <- ko, Z’o(t) >- f(t, zo(t), 7o), Zo(0) >- ko,
0 >_ G(zo, 7o),

and yo(t) < Zo(t), t J, ixo < 70. Let (yl,)l), (Zl,’)’l) be the solutions of:

and

Yi(t) f(t, Yo(t),ixo), Yl(0)
0 G(yo, ixo)- N(IXl

z(t)- f(t, zo(t),7o), Zl(0 ]0’
0 a(Zo, ’o) N(71 70),
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respectively.
Put p- o- A1, so:

0 a(yo, Ao)- N(A1 Ao) >- N(A1 Ao) Np,
thus p _< 0 and o -< A1- Now let p 1 71" In view of 3 o and 4 o, we have:

0 G(Y0, )o) N(A1 Ao) G(Yo, Ao) G(zo’ 70) N()I "o) + N(71 70)
K_ G(zo, )o) G(zo, 70) N(I o) q- N(71 70)

-< N(7o- Ao)- N(’I o) + N(71 70) Np.

HenceA1_<71. Set p-71-70, sothat:

0 G(Zo, 70) N(71 70) _K N(71 70) Np,

and thus 71 -< 70. As a result, we have:

AO A1 < 71 70"

We shall show that

yo(t) <_ yl(t) <_ zl(t .<_ zo(t), t E Z. (3)
Let p(t)- yo(t)- yl(t), t E J, so:

p’(t) yo(t)- yl(t) <_ f(t, yo(t),Ao)- f(t, yo(t),Ao) O,

and p(0)- Yo(0)-Yl(0)<_ 0. This shows that p(t) <_ 0, t J. Therefore yo(t) <_
yl(t), t J. Put p(t) yl(t)- zl(t), t J. In view of 2 o, we have

p’(t) y(t)- Zl(t) f(t, yo(t),Ao)- f(t, zo(t),7o)
<_ f(t, zo(t), 70) f(t, zo(t), 70) O,

and p(0)-0, so p(t)<_O, tJ, and yl(t)<_zl(t), tEJ. Put p(t)-zl(t)-zo(t),
t J. We obtain:

p’(t) Zl(t) Z’o(t <_ f(t, zo(t), 70) f(t, zo(t), 7o) O,

so p(t) 0, t J, and hence zl(t <_ zo(t), t J. This shows that (3) is satisfied.
Note that:

yl(t)- f(t, Yo(t),)o) <_ f(t, Yl(t),l),Yl(O)-
and

Zl(t) -f(t, zo(t),7o) >- f(t, zl(t), 71), Zl(0) ]0"
Moreover, in view of 3 o and 4 o, we have"

0 G(Yo, 0)- N(I A0) <- G(Yl, o)- N(’1.- o)
G(yl, "o)- G(yl, A1)q-((Yl, "1)- N()I )o)

-< N()I )o) q- G(Yl, 1) N()I )o) G(yl, 1),
and

0 G(z0, 70) N(71 70) >- G(Zl, 70) N(71 70)
G(Zl, 70) G(Zl, 71) q- G(Zl, 71) N(71 70)
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>-- N(/1 ")’0) + G(Zl, ")’1) N(71 7o) G(Zl, ")’1)"
Consequently, (yl,l), (z1,’),1) are lower and upper solutions of problem (2).

Let us assume that

o - ’1 -’"- k- 1 -- k -- /k -- /k- 1 --"’-- ")’1 -- ’0,

Yo(t) < Yl(t) -< "’"-< Yk-1(t) --< Yk(t) <-- zk(t) <-- Zk-1(t) --< ""--< zl(t) --< Zo(t),
tEJ

and

yz(t) _< f(t, Yk(t), Ak)
0

_
G(Yk,,k)

[

Yk(O)- ko, J z(t) >_ f(t, zk(t), 7k), Zk(O)- ko,
o >_ a(z,

for some k > 1. We shall prove that:

and

k<--)kTl--<Tk+l
Yk(t) - yk + l(t)-zk+l(t)-zk(t), re J,

Y+I(t)- f(t, YkTl(t),)k+l), Yk+l(0)-
0

_
G(yk + 1, k + 1),

(4)

z + l(t) >_ f(t,zk + l(t), 7k + 1), Zk + 1(0)
0

_
G(zk + l")’k + 1)’

where
Y + 1(t) f(t’yk(t)’;k)’ Yk + 1(0) k0,

0 G(yk, "k)- N(k + 1 k)’

z + l(t) f(t, zk(t), 7k), Zk + 1(0) k0,
0 G(Zk, 7k) N(Tk + 1 7k)"

Put p "k- "k + 1, so"

0 G(Yk,,k)- N(,k + 1 k) >-- N(Ak + 1 )k) Np,

and hence,k<_,k+l. Let P--’k+l--Tk+l" In view of 3 and4,weseethat:

0 G(Yk, $k)- N(Ak + 1 )k)
G(Yk, k) G(Zk, 7k) N(k + )k) -t- N(7k + 1,

<_ a(zk, "k) a(zk, 7) N(, + 1 k) q- N(Tk + 1

< N(Tk Ak) N(k + 1 )k) nu N(Tk + 1 3/k) Np.
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Hence we have Ak + 1 -< 7k + 1" Now, let p 7k + 1 ")’k" Then:

0 G(zk, 7k) N(Tk + 1 ")/k) <-- Np,

so 7k + 1 < 7k, which shows that the first inequality of (4) is satisfied.
As before, we set p(t) yk(t)- Yk + l(t), t E J. Then:

p’(t) yk(t)- Yk + 1(t) -- f(t’Yk(t)’Ak)- f(t’Yk(t)’Ak) O,

and p(0)-0, so Yk(t)<_Yk+l(t), teJ. We observe that for p(t)--Yk+l(t)-
zk + l(t), t J, we have

p’(t) Yk + 1(t) z + l(t)- f(t, Yk(t),Ak)- f(t, zk(t),
<_ f(t, z(t), 7) f(t, z(t), 7) 0

which proves that Yk+l(t) <zk+l(t), tJ. Put p(t)-zk+l(t)-zk(t), tJ.
Then we have:

p’(t) z’k + l(t) z(t) < f(t, zk(t), 7k) f(t, zk(t), 7k) 0,

SO Zk h-1 (t) - Zk(t)’ t C:. J. Therefore:

Yk(t) <- yk + l(t)-<zk+l(t)-<zk(t), reg.

It is simple to show that (Yk + 1,Ak + 1), (zk + 1,Tk + 1) are lower and upper solu-
tions of problem (2).

Hence, by induction, we have:

"0 -</1 -<’"-< )n -< "/n <-""-< ’1 -< ’0,

Yo(t) <_ Yl(t) _< _< Yn(t) <_ Zn(t <_ <_ Zl(t _< Zo(t), t J

for all n. Employing standard techniques [4], it can be shown that the sequences
{Yn, An}, {Zn, 7n} converge uniformly and monotonically to (y,A), (z, 7), respectively.
Indeed, (y,A) and (z, 7) are solutions of problem (2) in view of the continuity of f
and G, and the definitions of the above sequences.

We have to show that if (u, )is any solution of problem (2) such that:

Yo(t) <_ u(t) <_ zo(t), t J, and A0 <_/ <_ 70,

then:

yo(t) <_ y(t) <_ u(t) <_ z(t) <_ zo(t), t J, and A0 _< A <_ _< 7 < 70"
To show this, we suppose that"

yk(t) <_ u(t) < zk(t), t J, and Ak _</ _< 7k
for some k. Put Ak + 1 " Then, in view of 3 o and 4 o, we have

0 G(Yk, "k)- N(/k -t- 1 "k) <-- a(u, )k)- N(/k -t- 1 "k)
a(zt,/k)- a(u, fl)- N(.k h- 1 "k)

<_ N(fl "k) N()k -t- "k) Np,

so p <_ 0, and hence Ak + 1 -< " Let p 7k + 1" Then we obtain"

0 G(tt, [3)

_
a(Zk, t) G(Zk, ) G(Zk, [k) at" N(fk h- 1 [k)
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<_ N(Tk ) + N(Tk + 1 7k) Np,

and hence p <_ 0, so fl <_ 7k + 1" This shows that:

"k+ <--/ <-- 7+1.
As before, we set p(t) Yk + 1(t) u(t), t E J. In view of 2 we obtain"

p(t) Yk h" 1 tt(t) f(’ Yk(t)’/k) f(t, lt(t),
< f(t, u(t), fl) f(t, u(t), fl) 0;

hence p(t)<_O, rE J, and Yk+l(t)<-u(t), tJ. Now let p(t)--u(t)-zk+
tJ. We see that"

p’(t) u’(t)- z’k + (t) f(t,u(t),fl)- f(t, zk(t),7)
< f(t,z(t), 7) f(t,z(t), 7a) 0,

and p(t) < 0, t J, so u(t) < zk + l(t), t J. This shows that:

Yk + l(t) -< u(t) <_ zk + l(t), tEJ.
By induction, this proves that the inequalities:

Yn(t) <_u(t) <_Zn(t), t J, and n-<fl-<Tn
are satisfied for all n. Taking the limit as nc, we conclude that:

y(t) <_ u(t) <_ z(t), t J, and _< _< 7.

Therefore, (y,), (z, 7) are minimal and maximal solutions of (2). The proof is corn-
plete.
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