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We study the class of the free relativistic covariant equations generated
by the fractional powers of the d’ Alembertian operator ((J'/"). The equa-
tions corresponding to n = 1 and 2 (Klein-Gordon and Dirac equations)
are local in their nature, but the multicomponent equations for arbitrary
n > 2 are nonlocal. We show the representation of the generalized alge-
bra of Pauli and Dirac matrices and how these matrices are related to
the algebra of SU(n) group. The corresponding representations of the
Poincaré group and further symmetry transformations on the obtained
equations are discussed. The construction of the related Green functions
is suggested.

1. Introduction

The relativistic covariant wave equations represent an intersection of
ideas of the theory of relativity and quantum mechanics. The first and
best known relativistic equations, the Klein-Gordon and particularly
Dirac equation, belong to the essentials, which our present understand-
ing of the microworld is based on. In this sense, it is quite natural that
the searching for and the study of the further types of such equations
represent a field of stable interest. For a review see, for example, [5]
and the references therein. In fact, the attention has been paid first of
all to the study of equations corresponding to the higher spins (s > 1)
and to the attempts to solve the problems, which have been revealed in
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164  Relativistic wave equations with fractional derivatives

the connection with these equations, for example, the acausality due to
external fields introduced by the minimal way.

In this paper, we study the class of equations obtained by the factor-
ization of the d’Alembertian operator, that is, by a generalization of the
procedure by which the Dirac equation is obtained. As a result, from
each degree of extraction n we get a multicomponent equation, in this
way the special case n =2 corresponds to the Dirac equation. However,
the equations for n > 2 differ substantially from the cases n =1,2 since
they contain fractional derivatives (or pseudodifferential operators), so
in the effect their nature is nonlocal.

In Section 2, the generalized algebras of the Pauli and Dirac matri-
ces are considered and their properties are discussed, in particular their
relation to the algebra of the SU(n) group. The main part (Section 3)
deals with the covariant wave equations generated by the roots of the
d’Alembertian operator, these roots are defined with the use of the gen-
eralized Dirac matrices. In this section, we show the explicit form of
the equations, their symmetries, and the corresponding transformation
laws. We also define the scalar product and construct the corresponding
Green functions. The last section (Section 4) is devoted to the summary
and concluding remarks.

Note that the application of the pseudodifferential operators in the
relativistic equations is nothing new. The very interesting aspects of the
scalar relativistic equations based on the square root of the Klein-Gordon
equation are pointed out, for example, in [8, 15, 16]. Recently, an inter-
esting approach for the scalar relativistic equations based on the pseu-
dodifferential operators of the type f([J) has been proposed in [1]. We
can mention also [7, 17] in which the square and cubic roots of the Dirac
equation were studied in the context of supersymmetry. The cubic roots
of the Klein-Gordon equation were discussed in the recent papers [10,
13].

It should be observed that our considerations concerning the gener-
alized Pauli and Dirac matrices (Section 2) have much common with
the earlier studies related to the generalized Clifford algebras (see, e.g.,
[2,3,12,14] and the references therein) and with [9], even if our starting
motivation is rather different.

2. Generalized algebras of Pauli and Dirac matrices

In the following, by the term matrix we mean the square matrix n x n,
if not stated otherwise. Considerations of this section are based on the
matrix pair introduced as follows.

Definition 2.1. For any n > 2, we define the matrices
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2.1)

\ an—l

where a = exp(2sri/n), and in the remaining empty positions are zeros.

LemMma 2.2. Matrices X = S, T satisfy the following relations:

aST =TS, (2.2)
X"=1, (2.3)
XxXt=Xxtx =1, (2.4)
detX = (-1)"}, (2.5)
trXk=0, k=1,2,...,.n-1, (2.6)
where I denotes the unit matrix.
Proof. All the relations easily follow from Definition 2.1. O

Definition 2.3. Let «# be some algebra on the field of complex numbers, let
(p,m) be a pair of natural numbers, X1,X»,..., X, € 4 and ay, ay,...,a;,
€ C. The pth power of the linear combination can be expanded

m
<Zaka> Zal ay ag | X0 XL X pit et Pm =D,
k=1

(2.7)

where the symbol {Xf1 ,XgZ,. .., X"} represents the sum of all the possi-
ble products created from elements Xy in such a way that each product
contains the element X just pi-times. We will call this symbol combina-
tor.



166  Relativistic wave equations with fractional derivatives
Example 2.4. Some simple combinators read:
(XY} =XY+YX,
(X, Y} =XY?+YXY +Y?X, (2.8)
(XY, Z} =XYZ+XZY +YXZ+YZX+ZXY + ZYX.
Now, we will prove some useful identities.

LEmMA 2.5. Assume that z is a complex variable, p,r > 0, and denote

gp(z) = (1-2)(1-22)---(1-2P), qo(z) =1, (2.9)
r ks ko

Frp(z) = Z Z Z Zhizke .. ke (2.10)
ky=0  ko=0k;=0

Zk

14
Gy(z) =)D,

k=0 9p- k(z_l)qk(z)

- (2.11)
L 1
H,(z)= ) —F—————.
’ =0 9+ (271 ax(2)
Then the following identities hold for z#0, z/ #1;j=1,2,...,p:
gp(z) = (-1)P2PPD2g, (271, (2.12)
Gy(z) =0, (2.13)
Hp(z) =1, (2.14)
p Zk~r
Frp(z)= ) ———— (2.15)
QNP PRErTE)
and in particular, for zP*" =1
Fp(z) =0. (2.16)

Proof. (1) Relation (2.12) follows immediately from definition (2.9)

gr(z) = (1—2)(1—22) e (1-2")
=z- 222 (z7'=1)- (27 -1) (2.17)
— (_1)rzr(r+1)/2qr(z—1)‘
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(2) Relations (2.13) and (2.14): first, if we invert the order of adding
in relations (2.11) making substitution, j = p — k, then

P k
Gy(z)=> —— = =P PG,(z"), (2.18
=) qu NERren ,Zoqz(Z‘l)qp;(Z> FG () @18)
L 1 L 1
H,(z) = Z =H,(z ™). (2.19)

= Gk (z)a(z) 5z 1) g(2)
Now, we calculate

-1
P p 1

Hy(z) -Hpa(2) = Z

0 9p- k(z 1)qk(z) k=0 QrJ—l—k(Zfl)qk(Z)
1 1 2 1
T ;) & (D) 5 i (z1)a(2)
_ 1 s 1-0-2)
- a4 (2) {2 ap-k(z7)aqk(2)
P Zk-p

RPN
=Gy(z™).
(2.20)
The last relation combined with (2.19) implies that
Gp(z!) =Gy(2), (2.21)
which, compared with (2.18), gives
Gp(z')=0; z#0,2/#1,j=12,...p. (2.22)

So identity (2.13) is proved. Further, relations (2.22) and (2.20) imply
that

H,(z) - Hp1(2) =0, (2.23)
therefore,
H,(z) = H,1(z) =---= Hy(z) =1, (2.24)

and identity (2.14) is proved as well.
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(3) Relation (2.15) can be proved by induction, therefore, first assume
p =1, then its left-hand side reads

== (2.25)
klz::o 1-z
and the right-hand side gives

1 zk 1 ke 1-zkt
+ = ,
q1(z) q(z') 1-z 1 z1 1-z

(2.26)

so for p =1 the relation is valid. Now, suppose that the relation holds for
p and calculate the case p +1

Kp+2 ka

Z Z Z Zki ke L Skpa
kps1=0  k2=0k1=0
kpi2 ks ko
= Z Zke . Z z:zklzk2 - zkp
kp+1=0 ko=0k1=0
kpi2 Sk

p
kp+1 Z

,,+Zl_0 2 dp-k(2)q(z7)

p p+2

_ Z Z S (k1) ki

k=0 4p-k Z)qk(z ") kp+1=0
1 pUk+1)-(kpat1)
qp k(z)qk (Z 1) 1- ZkJrl (227)
Zk=1 _ (k1) ki

Gp-k(2)q (z7) (271 - 1)
S (k) kpn _ k-1

&'ﬁ

M= OME

Gp-k (2) g1 (z71)

zk'kp+2

=
+ I}
= o

7k

Gp+1-k(2)qi (z71)
-k

=
+ I
—_ =

k'kp+2 z

—0 9p+1-k (Z)qk (Z_l)

ZKkpe2 p+l =k

b—'O

+

=

& @z kz:(:) Gp1-k(2)q(z71)
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The last sum equals G,,+1(z‘1), which is zero according to (2.13), so we
have proven relation (2.15) for p + 1. Therefore, the relation is valid for
any p.

(4) Relation (2.16) is a special case of (2.15). The denominators in the
sum (2.15) can be with the use of the identity (2.12) expressed as

kD) = (g (z an@), s=(E-K)p+1),  (29)

and since z"* = 7P the sum can be rewritten as
i k-r i Z=Sz P -k
= (z)kz1 kz1 k(z)
S apr@a(z) 2 ap-k(z7)q k (2.29)
z

=(-1)Pz —p(p+1)/2
2 A () ak(2)

Obviously, the last sum coincides with G, (z), which is zero according to
the already proven identity (2.13).
Remark that Lemma 2.5 implies also the known formula

- 27
x"—y"=(x-y)(x—ay)(x-a’y) - (x-a"'y), a=exp <T
(2.30)
The product can be expanded as follows:
x"—-y" = Z cjx"‘f(—y)j, (2.31)
j=0
and we can easily check that
c=1, Cp=ad’a® - a = (=1)", (2.32)
For the remaining j, 0 < j <n, we get
n-1 k3 1k2
Z Z akrake ..ok, (2.33)
] ] 1 kz 1k1

and after the shift of the summing limits, we obtain

ks ko

cj =ac’a’---al” 12 Z szklzxkz o, (2.34)

]—0 ko=0k1=0
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This multiple sum is a special case of formula (2.10) and since a” =1,
the identity (2.16) is satisfied. Therefore, for 0 < j <n we get ¢; =0, and
formula (2.30) is proved. O

Definition 2.6. Suppose a matrix product created from some string of ma-
trices X, Y in such a way that matrix X is in total involved p-times, and
Y is involved r-times. By the symbol P]f’ (P;") we denote permutation,
which shifts the leftmost (rightmost) matrix to right (left) on the position
in which the shifted matrix has j matrices of different kind left (right).
(The range of j is restricted by p or r if the shifted matrixis Y or X.)

Example 2.7. Simple case of the permutation defined above reads:
Py o XYXYYXY =YXYYXXY. (2.35)

Now, we can prove the following theorem.

THEOREM 2.8. Let p,r >0 and p+r =n (ie., a’™" =1). Then the matrices S,

T fulfill
{sp,T7} =0. (2.36)

Proof. Obviously, all the terms in the combinator {S”,T"} can be gener-
ated, for example, from the string

SS---STT---T =S'T" (2.37)
—_— ——
p r

by means of the permutations P’

r 3 kz
{sr,17} Z D D P oPL P oST. (2.38)
kp=0  ka=0k1=0

Now relation (2.2) implies that
P/ oSPT" = al SPT” (2.39)

and (2.38) can be modified

{sP,T7} = <Z Z Z abak .. .akv>spTr. (2.40)

p—O ko=0k1=0
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Apparently, the multiple sum in this equation coincides with the right-
hand side of (2.10) and satisfies the condition for (2.16), thereby the the-

orem is proved. O

Remark that an alternative use of permutations P; instead of P].*
would lead to the equation

ks k»
{sr, 17} = <Z > Z akiake.. r>5PTf. (2.41)
kr=0  ko=0k1=0

The comparison of (2.40) and (2.41) with the relation for F,, defined by
(2.10) implies that

Fpr(a) = Frp(a). (2.42)
Obviously, this equation is valid irrespective of the assumption a”*" =1,
that is, it holds for any n and a = exp(2sri/n). It follows that (2.42) is
satisfied for any a.
Definition 2.9. By the symbols Q,, we denote n* matrices,
Qpr=SPT", p,r=12,...,n (2.43)

LeEMMA 2.10. The matrices Qp, satisfy the following relations:

QrsQpg=a°PQu; k=mod(r+p-1,n)+1, I=mod(s+q-1,n)+1, (2.44)

QrsQpg = a7 9Q,Qy, (2.45)
(Qrs)n = (_1)(71_1)%5[/ (2.46)
QlQrs = QsQf =1, (2.47)
Qli=a™Qu; k=n-r,l=n-s, (2.48)
detQ,, = (-1) D), (2.49)
and forr #nor s #n,
tr Qs = 0. (2.50)

Proof. The relations follow from the definition of Q,, and relations (2.2).
O
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Taeorem 2.11. The matrices Qp, are linearly independent and any matrix A
(of the same dimension) can be expressed as their linear combination

1
A=) anQu, an= - tr (QLA)- (2.51)

n
k=1

Proof. Assume that matrices Qy; are linearly dependent, that is, there ex-
ists some a,s # 0, and simultaneously,

> auQu =0, (2.52)

k,1=1

which with the use of Lemma 2.10 implies that

n
tr 3} auQlsQu = arsn =0. (2.53)
k=1

This equation contradicts our assumption, therefore, the matrices are in-
dependent and obviously represent a base in the linear space of matrices

n x n, which with the use of Lemma 2.10 implies relations (2.51). O

THEOREM 2.12. For any n > 2, among the n* matrices (2.43), there exists the
triad Qx, Qu, Qv for which

{QLQ.}={QL Q) ={Q},Q1}=0; O<pr,p+r=n (2.54)
and moreover, if n > 3, then also
{Ql, Q5 =0, 0<prs ptr+s=n. (2.55)

Proof. We show that the relations hold, for example, for indices A = 1n,
u =11, v =nl. Denote

X=Qum=5 Y=0Qu,  Z=Qu-=T, (2.56)
then relation (2.45) implies that

YX =aXy, ZX =aXZ, ZY =aYZ. (2.57)
Actually, the relation {X?,Z"} =0 is already proven in Theorem 2.8, ob-

viously the remaining relations (2.54) can be proved exactly in the same
way.
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The combinator (2.55) can be, as in the proof of Theorem 2.8, expressed

as

(xr,Y",2°)
r+s 3o s ks ko
S S S e B X S 3 S o B e,
jV:O jZ:Oj1:0 p:O ky=0k1=0

(2.58)
which for the matrices obeying relations (2.57) give

(xv,Y",7°)

<f ]Zszztx“a” ><i iiak]akz '>XPYrZS.

Jp=0  j2=0j1=0 kp=0  k»=0k;=0
(2.59)

Since the first multiple sum (with indices j) coincides with (2.10) and
satisfies the condition for (2.16), the right-hand side is zero and the the-
orem is proved. O

Now we make few remarks to illuminate the content of Theorem 2.12
and meaning of the matrices Q,. Obviously, relations (2.54) and (2.55)
are equivalent to the statement that any three complex numbers a, b, ¢
satisfy

(aQr+bQy +cQy)" = (a" +b" +c")L. (2.60)

Further, Theorem 2.12 speaks about the existence of the triad but not
about their number. Generally, for n > 2 there is more than one triad
defined by the theorem, but on the other hand, not any three various
matrices from the set Q,s comply with the theorem. Simple example are
some X, Y, Z where, for example, XY =YX, which happens for Y ~ X7,
2 < p < n. Obviously, in this case at least relation (2.54) surely is not satis-
fied. Computer check of relation (2.58) which has been done with all pos-
sible triads from Qs for 2 < n < 20 suggests that a triad X, Y, Z for which
there exist the numbers p,r,s > 1 and p +r + s < nso that XPY"Z° ~ I also
does not comply with the theorem. Further, the result on the right-hand
side of (2.58) generally depends on the factors fi in the relations

XY=pYX, YZ=pZY, ZX=pXZ (2.61)

and a computer check suggests the sets, in which for some fx and p <n
there is ﬁz =1, also contradict the theorem. In this way, the number of
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different triads obeying relations (2.54) and (2.55) is a rather complicated
function of n, as shown in Table 2.1.

TABLE 2.1
n 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
#3 1 11419 49 4 25 4 36 9 16 16 64 9 81 16

Here the statement that the triad X, Y, Z is different from X', Y’, Z'
means that after any rearrangement of the symbols X, Y, Z for mark-
ing of matrices in the given set, there is always at least one pair fi # ;..

Naturally, we can ask if there exists also the set of four or generally N
matrices, which satisfy a relation similar to (2.60),

N-1 noN-1
<Z aAQ)L> = > al. (2.62)
=0 =0

For 2<n <10 and N =4, the computer suggests the negative answer, in
the case of matrices generated according to Definition 2.9. However, we
can verify that if U;, I =1,2,3, is the triad complying with Theorem 2.12
(or equivalently with relation (2.60)), then the matrices n* x n?

I
al
Qo=I®T = a’ , (2.63)
an 1
0 u
U,
Q=UeS= Ui (2.64)
u, o

satisfy relation (2.62) for N = 4. Generally, if U, are matrices complying
with (2.62) for some N > 3, then the matrices created from them accord-
ing to the rule (2.63) and (2.64) will satisfy (2.62) for N + 1. The last
statement follows from the following equalities. Assume that

N
Z pPk="n, (2.65)
k=0
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then
{ Po Pl QPN}
n—pN ]2 ]1

S S S pop b o (Qh QI

Jon=0  j1=05o=0

[¢]

n-pN 2 N

= ZZP oP; - ‘P;;N0{(u0®5)p°,--.,(UN_1®S)”N’1}(I®T)”N
Jon=0  71=0jo=0
n-pN 1 _ :

= "‘ZZ“ﬂ]“h"‘a]pN{(u0®5)p0,...,(uN_1®S)pN_ }(I®T)pN
jon=0 1=0jo=0

n—pN ]2 ]1 .
< Z Z Za’otxﬁ -cx’PN> {Ufl,...,llﬁv_';}@S""’NT”N,

Jon=0 j1=0j0=0
(2.66)

where the last multiple sum equals zero according to relations (2.10)
and (2.16). Obviously, for n = 2 matrices (2.56), (2.63), and (2.64) created
from them correspond, up to some phase factors, to the Pauli matrices o;
and Dirac matrices .

Obviously, from the set of matrices Qs (with exception of Q,,, = I) we
can easily make the n? — 1 generators of the fundamental representation
of SU(n) group,

Grs = arsQrs + a:S M (267)

rs’/

where a,; are suitable factors. For example, the choice

1
_ [kl+n(k+1-1/4)]/2
ak] = —a (268)
V2
gives the commutation relations
ks-1
[le/Grs] =isin <y>

. { sg(k+r,l+s,n) (Gk+r,l+s _ (_1)n+k+l+r+sc—k—r,—l—s) (2.69)
- Sg(k - r/l - S,Tl) (Gk—r,l—s - (_1)n+k+l+r+sGr_k,S_l) },

where

sg(p,qn) = (~L)pmeramn gy =X ‘mOd(’; “lm-1 (2.70)




176  Relativistic wave equations with fractional derivatives

and the indices at G (on the right-hand side) in (2.69) are understood in
the sense of mod, like in relation (2.44). We can easily check, for example,
that for n =2 matrices (2.67) with the factors a,s according to (2.68) are
the Pauli matrices, generators of the fundamental representation of the
SU(2) group.

3. Wave equations generated by the roots of d’Alembertian
operator (1'/"

Now, using the generalized Dirac matrices (2.63) and (2.64), we will as-
semble the corresponding wave equation as follows. These four matrices
with the normalization

(Q)"=-(Q)"=1, 1=1,2,3, (3.1)

allow to write down the set of algebraic equations

(T'(p) —ul)¥(p) =0, (3.2)
where
3
I(p)=> mQ. (3.3)
=0

If the variables y, i) represent the fractional powers of the mass and the
momentum components

ut=m", ! =p3, (3.4)
then

T(p)"=p;—-pi—p2—-P5=p" (3.5)

and after n—1 times-repeated application of the operator I' on (3.2), we
get the set of Klein-Gordon equations in the p-representation,

(p*-m*)¥(p) =0. (3.6)

Equations (3.2) and (3.6) are the sets of n? equations with solution ¥ hav-
ing n? components. Obviously, the case n* = 4 corresponds to the Dirac
equation. For n> 2, (3.2) is a new equation, which is more complicated
and immediately invoking some questions. In the present paper, we will
attempt to answer at least some of them. We can check that the solution
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of the set (3.2) reads

h
( U . \
amy — p
U (p) b I
¥(p) = (agry — ) (a2 — p) , h=| .|, (3.7)

u'(p)

\(amo— ) (@ imo—0) /.

where
3
Up) =D mu, U)"=-I, (3.8)
=1

(U] is the triad from which the matrices Q; are constructed in accordance
with (2.63) and (2.64)) and hy,hy, ..., h, are arbitrary functions of p. At
the same time, o) satisfy the constraint

n n n n_ ., n_ 2
Ty =0 =Ty =Ty = W' =m". (3.9)

First of all, we can bring to notice that in (3.2) the fractional powers of
the momentum components appear, which means that the equation in
the x-representation will contain the fractional derivatives

= (p)" — (i0))*". (3.10)

Our primary considerations will concern p-representation, but after-
wards we will show how the transition to the x-representation can be
realized by means of the Fourier transformation, in accordance with the
approach suggested in [21].

A further question concerning the relativistic covariance of (3.2): how
to transform simultaneously the operator

I(p) —T(p') = AT(p)A™, (3.11)
and the solution
¥(p) —¥'(p) =A¥(p), (3.12)

to preserve the equal form of the operator I for initial variables p, and
the boosted ones p),?
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3.1. Infinitesimal transformations

First, consider the infinitesimal transformations
A(dw)=1+idw-L,, (3.13)

where dw represents the infinitesimal values of the six parameters of the
Lorentz group corresponding to the space rotations

p; =pi+eixpjdyr, i=1,2,3, (3.14)

and the Lorentz transformations

pi=pi+podyi, py=po+pidy;, i=12,3, (3.15)

where tanh¢; = v;/c = f§; is the corresponding velocity. Here, and any-
where in the next we use the convention that in the expressions involv-
ing the antisymmetric tensor €;jx, the summation over indices appearing
twice is done. From the infinitesimal transformations (3.14) and (3.15),
we can obtain the finite ones. For the three space rotations, we get

P} = P1COS 3 + pasings, Py = P2COS 3 — p1Sins, ps=p3,
P5 = p2COS 1 + p3singy, P53 = P3COs @1 — pasingy, Py =p1,

P53 = P3COS s + p1singy, P} = p1cos ¢y —p3sing,, Py =p2

(3.16)
and for the Lorentz transformations, similarly,
po =pocoshy; +pisinhg;, 1=1,2,3, (3.17)
where
coshys; = ! , sinh¢; = P (3.18)

1-f Vi-g

The definition of the six parameters implies that the corresponding infin-
itesimal transformations of the reference frame p — p’ changes a function

f(p):

d
) — () = fp+6p) = fp)+ Do, (329)
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where d/dw stands for

d o d o8 8 .
d—(Pi = —e‘ijkpja—pk, d_(P'l = poa—pl +pl‘a—p0, 1= 1,2,3. (320)

Obviously, the equation
Iy OP

combined with (3.20) is identical to (3.14) and (3.15). Further, with the
use of formulas (3.13) and (3.20), relations (3.11) and (3.12) can be re-
written in the infinitesimal form

T(p) =T(p) + (”) dew = (I+idw-Ly)T(p)(I -idw- L),
" (3.22)
¥ (p) =W (p) + (p)dw (I+idw L,)¥(p).
If we define

Ly,=L,+ i%, (3.23)

then relations (3.22) imply that
[Lew,T] =0, (3.24)
¥ (p)=(I+idw-Ly,)¥(p). (3.25)

The six operators L,, are generators of the corresponding representation
of the Lorentz group, so they have to satisfy the commutation relations

[L(perlpk] = iejle(pu (326)
[Ly,; Ly, = —i€jiiLy,, (3.27)
[Ly, Ly =i€jiiLly, jk,1=1,2,3. (3.28)

How this representation looks like, in other words, what operators L.,
satisfy (3.26), (3.27), (3.28), and (3.24)? First, we can easily check that
for n > 2 there do not exist matrices L,, with constant elements repre-
senting the first term in the right-hand side of equality (3.23) and sat-
isfying (3.24). If we assume that L,, consist only of constant elements,
then the elements of matrix (d/dw)I'(p) involving the terms like pZ/ " 1;9]
certainly cannot be expressed through the elements of the difference
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L,I' -TL, consisting only of the elements proportional to pi/ ", in con-

tradistinction to the case n =2, that is, the case of the Dirac equation.
In this way, (3.24) cannot be satisfied for n > 2 and L,, constant. Never-
theless, we can show that the set of (3.24), (3.26), (3.27), and (3.28) is
solvable provided that we accept that the elements of the matrices L,
are not constants, but the functions of p;. To prove this, first make a few
preparing steps.

Definition 3.1. Let I'i(p), I'2(p), and let X be the square matrices of the
same dimension and

T1(p)" =Ta(p)" = p*. (3.29)

Then for any matrix X, we define the form
1 n . nei
Z(T,X,Ip) = — > XTI, . (3.30)
np= 4

We can easily check that the matrix Z satisfies, for example,

I1Z =275, (3.31)
Z(Z(X)) = Z(X), (3.32)

and in particular forI't = =T,

[T,Z] =0, (3.33)
[[,X]=0= X =Z(X). (3.34)

LemMA 3.2. Equation (3.2) can be expressed in the diagonalized (canonical)
form

(Tolp) - 1) ®o(p) =0; To(p) = ()" Qo, (3.35)
where Qq is the matrix (2.63), that is, there exists the set of transformations Y,

To(p) =Y(P)T(p)Y ' (p); Y =Z(To,X,T), (3.36)
and a particular form reads

Y=y-Z(To,IT), Y'=y-Z(,LT), (3.37)
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where

n[1-(p3/p)""] |

(3.38)
1-py/p?
Proof. Equation (3.31) implies that
Iy = Z(FO,X,F)TZ(FO,X,F)_l, (3.39)

therefore, if the matrix X is chosen in such a way that det Z # 0, then Z!
exists and the transformation (3.39) diagonalizes the matrix I'. Put X = I
and calculate the following product:

C=Z(To,I,T)Z(T,I,Ty) = nZLPLI 3 rirmiiry (3.40)
i,j=1

The last sum can be rearranged, instead of the summation index j we
use the new one:

k=i-j fori>j, k=i-j+n fori<j; k=0,...,n-1, (3.41)
then (3.40) reads
n ) ) ko )
— Z < > TRk +Zr5r2"-’<r’g-’>, (3.42)
L e A\ i=1

and if we take into account that I'; =" = p?, then this sum can be sim-
plified as
n-1 -1
1
C=) Ci=—=
k=0 np?

N

DI A R p (3.43)
0 i=1

=
I

For the term k =0, we get

1 E iTny—i 1
=== Zror ry'=- (3.44)
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and for k > 0, using (3.3), (2.63), (2.64), (3.35), and Definition 2.3 we ob-
tain

n2p nep= i3

n 3 n—k
Ck 1 Zl—vl I kl—vk i_ 21 > Zr6<§)‘7r¢\Ql> rlg—i
1 n-k
— Zrl <7r0 IoT+ [Zmul] ®s> Iy

”P =1

i
nzp ;rl (- IeT+UeS)" Tk (3.45)

- S St urre (s g
i=1 p=0

¥ )k/nn : k k—p ) Tk~
T Zyro ur ”®ZlTl {TP,s" Py

For p <n -k =1, the last sum can be modified with the use of relation
(2.2)

S THTP, S P TR = (17, S5P)TF Y i ()
=1 i=1 (3.46)
n-(I-p)

1-a
p gl-p\Tk, (l-p)-— % = _
{T S }T P 0,

therefore, only the term p = n — k contributes:

onk/n (n-k)/n
n-k)/n 1
Cy = (r*) (p2) "1y = _<P_0> _ (3.47)

n?p? n

So the sum (3.43) gives in total

o\ 1/n o\ 2/n o\ (n-1)/n
n P p P
L (3.48)
1-py/p

Cn[i- )"

therefore, (3.36) is satisfied with Y, Y~! given by (3.37) and the proof is
completed. O
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The solution of (3.35) reads

/)

. g1 0

0 P 0
Yop)=|g|; g=|". |.0=]| . [, (3.49)

0 . .

&n 0

o/

that is, the sequence of nonzero components can be only in one block,
whose location depends on the choice of the phase of the power (p?)/".
The g; are arbitrary functions of p and simultaneously, the constraint
p? = m? is required. Now, we will try to find the generators satisfying the
covariance condition for (3.35),

[Lew, To(p)] =0, (3.50)
together with the commutation relations (3.26), (3.27), and (3.28). Some
hint can be obtained from the Dirac equation transformed to the diago-

nal form in accordance with relations (3.36) and (3.37). We will use the
current representation of the Pauli and Dirac matrices:

(01 (0 i (10

1= 0/’ 2= i 0/’ 3= 0 -1/’
1 0 0 oj .

Yo = (0 _1>/ Y] = (_o_] 0]>/ ] = 112/3/

where the bold 0, 1 stand for zero and unit matrices 2 x 2. The Dirac
equation

—_

(3.51)

3
(T(p)-m)¥(p)=0, T(p)=> . pn (3.52)
1=0
is covariant under the transformations generated by

i . d 4 L(oi O
L¢j=;€jszkYz+ld—(p]_:Lw+ld_¢j" L“’f:i(d 0]'>'
d i

_i . d _ . . _ 0 Oj
L= g0 i =L i =3 (o, )

(3.53)
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where j, k,I=1,2,3. Obviously, to preserve covariance, we have also,
with the transformation I' — Iy = YTY ™! perform

Ly, — M = Y(p)LwY71 (p)- (3.54)

For the space rotations L, ;, commuting with both Ty, I', and with the Y
from relation (3.37), the result is quite straightforward,

¢, =Ly, =Ly +i=—, (3.55)

that is, the generators of the space rotations are not changed by the trans-
formation (3.54). The similar procedure with the Lorentz transforma-
tions is slightly more complicated, nevertheless, after the calculation of

the commutator [L(,,’.,TO/ \/ 1+po/ \/;;] and with a few further steps, we

obtain

pkL(Pl
Po+ \/FZ
So generators (3.55) and (3.56) guarantee the covariance of the diago-
nalized Dirac equation obtained from (3.52) according to Lemma 3.2. At
the same time it is obvious that having the set of generators L, (with
constant elements) of space rotations, we can, according to (3.56), con-
struct the generators of Lorentz transformations My, (p) (or My,;), which
satisfy commutation relations (3.26), (3.27), and (3.28). Obviously, this
recipe is valid for any representation of infinitesimal space rotations. Re-
mark that the algebra given by (3.55) and (3.56) appears in a slightly
modified form in [4]. Now, we will show that if we require a linear rela-

tion between the generators M, and Ly, like in (3.56), then this relation
can have a more general shape than that in (3.56).

o d
My, = M, (p) +1d—q;-; M, (p) = €jui (3.56)
]

LemMA 3.3. Let Ly, be matrices with constant elements satisfying commuta-
tion relations (3.26). Then the operators

_ KLy, *€jkiprLy,

d
My, = My, (p) +i——; My, (p) = )
dy; ! 2 _ 2
po+1\/p>—«

where x is any complex constant, satisfy the commutation relations (3.27) and
(3.28).

(3.57)

Proof. After the insertion of generators (3.57) into relations (3.27) and
(3.28), we can check that the commutation relations are satisfied. In fact,
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it is sufficient to verify, for example, the commutators [Ly,,Ly,],
[Ly,, Ly, ], and [Ly,, Ly, ], the remaining follow from the cyclic symme-
try.

Note that formula (3.57) covers also the limit case |x| — oo, then

M, =iL,,. (3.58)

¥j
On the other hand, relation (3.56) corresponds to x = 0. The representa-
tions of the Lorentz group defined by generators (3.55) and (3.57) and
differing only in the parameter x should be equivalent in the sense that

M, (") = X (p) M, () X (p). (3.59)

We will not make a general proof of this relation, but rather we will show
that the representations, defined in Lemma 3.3 and differing only in x,
can be classified by the same mass m? = p? and spin s? = s(s + 1). First,
note that the six generators considered in the lemma together with the
four generators p, of the space-time translations form the set of genera-
tors of the Poincaré group. We can easily check that the corresponding
additional commutation relations are satisfied,

[pa/pﬂ] = 0/ [M(p,»/PO] = 0/ [PWFO] = O/

) ) . (3.60)
[My, p] =iejup,  [My;,pk] =ijkpo,  [My;,po] = ip;.

Further, the generators M,, can be rewritten in the covariant notation
Mjk = ejkquer M]'o = M,,,]., Maﬂ = —Mpa. (3.61)

Now the Pauli-Lubanski vector can be constructed:

Eapys MP 0
V, = LP, (3.62)
2
which satisfies
V, V= —m*s(s+1), (3.63)

where s is the corresponding spin number. We can check that after in-
serting the generators (3.61) into relations (3.62) and (3.63), the result
does not depend on «,

VoV = —p* (M7 + M + M) = -m’s(s+1). (3.64)
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So the generators of the Lorentz group, which satisfy (3.50), can have
the form

d
Ry=Ry+i—:; R,= M., , 3.65
w Hda) ' ( )

M

where M,, are the n x n matrices defined in accordance with Lemma 3.3.
There are n such matrices on the diagonal and apparently these matrices
may not be identical.

Finally, it is obvious that (3.35) is covariant also under any infinitesi-
mal transform,

A(de) =T+id¢-K,, (3.66)

where the generators K; have the similar form as the generators (3.65)
K, = ke (3.67)

and generally, their elements may depend on p. Obviously, we can put
the question: if the generators Ly, k; from (3.55) and (3.67) with con-
stant elements represent the algebra of some group (containing the ro-
tation group as a subgroup), then what linear combination M, (p) of
these generators satisfy the commutation relations (3.27) and (3.28) for
the generators of Lorentz transformations? In other words, what are the
coefficients in the summation

3
My, (p) = Z Cik(p) Ly, + Z cicke, (3.68)
k=1 ¢

satisfying the commutation relations for the generators of the Lorentz
transformations? In this paper we will not discuss this more general task,
for our present purpose it is sufficient that we proved the existence of the
generators of infinitesimal Lorentz transformations under which (3.35)
is covariant. O
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3.2. Finite transformations

Now, having the infinitesimal transformations, we can proceed to the
finite ones corresponding to the parameters w and ¢,

¥ (p') = Aw)¥o(p),  ¥ylp) =AR)%(p), (3.69)

where p — p’ is some of transformations (3.16) and (3.17). The matrices
A satisty

A w +dw) = A(w)A(dw), A(g+dg) = A(Q)A(dS), (3.70)
which for the parameters ¢ (space rotations only) and ¢ imply that

dA(p; . dA .
d;fﬂ:lA(%-)R(,,,., T S iNOK: (371)

Assuming the constant elements of the matrices Rq,]. and K, the solutions
of the last equations can be written in the usual exponential form,

A(pj) =exp (ipiRy,),  AQ) =exp (igKy). (3.72)

The space rotation by an angle ¢ about the axis having the direction i,
|ii| =1, is represented by

A(p,ii) =exp [ip(ii-Ry)];  Ry=(Ry, Ry, Ry,). (3.73)

For the Lorentz transformations we get, instead of (3.71),

dA (i,
d(¢f]) =ifj(¢;))A(¢j)Nj, (3.74)
@i

where, in accordance with (3.17) and (3.57), we have

1

pocosh; + pjsinhgs; + 4 /p? — x2 (3.75)
Nj = xRy, + €jxipr Ry

fi(w) =

The solution of (3.74) reads

¥
A@) =exp (F@)N)); F) = [ fiodn. (70
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The Lorentz boost in a general direction # with the velocity f is repre-
sented by

A(y,ii) =exp (iF(¢)N), tanhy =3, (3.77)
where
4 d
F)- | 1 ,
0 pgcoshn + piisinh# +1/p? — x? (3.78)

N =«xiiR, + (i x p) - R,.
The corresponding integrals can be found, for example, in the handbook
[11].

Note, from the technical point of view, that the solution of the equa-
tion

AA(t)

5 = QAW (3.79)

where A, Q are some square matrices, can be written in the exponential
form

t
A(t) =exp <.[0 Q(q)dq) (3.80)

only if the matrix Q satisfies

t
[Q(t),f Q(n)dq] =0. (3.81)
0
This condition is necessary for the differentiation

dA®) _d & (foszm)dn)

dt _d_z

j=0

—Q()Z

- Q(t)A(t) - A(t)Q(t).

(Ioszm)dn) (3.82)

Obviously, condition (3.82) is satisfied for the generators of all the con-
sidered transformations, including the Lorentz ones in (3.77), since the
matrix N does not depend on ¢. (N depends only on the momenta com-
ponents perpendicular to the direction of the Lorentz boost.)
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3.3. Equivalent transformations

Now, from the symmetry of (3.35) we can obtain the corresponding
transformations for (3.2). The generators (3.65) satisfy relations (3.50),
(3.26), (3.27), and (3.28), it follows that the generators

Ro(T) =Y () R (T0) Y (p) = Ro(1) i
aY(p)

dw ’

(3.83)
Ry(T) =Y (p)Ru (T0) Y (p) +iY ' (p)

where R, (I'g), R, (I'0) are generators (3.65) and Y (p) is the transforma-
tion (3.37), will satisfy the same conditions, but with relation (3.24) in-
stead of relation (3.50). Similarly, the generators K;(I'y) in relation (3.67)
will be for (3.2) replaced by

K:(T) =Y (p)K:(To) Y (p). (3.84)

The finite transformations of (3.2) and its solutions can be obtained as
follows. First, consider the transformations A(I'g,w, i) given by (3.73)
and (3.77). In accordance with (3.36), we have

T(p) =Y (p)To(p)Y(p), TE)=Y"@E)Y{E) (385
and correspondingly for the solutions of (3.2) and (3.35),
¥(p) =Y (p¥p), YFE)=Y"{E)¥%FE). (3.86)
Since
¥y (p') = A(To,w, @) ¥o(p), (3.87)
then (3.86) imply that
¥(p) = A(T,w,@)¥(p); A(T,w,i)=Y"(p)A(To,w,@)Y(p). (3.88)

Similarly, the transformations A(Iy,¢) given by (3.72) are for (3.2) re-
placed by

AT,8) =Y (p)A(To,¢)Y (p). (3.89)

Note that all the symmetries of (3.2) like the transformation (3.89), which
are not connected with a change of the reference frame (p), can be, in
accordance with relation (3.33), expressed as

AT, X) = Z(T,X,T), (3.90)
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where Z is defined by (3.30) and X(p) is any matrix for which there
exists Z(T,X,I')~!. Further, it is obvious that if we have some set of gen-
erators R, (I') satisfying relations (3.24), (3.26), (3.27), and (3.28) then
also any set

R,(T)=2Z(T,X,I)'R,(IZT,X,T) (3.91)

satisfies these conditions. For the finite transformations, we get, corre-

spondingly,

M) =20 ) XG) () M DT XD T
In the same way, the sets of equivalent generators and transformations
can be obtained for the diagonalized equation (3.35).

We remark that according to Lemma 3.2, there exists the set of trans-
formations I'(p) < I'o(p) given by relation (3.36). We used its particular
form (3.37), but how will the generators

R, (T,Xi) = Z(To, X, T) 'Ry (To) Z(To, Xi, T); k=1,2  (3.93)

differ for the two different matrices X; and X,? The last relation implies
that

Rw (F/ X])
= Z(T0,X1,T) ' Z(To, X2, T) Ry (T, X2) Z (T, X2, T) ' Z(T, X1, T)
(3.94)
and according to relation (3.31),
TZ(To,X1,T) " Z(To,Xo,T) = Z(To,X1,T) 'ToZ(Tp, X, T) (395)
= Z(To,X1,T) ' Z(T0, X, 1T, '
which means that
[Z(To,X1,T) ' Z(To,X2,T),T] =0. (3.96)

It follows that there must exist a matrix X3 (e.g., according to implication
(3.34) we can put X3 = Z(To, X;1,T) 1 Z(To, X,,T)) so that

Z(T,X3,T) =Z(To,X1,T) 712(F0,X2,1”), (3.97)
then relation (3.94) can be rewritten as

R,(I,Xy)=Z(T,X35T)Ry(I,X>) Z(T, X3,T) - (3.98)
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that is, the generators R, (I, X1), R (I', X») are equivalent in the sense of
relation (3.91).

3.4. Scalar product and unitary representations

Definition 3.4. The scalar product of the two functions satisfying (3.2) or
(3.35) is defined as

)0 forp#gq,
(D(p),¥(q)) = { O (p)W () ¥(q) forpeg (3.99)

where the metric W is the matrix, which satisfies

Wi(p)=W(p), (3.100)
Ro(p)W(p) -W(p)Ru(p) +i—— =0, (3.101)
Kl (p)W (p) =W (p)Ky(p) = 0. (3.102)

Conditions (3.101) and (3.102) in the above definition imply that the
scalar product is invariant under corresponding infinitesimal transfor-
mations. For example, for the Lorentz group the transformed scalar
product reads

TP )W (P) ¥ (p)
d
= (DT(p) (I- idwRL(P)) <W(p) + dw%) (I+idwR,(p))¥(p)
(3.103)
and with the use of condition (3.101), we get
T (PYW ()W (P) = DT ()W (p) ¥ (p). (3.104)

According to a general definition, the transformations conserving the
scalar product are unitary. In this way, (3.101) and (3.102) represent the
condition of unitarity for the representation of the corresponding group
generated by R,, and K.

How to choose these generators and the matrix W (p) to solve (3.101)
and (3.102)? Similarly, as in the case of the solution of (3.24), (3.26),
(3.27), and (3.28), it is convenient to begin with the representation re-
lated to the canonical equation (3.35). Apparently, the generators of the
space rotations can be chosen Hermitian

R}, (To) = Ry, (To). (3.105)
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Then also for the Lorentz transformations we get
R}, (To) = Ry, (To), (3.106)

provided that the constant « in (3.57) is real and |x| < m. Also the gener-
ators K; can be chosen in the same way,

K (To) = Ky(To). (3.107)
It follows that instead of conditions (3.101) and (3.102), we can write
[Rw (o), W(To)] =0, [K;:(To),W(To)] =0. (3.108)

The structure of the generators R,,(I'g), K;:(I'p) given by (3.65) and (3.67)
suggests that the metric W satisfying condition (3.108) can have a simi-
lar structure, but in which the corresponding blocks on the diagonal are
occupied by unit matrices multiplied by some constants. Nevertheless,
note that condition (3.108) in general can be satisfied also for some other
structures of W (I'y).

From W (I'y) we can obtain matrix W(I'), the metric for the scalar
product of the two solutions of (3.2). We can check that after the trans-
formations

R, (To) — Ry (T, X) = Z(To,X,T) " Ry (T0) Z (T, X,T),

i (3.109)
K;(Ty) — K:(I,X) = Z(To,X,T)  K;:(To)Z(To,X,T),
and simultaneously,
W(L) - W({T,X) = Z(FO,X,T)TW(TO)Z(FO,X,T), (3.110)

the unitarity in the sense of conditions (3.101) and (3.102) is conserved,
in spite of the fact that equalities (3.105), (3.106), and (3.107) may not
hold for R, (', X), K:(I', X).

3.5. Space-time representation and Green functions

If we take the solutions of the wave equation (3.2) or (3.35) in the form
of the functions ¥(p), for which there exists the Fourier picture

. 1
Y(x) = @) J‘P(r))fﬁ(;a2 - m?) exp(=ipx)d'p, (3.111)

then the space of the functions ¥(x) constitutes the x-representation of
wave functions. Correspondingly, for all the operators D(p) given in the
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p-representation and discussed in the previous sections, we can formally
define their x-representation:

D(z) = Gt [ D) explipa)d'p, (112)
which means that

. 1
V)= f D(p)¥(p)6(p? - m?) exp(-ipx)d'p

- (21 ) ID(P) exp(~ipx) ¥ (v) exp(ipy)d*yd*p (3.113)

4
= @ fD(x V¥ (y)d'y

In this way, we get for our operators

= 1 n ) -
To(p) — To(z) = Qo o) f (p?)" " exp(~ipz)d*p; pz=pozo-pZ,

T(p) —T(z)= Z Qi

2/n 4
o) I exp(-ipz)d™p,

d d 0
Ry, (To) — Ry, (To) = Ry, (To) Hd(]) P dg; T Mgy
1 J‘ KR(I,]. (FQ) + €fklka<Pl (ro)

R, (T —>R . =
(lff( 0) %(Z) (2r)* p0+\/ﬁ

0

exp(~ipz)d*p

+1d(pj; d—ﬁ(]:—an—xj—x]'a—xO,
(3.114)
and in the same way,
R, (I) — R (2)
1 . (3.115)
= o fz(ro,x ) "' Ry, (T0) Z(To, X,T) exp(-ipz)d*p.

Apparently, the similar relations are valid also for the remaining oper-
ators K;, W, Z, Z~1 and the finite transformations A in the X-represen-
tation. Concerning the translations, the usual correspondence is valid,
Pa — 104
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Further, the solutions of the inhomogeneous version of (3.35) and
(3.2),

(To(p) -w)Go(p) =1,  (T(p)-p)G(p) =1 (3.116)

can be obtained with the use of formula (2.30),

(To —ap) (Mo —ay) - (Fo —a"p).

Go(p) = op—
5 1 (3.117)
_T-ap)(T-a?p) - (T—a""p)
G(P) - 2 2 7
p*-m
and (3.36) implies that
G(p) =Z(Ty,X,T) Gy (p)Z(To,X,T). (3.118)
Apparently, the functions
N 1 o
Go(x) = @ Go(p) exp(—ipx)dp,
(3.119)

- 1
C0x) = s fc(m exp(—ipx)d'p

formally satisfy (3.116) in the x-representation
[Futx=)Gatnrdty - uGutx) = 6*(x)

3
ff(x—y)é(y)d‘*y - uG(x) = [ZQA(iaA)Z/" —#]G(x) = 64 (x).
A=0

(3.120)
The last equation contains the fractional derivatives defined in [21]. Ob-
viously, the functions Gy, G can be identified with the Green functions
related to the x-representation of (3.35) and (3.2).

With the exception of the operators ﬁ% (Ty), W(Ty), and id,, all the re-
maining operators considered above are pseudodifferential ones, which
are in general nonlocal. The ways to deal with such operators are sug-
gested in [1, 8, 21]. A more general treatise of the pseudodifferential
operators can be found, for example, in [6, 18, 19, 20]. In our case it is
significant that the corresponding integrals will depend on the choice of
passing about the singularities and the choice of the cuts of the power
functions p%/". This choice should reflect contained physics, however,
corresponding discussion would exceed the scope of this paper.
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4. Summary and concluding remarks

In this paper, we have first studied the algebra of the matrices Q,, =
SPT" generated by the pair of matrices S, T with the structure given by
Definition 2.1. We have proved that for a given n > 2 we can in the cor-
responding set {Q,,} always find a triad, for which (2.60) is satisfied,
where the Pauli matrices represent particular case n = 2. On this base, we
have got the rule, to construct the generalized Dirac matrices [(2.63) and
(2.64)]. Further, we have shown that there is a simple relation [(2.67)
and (2.68)] between the set {Q,,} and the algebra of generators of the
fundamental representation of the SU(n) group.

In the further part, using the generalized Dirac matrices we have
demonstrated how we can, from the roots of the d’Alembertian operator,
generate a class of relativistic equations containing the Dirac equation as
a particular case. In this context, we have shown how the corresponding
representations of the Lorentz group, which guarantee the covariance of
these equations, can be found. At the same time, we have found addi-
tional symmetry transformations on these equations. Further, we have
suggested how we can define the scalar product in the space of the cor-
responding wave functions and make the unitary representation of the
whole group of symmetry. Finally, we have suggested how to construct
the corresponding Green functions. In the x-representation, the equa-
tions themselves and all the mentioned transformations are in general
nonlocal, being represented by the fractional derivatives and pseudodif-
ferential operators in the four space-time dimensions.

In line with the choice of the representation of the rotation group used
for the construction of the unitary representation of the Lorentz group
according to which the equations transform, we can ascribe to the related
wave functions the corresponding spin—and further quantum numbers
connected with the additional symmetries. Nevertheless, it is obvious
that before more serious physical speculations, we should answer some
more questions requiring a further study. Perhaps the first could be the
problem how to introduce the interaction. The usual direct replacement

a)L—>a)l+igA)L(x) (4.1)

would lead to the difficulties, first of all with the rigorous definition of
terms like

(01 +ig Ay ()" (4.2)
At the end, still the more general question: is it possible on the base of

the discussed wave equations to build up a meaningful quantum field
theory?
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