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A certain multiple integral occurring in the studies of Beherens-Fisher
multivariate problem has been evaluated by Mathai et al. (1995) in terms
of invariant polynomials. However, this paper explicitly evaluates the
context integral in terms of zonal polynomials, thus establishing a rela-
tionship between zonal polynomial integrals and invariant polynomial
integrals.

1. Introduction

Consider two p x p independent random matrices S; and S;.The ma-
trix S1, with noncentrality parameter matrix £ and covariance matrix
%, is Wishart with n; degrees of freedom and S, is Wishart with covari-
ance matrix % and n, degrees of freedom. Then the random matrix F =
S,'/%8,5;'/? has the density

g(F) — KJ‘ IFl(l/Z)(nl—p—l) |S2|(1/2)(n1+n27p71)

1 1
X exp { - Etrzjsz ) terS;ﬂFS;ﬂ}

1 1 1.1
XOFl<Enl;19211/25;/21:5;/2)‘152 ( )

(X6 Co(A) /1 1 _
=3 i C Cy (525152,Ez;lgzll/zsz)dsz,
509 I(n1/2),Cy(I)
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where A is the p x p diagonal matrix of the roots of F and K as a generic
letter denotes the normalizing constants of density functions in this pa-
per.

Mathai et al. [4, equations (5.5.11), (5.5.12), pages 274-275] do not
evaluate the integral (1.1). However, they derive the density of the roots
of F in terms of a series of invariant polynomials of two matrix argu-
ments. This paper explicitly obtains the density of F in terms of zonal
polynomials, a result which has not been available in the literature so
far, not even in terms of invariant polynomials. An expression for the
density of the roots of F is also derived in terms of invariant polynomi-
als of two arguments, which is slightly different from the one presented
by Mathai et al. [4, equation (5.5.11), page 274].

The next section states some useful results and the main results of the
paper are derived in Section 3. Although it is not always possible to de-
rive invariant polynomial results in terms of zonal polynomials, some-
times it is as done in this paper. We assume that all matrices occurring in
this paper are full-rank matrices, except the noncentrality parameter
which may have any rank.

2. Some useful results

If P is any p x p matrix, then it is known that (see Gupta and Nagar
[2])

1 1
KIexp{trPV} |- vV/|1/2D0=2p-1 gy = | F, <§n; ZP’P). (2.1)

Now we can write P = (P'P)!/2H for some p x p orthogonal H, see G. A.
Korn and T. M. Korn [3, page 412]. It follows that

K [explur@py)i-vv|ie -y
= K’[exp { trQ(PIP)l/ZHVHI_ VVI|(1/2)(n—2p—1)dV
=K feXP {t(P'P)2Q VI~ VV/|1/20=2-D gy (22)
1 1 1 1
=nF _ ._P/P ! = +F Lot P/P
0 1(211,4 QQ) 0 1<2n,4QQ )

- K [explurPQVIIT- vVt Nay,
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Again it follows from (2.2) that
K feXp {trQ(P'P)*HV |1 - VV'|1/20=20-D) gy
= Kfexp {tr (H’(P’P)l/z)Q}u _ YV |1/2e-2p-1) gy

2.3)
= KJ‘eXP { tr (H/(PIP)1/2) (Q,Q)l/zR}ll_ VVI|(1/2)(n—2p—l)dV

= 01—}(; i 'Q QRH'P'PH) = 0F1< ;Q'QP'P >
where R(p x p) and H(p x p) are any two arbitrary orthogonal matrices

which may depend on Q'Q and P'P, respectively.
Now it follows from (2.3) that

1 1 1 1
05( SmPPQQI'T ): 0F1<§n;ZH’P’PHR'Q’QRU’T’TU),
(2.4)

where H, R, and U are any p x p orthogonal matrices, and note that

1 1
0F1(21’l 4ABC) = 0F1<2n 4A> (25)
where A is any permutation of ABC and also holds for any permutation
of four symmetric matrices.
Obviously, (2.4) in terms of zonal polynomials yields

Co(Q'QP'PT'T) = Co(RQ'QRH'P' PHU'T'TU). (2.6)

From (2.6), note that

| =

exp{trt PPQ'QRR} = oFiexp{trA} = Y ~Co(PPQ'QR'R),  (2.7)
p p{

t=0

|

=

where A is any permutation of P"PQ'QR'R. Further, it is easy to verify
that

1 1 1
oF1 < n;— P’PQ QT'TG'G > = 0F1< n; P’PQ QGGT'T > (2.8)
because (2.8) is true for any permutation of the four distinct matrices in

(2.8).
Now we proceed with the main result.
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3. Main results

In view of (2.4), (2.5), and (2.7) and using (1.1), the density of F is given
by
g(F) = K|F|(1/2)(n1—r7—1)

1 1
X fexP{ -5 tr;'S - EtrZIUZFZIl/Zs} 5|1/ tmp-1)

11
xoFy (zm; ZZ;UZQZ;WFUZSF“Z)ds

_ K|F|(1/2)(n1—p—l)|zgl +211/2FZI1/2|—(1/2)(n1+nz>

1 1
x1F; <§(Tl1 +Tl2),§711; (3.1)
11:1/22—1/292—1/2131/2 s, 5-1/2p5-1/2 -1
5 1 1 ( 2 T 1 )
_ K|F|(1/2)(n1—p—1)|251 +ZIU2FZIU2|_(1/2)("l+"2)

1 1 1,/_ B 1/2
x1F; <§(n1 + nz),inl; > <211/29211/2>

xF(zY 292-1/2>1/2 (5! + 22 Fs 2>_1>.

Now if Z%/ 22512%/ 2 = @I for any scalar 6, then note that

g(F) = KIFl(l/Z)(m—p—1)|QI+ 1:|—(1/2)(n1+nz)

1 1 1 (3.2)
X 1F1<§<n1 +n2),§n1;EQF(91+F)_1>.
Thus the density of A = diag(Ay,...,Ap) of the roots of F is
g(A) = KIA[120rDjo ¢ A2 T (1, - )
i<j (33)

x1F; <%(Tl1 +n2),%n1; %QA(91+A)_1>

The expression is not very suitable for obtaining the density of A for
the expression (3.1). For some Q (p x p) orthogonal, let QFQ’ be still
denoted by F, let L be the p x p diagonal matrix of the roots of =1/2Q%1/2,
and let A be the diagonal matrix of the roots of Z}/ 225121/ 2. Then the
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density of this F is

g(F) = K|F|(1/2)(n1—p—1)|A n F|_(1/2)("l+"2)

1 11 (34)
X 1F1 <§<n1 +n2),§n1;§LF(A +F)_1>.
Mathai et al. [4, equation (A.3.5), page 338] showed that
(a)(i,Cg’)‘( — A'F,LF)
|A+F["*F(a,u;LF(A+F) ") = ) (3.5)

& kK12 (1)

We have observed earlier that Co(Q'QP'P)=Co(RQ'QRH'P'PH) and
thus the invariant polynomial argument for matrices can also be replaced
by their roots. Thus the density of A for (3.4) is

g(A) = KIA[W20 DT T (- 4y)
i<j
) ((1/2) (m +12)) ,C5* (- AIA, LA) | (3.6)
& Kl ((1/2)m),

However, (3.6) is not suitable for obtaining the density of (tr F).

Acknowledgment

The authors are thankful to the referee for a critical reading of the paper.

References

[1] Y. Chikuse, Distributions of some matrix variates and latent roots in multivariate
Behrens-Fisher discriminant analysis, Ann. Statist. 9 (1981), no. 2, 401-407.

[2] A. K. Gupta and D. K. Nagar, Matrix Variate Distributions, Chapman &
Hall/CRC Monographs and Surveys in Pure and Applied Mathematics,
vol. 104, Chapman & Hall/CRC, Boca Raton, Fla, USA, 2000.

[3] G.A.Kornand T. M. Korn, Mathematical Handbook for Scientists and Engineers,
McGraw-Hill, New York, 1961.

[4] A.M.Mathai, S. B. Provost, and T. Hayakawa, Bilinear Forms and Zonal Poly-
nomials, Lecture Notes in Statistics, vol. 102, Springer-Verlag, New York,
1995.

A. K. Gupta: Department of Mathematics and Statistics, Bowling Green State
University, Bowling Green, OH 43403-0221, USA
E-mail address: gupta@bgnet.bgsu.edu

D. G. Kabe: Department of Mathematics and Computer Science, Saint Mary’s
University, Halefax, Nova Scotia, Canada B3H 3C3


mailto:gupta@bgnet.bgsu.edu

Mathematical Problems in Engineering

Special Issue on

Modeling Experimental Nonlinear Dynamics and

Chaotic Scenarios

Call for Papers

Thinking about nonlinearity in engineering areas, up to the
70s, was focused on intentionally built nonlinear parts in
order to improve the operational characteristics of a device
or system. Keying, saturation, hysteretic phenomena, and
dead zones were added to existing devices increasing their
behavior diversity and precision. In this context, an intrinsic
nonlinearity was treated just as a linear approximation,
around equilibrium points.

Inspired on the rediscovering of the richness of nonlinear
and chaotic phenomena, engineers started using analytical
tools from “Qualitative Theory of Differential Equations,”
allowing more precise analysis and synthesis, in order to
produce new vital products and services. Bifurcation theory,
dynamical systems and chaos started to be part of the
mandatory set of tools for design engineers.

This proposed special edition of the Mathematical Prob-
lems in Engineering aims to provide a picture of the impor-
tance of the bifurcation theory, relating it with nonlinear
and chaotic dynamics for natural and engineered systems.
Ideas of how this dynamics can be captured through precisely
tailored real and numerical experiments and understanding
by the combination of specific tools that associate dynamical
system theory and geometric tools in a very clever, sophis-
ticated, and at the same time simple and unique analytical
environment are the subject of this issue, allowing new
methods to design high-precision devices and equipment.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

Manuscript Due February 1, 2009

First Round of Reviews | May 1, 2009

Publication Date August 1, 2009

Guest Editors

José Roberto Castilho Piqueira, Telecommunication and
Control Engineering Department, Polytechnic School, The
University of Sdo Paulo, 05508-970 Sao Paulo, Brazil;
piqueira@lac.usp.br

Elbert E. Neher Macau, Laboratério Associado de
Matemadtica Aplicada e Computagdo (LAC), Instituto
Nacional de Pesquisas Espaciais (INPE), Sdo Jose dos
Campos, 12227-010 Sao Paulo, Brazil ; elbert@lac.inpe.br

Celso Grebogi, Department of Physics, King’s College,
University of Aberdeen, Aberdeen AB24 3UE, UK;
grebogi@abdn.ac.uk

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers4pt
	Guest Editors

