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We study the asymptotic behavior of L, (o) extremal polynomials with respect to a mea-
sure of the form 0 = a + y, where a is a measure concentrated on a rectifiable Jordan curve
in the complex plane and y is a discrete measure concentrated on an infinite number of
mass points.

1. Introduction

Let F be a compact subset of the complex plane C and let B be a metric space of func-
tions defined on F. We suppose that B contains the set of monic polynomials. Then the
extremal or general Chebyshev polynomial T, of degree n is a monic polynomial that
minimizes the distance between zero and the set of all monic polynomials of degree #,
that is,

dist (T,,,0) = min {dist (Q,,0) : Qu(2) =z" +a, 12" ' +-- - +ay} = m,(B). (1.1)

Recently, a series of results concerning the asymptotic of the extremal polynomials was
established for the case of B = L,(F,0), 1 < p < oo, where ¢ is a Borel measure on F; see,
for example, [3, 7, 8, 12]. When p = 2, we have the special case of orthogonal polynomials
with respect to the measure o. A lot of research work has been done on this subject; see,
for example, [1, 4, 5, 9, 11, 13]. The case of the spaces L,(F,0), where 0 < p < o and
F is a closed rectifiable Jordan curve with some smoothness conditions, was studied by
Geronimus [2]. An extension of Geronimus’s result has been given by Kaliaguine [3] who
found asymptotics when 0 < p < co and the measure o has a decomposition of the form

o=a+y, (1.2)

where « is a measure supported on a closed rectifiable Jordan curve E as defined in [2]
and y is a discrete measure with a finite number of mass points.

In this paper, we generalize Kaliaguine’s work [3] in the case where 1 < p < c0 and the
support of the measure ¢ is a rectifiable Jordan curve E plus an infinite discrete set of
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mass points which accumulate on E. More precisely, 0 = a +y, where the measure « and
its support E are defined as in 3], that is,

da(§) = p(§)1dEl, p=0, peL!(E |dE]); (1.3)

y is a discrete measure concentrated on {zx};_, C Ext(E) (Ext(E) is the exterior of E),
that is,

+00 +oo
y=ZAk8(Z—Zk), A >0, ZAk<OO. (1.4)
k=1 k=1

Note that the result of the special case p = 2 is also a generalization of [4]. More pre-
cisely, in the proof of Theorem 4.3, we show that condition [4, page 265, (17)] imposed
on the points {zx};, is redundant.

2. The H?(Q,p) spaces (1 < p < o)

Let E be a rectifiable Jordan curve in the complex plane, Q = Ext(E),G= {z € C, |z| > 1}
(oo belongs to Q and G).
We denote by @ the conformal mapping of Q into G with ®(®) = co and 1/C(E) =
lim, - (®(z)/z) >0, where C(E) is the logarithmic capacity of E. We denote ¥ = @~
Let p be an integrable nonnegative weight function on E satisfying the Szeg6 condition

[ togpn 0@ 181 >~ (1)

Condition (2.1) allows us to construct the so-called Szeg6 function D associated with
the curve E and the weight function p:

1 *”w-l—e“l p(&)
2pm ) _n w—eit © | @7 (&) |

D(z) = exp{ - >dt} (w=®d(2), E=¥ (")) (2.2)
such that
(i) D is analyticin Q, D(z) # 0 in Q, and D(c0) > 0;
(ii) IDE) I P|D" (&) = p(&) a.e. on E, where D(§) = lim,_¢ D(z).
We say that f € HP(Q,p) if and only if f is analytic in Q and fo¥/Dy¥ € H?(G).
For 1 < p < 00, HP(Q,p) is a Banach space. Each function f € H?(Q,p) has limit val-
ues a.e. on E and

p
£ op = [ LFOVp@1ae = pim 2 [ O j0rae), @)

B |D(z)|”
where Ex = {z€ Q: |®(2)| = R}.

Lemma 2.1 [3]. If f € HP(Q,p), then for every compact set K C ), there is a constant Cg
such that

sup { | f(2)| :z€ K} < Ckll fllr(ap)- (2.4)
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3. The extremal problems

Let 1 < p < oo; we denote g7 = o + Z',LIA;((S(Z —zx) and by u(p), u(l), u=(p), mup(p),
my,p(1), and my, ,(0) the extremal values of the following problems, respectively:

ulp) = inf {llpll () : ¢ € H (), p(o0) = 1}, (3.1)
u(l) = inf {llllfs 0, : @ € HP(Qup), p(0) = 1, 9(z) = 0, k= 1,2,...,1},  (3.2)
ue(p) = inf {lglfr ) : @ € H (Q,p), p(o0) = 1, @(zk) =0, k=1,2,...},  (3.3)

Mp(p) = min {[|Qully, oy : Qul2) = 2"+ -}, (3.4)
mn,p(l) = min{||Qn||LP(0’l) 1Qu(z) =2"+--- }> (3.5)
Minp(0) = min {||Qull, (o) : Qulz) = 2"+ }. (3.6)
As usual,
» 1/p
floi= (| 17©)17d0®) (37)

We denote by ¢* and y* the extremal functions of problems (3.1) and (3.3), respec-
tively.

Let T,ﬂ,p(z) and T, ,(z) be the extremal polynomials with respect to the measures o
and o, respectively, that is,

||T1l1,pHLP(gl) = mn,p(l)) ||Tn,p||Lp(g) = mn,p(a)- (3.8)
LemMa 3.1. Let ¢ € HP(Q,p) such that ¢(co) =1 and ¢(zx) =0 fork = 1,2,..., and let

= D(z) - D(z) | D(z) |2

o1 P(2)D(zx) — 1 D (zk)

B (z) =

—]

(3.9)

be the Blaschke product. Then

(i) Beo € HP(Q,p), Boo(00) = 1, [Beo (§)| = [1;2 1@(zk)| (€ € E);
(ii) ¢/Be € HP(Q,p) and (¢/Bs)(0) = 1.

Proof. This lemma is proved for p = 2 in [1]. The proof is based on the fact that if f €
H?(U), where U = {z € C, |z| < 1}, and B is the Blaschke product formed by the zeros of
f,then f/B € H*(U). It remains true in H?(U) for 1 < p < co; see [6, 10]. a
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LEMMA 3.2. An extremal function y* of problem (3.3) is given by y* = ¢* Bw; in addition,

+

[

up) =Tl @z) ) up). (3.10)

=~
1
—

Proof. If ¢ € HP(Q,p), ¢(0) =1 and ¢(zx) = 0 for k = 1,2,.... Then by Lemma 2.1,
we have f = ¢/Be € HP(Q,p), f(0) =1, and |B(&)| = 115 |®(zk)| for & € E. These
lead to

+00 -
1112 = (l—[ | (2x) |> lgpll?. (3.11)
k=1
Thus
+00 -P
ulp) = (l_[ | D (2k) I) u>(p). (3.12)
k=1

On the other hand, since the function y* = ¢*B. € HP(Q,p), ¢p(o0) = 1 and ¢(zx) =
0 for k =1,2,..., we get

+00 p
v @ =1 = (TT10G)1) we G.13)
k=1
Finally, the lemma follows from (3.12) and (3.13). O

4. The main results

Definition 4.1. A measure ¢ = a + y is said to belong to a class A if the absolutely contin-
uous part & and the discrete part y satisfy conditions (1.3), (1.4), and (2.1) and Blaschke’s
condition, that is,

+

3

(|0(z) | 1) < oo. (4.1)

=~
Il
—

We denote A, = ®" — @, where @, is the polynomial part of the Laurent expansion
of ®" in the neighborhood of infinity.

Definition 4.2 [2]. A rectifiable curve E is said to be of class T if A,,(£) — 0 uniformly on E.
THEOREM 4.3. Let a measure 0 = a+ y satisfy conditions (1.3), (1.4) and Blaschke’s condi-
tion (4.1); then

llim My (1) = my p(0). (4.2)
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Proof. The extremal property of T, ,(zx) gives

+o0
(map @) = | 1T8,(17p(8) |d£|+2Ak| P+ S AT ()|
k=1+1 (4.3)
(mnp(l ZAk|Tnp Zk |p
k=1+1
On the other hand, from the extremal property of Tfl)p(zk), we can write
1/p
(D) < (I | Tup(§) | P(f)|d5|+ZAk1Tnp Zk |P> (4.4)
<myy(0) =C, < 0.
Note that C,, does not depend on /; so for all I = 1,2,3,...,
1/p
([ i@ e@nas) <. (45)

This implies that there is a constant C;, independent of / such that for all [ = 1,2,3,...,
max { | T} ,(2)|”: |zl <2} < C,, (4.6)

Using (4.6) in (4.3) for large enough [ with (4.4), we get

(mup(D)F < (myp(0))? < (M)’ +C, > Ax. (4.7)
k=I+1

Letting [ — oo, we obtain

}immn,p(l) = My p(0). (4.8)
a

THEOREM 4.4. Let1 < p< oo, E €T, and let 0 = a+ y be a measure which belongs to A. In
addition, for all n and I,

M p (1 <H|CD (zx) )m,,pp) (4.9)

Then the monic orthogonal polynomials T, ,(z) with respect to the measure o have the
following asymptotic behavior:
(i) limy— oo (11,5 (0)/(C(E))") = (4 (p)) V5
(11) limnaoo ”Tn,p/[C(E)q)]ﬂ - 1/100 ”HP(Q,p) = O;
(iii) Tn,p(2) = [C(E)YP(2)]" [y~ (2) +&n(2)],
where €,(z) — 0 uniformly on compact subsets of Q) and y® is an extremal function of
problem (3.3).
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Remark 4.5. For p =2 and E the unit circle, condition (4.9) is proved (see [5, Theorem
5.2]). In this case, this condition can be written as y,,/yf1 < ]_[L:1 |z |, where yﬁl = 1/m, ()
and y, = 1/m,,(p) are, respectively, the leading coefficients of the orthonormal polyno-
mials associated to the measures o; and «a.

Proof of Theorem 4.4. Taking the limit when / tends to infinity in (4.9) and using Theorem
4.3, we get

mn,p(o') <+oo o ) mn,p(P) 410
(C(E))n = k:1| (Zk)| (C(E))n (4.10)
On the other hand, it is proved in [2] that
im 72 8) (o), (4.11)
5 (C(E))
Using (4.10), (4.11), and Lemma 3.2, we obtain
. mn,p(o') - = Vp [ o« 1/p
lmsup 7 < <k1 @ (z) |) W) = (). @)
It is well known that (see [3, page 231])
I P
vi>0, y(l)=y(p)<n |(D(zk)|> . (4.13)
k=1
We also have (see [3, Theorem 2.2])
M) _ ()" (4.14)

e (C(E))"

From (4.4), we deduce that

mn,p(o') - mn,p(l)

/ R 7= 7
VIO ) (o)

(4.15)

By passing to the limit when # tends to infinity in (4.15) and taking into account (4.13)
and (4.14), we get

.. my (0) ! 1/
V1>0, liminf —2— z( |<D(z)|)( )" (4.16)
2 (CE) ,Dl KT
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Finally, by using Lemma 3.2, we obtain

liminf 2% (1_[ | D (z) ) y(p))w (4 °°(0))1/P. (4.17)

i

Inequalities (4.12) and (4.17) prove Theorem 4.4(i).
We obtain (ii) by proceeding as in [3, pages 234, 235].
To prove (iii), we consider the function

T

L R 418
ceo]” ¥ (+.18)

&y =

which belongs to the space H?(€2,p). Then by applying Lemma 2.1, we obtain

Sup{ ’ _ Tupl®) e K}
[C(E)D(2)]" ' (4.19)

=sup{|en(z)| :z€K} < CK||5n||HP(Q,p) —0

-y (2)

for all compact subsets K of Q. This achieves the proof of the theorem. O
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