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ABSTRACT. The author uses a new modification of Jacobi-Perron Algo-
rithm which holds for complex fields of any degree (abbr. ACF), and
defines it as Generalized Euclidean Algorithm (abbr. GEA) to approxi-
mate irrationals.

This paper deals with approximation of irrationals of degree
n=2,3,5. Though approximations of these irrationals in a variety of
patterns are known, the results are new and practical, since there is
used an algorithmic method.
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0. INTRGDUCTION.

This paper deals with approximation of algebraic irrationals of
degree n = 2,3,5.

Most simple rational fractions are approximating irrationals,

especially of the type D2+1, 963:i, and 5D5+l, with D = 1, leading

to the most simple form of /2, a@ and a’. Though approximations of
these irrationals in a variety of patterns are known, the results under
discussion here are new and practical.

The main algebraic machine-tool which is the starting point and
the main ingredient of this paper is an algorithm which, for algebraic
real numbers, can be regarded as a generalization of Euclidean Algo-
rithm (abbr. GEA).

1. THE GEA

The invention of the Euclidean Algorithm was one of the great
achievements of ancient mathematics. Its special power rests with its
periodicity which, regretfully, holds only in real gquadratic fields.
Jacobi [1] generalized it for the cubic real fields, and Perron [2]
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for n-th degree real algebraic fields. Since then, various modifi-
cations of the algorithm was given by prominent authors in the modern
mathematical world. The author [3] used a modification which holds
for complex fields of any degree, abbr. ACF. In the sequel, it will
be called the "Generalized Euclidean Algorithm'", abbr. GEA. It pro-
ceeds as follows:

DEFINITION 1. Let

a(0) @{o),aéo),...,aégi) €E _,n21 (1.1)

be a fixed, given vector, and
<a(V)>, v==O,1,...,a(V) € En_1

a sequenge of vectors in En_1 either given by some rule or calculated
0
from a ,

) (69,00,

Let <b(v)>, v=0,1,...3 b(v) € En-l be another sequence of vectors in
En-l’ either given by some rule or calculated from <a V)y with the
formula

2D _ (@)L ) o) ) (1.2)

v = 0,1,...
we say that the GEA holds for a(o). b(v) is called the "companion
vector" of a(V .
DEFINITION 2. We form the numbers
Agv) = 8§V), the Kronecker delta } (1.3)
i,v = 0,1,...,n-1

Let a GEA of a(o) hold. The recursion formula

Al S 0 (v3) vy vlo,1,. . (1.4)

i $=o J i 0
generates the "matricians' of the GEA of a(®), L. Bernstein [4] has
proved the following formulas for the real algebraic fields, and the

author proved [3] that they are also true for the complex fields.
v 1 -
A ),Ac()"+ ... ,Aé"*n 1)

A{v)’A£v+l)’._.,A£v+n-l) _ (_l)v(n-l)

.0‘0..0.0..0...0.0 (1.5)
(v) ,(v+1) vin-1
AT AV ,Ar(l‘_’i“n )
n-1
agv)A§v+j)
(O) _ J=1 (v i=0,1,...;
a;”’ = — i ag ) 1, ’ (1.6)

( . v=0,1,...
> aJ.V)A(gV*J)

3=o
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DEFINITION 3. Let the GEA of an a<o) hold. If there exist two
numbers, s > 0, t > 1; s,t € N such that at5*t) = a(t) tnen the cEA of
this a 0) is called "periodic". If contemporarily min s = m > O,
min t = £ > 1, then <a(v)>, v =0,1,...,m-1, <a(v >, v=m,m+l,...,
m+£-1 are called respectively the "primitive preperiod" and the
"primitive period" of the GEA of a(o). If m = 0, the GEA of a(o) is
called "purely periodic™".

m and £ are called respectively the lengths of the primitive pre-
period and primitive period. |

Perron [5] proved the following theorem which is a generalization
of the original theorem on convergence of simple continued fractions.
In our terminology this would yield

THEOREM 1. Let a GEA of some a(o) € E _, hold. If the components
of all companion vectors are positive and the GEA of this a(o) is
periodic then

AV
a§0) = lim 2%37, i=0,1,... (1.7)
V =00

where Agv), (i

GEA of a(0),

0,1,...,n-1; v = 0,1,...) are the matricians of the

(v)
The fractions 5%57 are called the "convergents" of the GEA of
a(O). | Aq
The reader should note that if the GEA of some a(o) is periodic
then there exists an a(v) in this GEA such that the GEA of a(v) is
purely periodic. With this in mind the author [3] has proved
THEOREM 2. Let
w an n-th degree integer (n > 2), (1.8)
and a 0 a fixed vector such that

a® - (@{®w),a{Pw),...,al% ) (1.9)
aio)(w) algebraic integers (i=1,...,n-1).

Let the GEA of a(o) be purely periodic with length of the primitive
period = £. Let the components of the companion vectors be algebraic
integers. Then

AT OA(rH ) o (O (vee2), @) vaen1) | (g 1)
v = 1,2,...

and units, namely the v-th powers of
(£) _(0),(e+1) _(0),(£+2) (0),(£+n-1)
AO +ag AO +a5 AO +~--+an_lAO . l

In this context we shall need the formula which was also used by the
author in her paper [5], viz.
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k
iﬂ‘ ar(i{ _ Aék)_,_a{k)A(()kd)*_.“+algl_({Aék+n-l). (1.11)

If the GEA of a(o) in En_l is purely periodic with length of the
primitive period £, then it follows from (1.11)

£-1 n-1
e = 1T ald) al0ale+3) ¢ o unit (1.12)
i=o o1 ggo g 7o ’

; ; ; () _ ,(0)
since in this case ay”{ = a "J.
We also have the formula, in virtue of (1.10)

KRN CAUNONCED 0)(£a+n-1) (1.13)

veesal
+ +a, -~

f=1,2,...

2. APPROXIMATION OF IRRATIONALS - CASE n = 2

Though this case is well known from the expansion of real quad-
ratic irrationals as simple continued fractions, we shall include it
in our discussion.

Let

w=yD°+1, De N, w a quadratic irrational. (2.1)
That w is irrational (for D > 0) is banal.
We choose the fixed vector

al®) _ 4 4 p, (2.2)
since here n-1 = 1. Thus aio) = aé?{, and we shall generally denote
alv) =a,, v=0,1,...; a =a (w) for all GEA of af0), (2.3)
In conformity with (2.3) we shall also denote
p(V) _ b, V=0,1,....
For the calculation of the companion vectors we use the rule
p(V) b, = a,(D), v = 0,1,... (2.4)
and have
bo=(w+DNﬂ)=2D (2.5)

hence, by (2.1)
a) = [(w+D)-2D]"1+1 = (w-D)™ = w+D (2.6)
since (w—D)-1 = (w+D) from w2-D% = 1. Thus

ay=a; =+ =a v = 0,1,... (2.7)

V,
and the GEA of aqg = w+D is purely periodic with length of the primitive
period £ = 1. Further, in this case,

[a,] = [wsD] = [w]+D = 2D = b (2.8)

v
the GEA of w+D coincides with the Euclidean algorithm, and we have, in
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the notation of continued fractions

ag = w+D = [ 2D ].
For the calculation of the matricians of a
(1.4)

(0)

we have from (1.3) and

al® — 1, Al o, aln*®) _ Al opa(mHd),

A£o) - o, A§1) -1, A§n+2) _ A{n) . 2DA£n+1), (2.9)

n=0,1l,... .
Formula (1.6) yields

a0 4 (uapya{v+d)

w+D = , (2.10)
Aév) + (w+D)AéV+1)

(w+D)AéV) + (w+D)2A(()V+1) - A{V) + (w+D)A{V+1), (2.11)
and comparing in (2.10) coefficients of w (namely the highest
irrational power of w), we obtain

(v+4l) _ ,(w) (v+1) _ ,(v+2)
A} = a5 + 2pag = AV (2.12)

3. EXPLICIT REPRESENTATION OF THE MATRICIANS

We shall give an explicit representation of Aév) (v=2,3,...).
By formula (2.12) which, because of (2.11) will also provide an
explicit representation of Alv) (v=2,3,...), we obtain from (2.8),

by means of Euler's function

w . 2 m s Y
2 Al _al0) Ay 5 Al

i=0 i=2

[}
+
It

Aéi+2)xi+2 _
o

n

]

+
(M

(A(()i) .\ 2DA(()i+l))xi+2 -

[
]

(¢}

00 [e0)
14x2) alxt 4 opx Y ASTH )L
i=o i=0

0]
1+ x® ) Al s opx (-4l 1+ Y alPxb.
o 1=0

[0 0]
i=
Hence
m s
(1-x%-2Dx) 2 A(()l)xl -1 - 2Dx,
i=o

2

©
Z A(()l)xl= 1-2]23x -1 x2 ,
i=o 1 - (x° + 2Dx) 1 - (x° + 2Dx)
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[0 0]
Aéo) + Aél)x + 2:; Aéi)xi =1 +
1=

%2

T 1 - (x° + 2Dx)

©
Z 11.(gi+‘2)xi = go (x2 + 2Dx)k.

(x sufficiently small)
Choosing i =n, we obtain by comparison of coefficients of x?

1Yo y 2y, +y
Aén+2) - Z <y1’y2) (2D) 2 x 1 2.

But 2y1 + Y5 =10, ¥y + Y, = n-yp,

adn+3) 5 (n;zl) (@

™18

Aéi+2)xi+2
o

n
[5] .
n-i .
Ac()n+2) - Z ( i ) (2p)P-21 (3.1)
i=o
n=0,1,...
We obtain from (3.1), for n = 2n-2
n-1 R
2n-2-1i .
Aézn) - 2: ( i ) (ep)2n-2-21  , _q1,2,... (3.2)
1=0
and for n = 2n-1
n-1 .
2n-1-i .
a§zm) ( i ) (2p)2n-1-21 (3.3)
i=o
n=12,...

We shall verify formulas (3.2), (3.3), comparing the results with
these from (2.8).
We obtain from the latter

af?) <1, a3 - alH) 4 2ma{?) < oo,

ad®) - al2) 4 23 1y 4

A(()5) - Aé3) + 2DA(()“) = 4D + 8D°;

Aé6) - Aé‘*) + 2DA85) -1 + 1202 + 16D%
From (3.2) we obtain for n = 1,2,3

Aéz) =1, Aé‘*) =1 + 4D% A(()6) -1 + 120° + 16D".
From (3.3) we obtain for n = 1,2,3

0 .
N 2;0 (Zn‘}'l) (2p)(2n-1-21) _ o
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(1) (epy(am-1-20) (2) 2D+ (20)°

™

Aé5) -

[
1}

o}

a$®) - up 4 0.
2
K7 - go (%) 72 B)en+ (})(@0)?+ (20)°,

A67) = 6D + 32D° + 32D°.

From (3.8) we obtain

Aé7) - Aé5) + 2DAé6) = 4D+8D> + 2D(1 + 12D° + 16D%)

6D + 32D° + 32D°.

4., THE CONVERGENTS OF y2
We obtain from formula (1.7), since in our case n = 2,

(0) _ ,(0) A
a = a = 1lim
1 vV = Aozvj ’
A(m+l)
~ 1
w+D = Aom+1 , m=1,2,... (4.1)

With formula (2.11), we obtain from (4.1)

al™) 4 2p a{m+t) alm) )
w+D R = 2D + ————r (4.2
1 1
A(()m+) A(()m+)
Alm)
w = D+A70m. (-3)

We investigate the special case D = 1 and obtain from (4.3)
m=2,/Z~14+%=15

m=3, /21 + % = 1.4
m=4, YR+ f% = 1.416
m=5, /y2~1 + %% = 1.413

m=6, /Y2~ 1+ %% = 1.414

Thus for m=5,6 we already obtain quite a tolerable approximation for
V2.

As is known, V5 occupies an exceptional place in number theory.
We set D = 2, and obtain, with formula (3.6)

Aém)

w:ﬁz2+7_5m+1 . (4.4)
A
0

We obtain from the previous calculations of the matricians with D= 2:
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283 = 4, Al 217, 89 < 72, a8E) < 305, aST) - 1204

we obtain the approximation values

~ 4 17 o~ 72
ERERS S TS

V5 % 2.235, ~ 2.236, ~ 2,236.
Thus 2.236 is a good approximation of ¢5. That (Aém),Aém+l)) =1
follows from (1.5).

5. THE CASEn = 3
We denote again

3
w o= V63-+1 (5.1)

and choose the fixed vector
2

0

a(o) = (w+2D, w

With a(o) (a(o)(w), (0)(w)), we again apply the rule for calcu-
lating the components of the companion vectors

b§V) = agv)(D), i=1,2; v=0,1,..
We proceed with the GEA of a(o)

v(0) _ (p+2D, D2 + D.D + D?)

+Dw + D2). (5.2)

v(0) _ (3p, 3p2). (5.3)

a(1) _ (ws2D-3D)"1 (wP4DwsD?-3D2,1) =

(w=D)~L (w2+Dw-2D%,1) =
(w-D)~1((w-D)(w+2D),1),

1)

a( = (w+2D,w

By (5.4) the GEA of a(®) = ((w+2), w2+wDsD?), w = FD3+1 is purely
periodic and the length of its primitive period £ = 1. We shall
proceed to calculate the matricians of the GEA of this a(o).

we have with b(®) = v(¥) = (3p,302), v = 1,2,...

A0 1, Al 2 Al 2o, alP3) L alM)na{H D) 5P L (s.5)

n=0,1,...

b’ A - 40) +A81)X+Ac()z)xz+§ a{ne3), 003

n=o0 n=o0

@©
=1 4% E: Aén+3)xn =
n=o0

= 14%° §: (a8P) 4 5pa{P+L) | 3p2p(0+2))ym

2+Dw+D2) = a(o). (5.4)
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@ ® ®
C14x3 Z Aén)xn+3Dx2 Z Aén+1)xn+l + 30%x Z A(()n+2)xn+2 _
n=o n=o n=o

a0
14% Z A(n)xn+3Dx (Aéo) Yy A(gn)xn) .

n=0

+ 3D2x (-A(()O) - Aél)x (n) n)

@D
1+ (x0+3Dx2430%x) Aén)xn - 3Dx? - 3D%x,
n=o0

[1- (3D%x+3Dx2 +x3)]A(n) N _ 1. 3D%x - 3Dx2,

:ﬂ\/]g 1

[e]

(28] 2 2
Z A(n)xn=1 - (3D%x _+ 3Dx“)
n=o0 1l - (3D2X + 3Dx2 + X3)
o)
(n),n x
A X =1 + ’
éo 0 1 - (x° + 3Dx° + 3];2)()
and as before
[0 Q
Z A(()n+3)xn = Z (x7 + 30x® + 30°x)K (5.6)
n=o =0

for sufficiently small x.
Comparing coefficients of x? on both sides of (5.6) we obtain

; yl+y2+y3) (30) 2(30?)”3
3y1 +2Y 5 +Y5=n ¥1:Y2:93

Y1 +Yo+y Vo+¥z  Yo+2¥
A(ne3) _ Z ( 1*Y2 3) 273 Yoreys (5.7)
3yl+ y2+y3=n Y]_:YZ’Y3

= 0,1,...; (g) = 1.

A(()n+3)

From (5.7) the matricians are easily calculated, finding ¥1:Y2sY3 from
the simple linear equations 3yl + 2y2 + ¥z = n. One proceeds in a
lexiconographic order. We have

n = 0; Y1=Y5=Y5=0; A(g3) =13

2

n 1; y3=1, y1=y2=0; A(gl*) = 3D%;

n

1

2; y1=0=y3, YZ=]-; Y1=yZ=Oo y3=2;
A(()5) - 3D + 9D%;
n=3;yy=1, y,=0, y3=05 y; =0, yp=1, y3=1;
Y1=Y2=O: Y3=3;
al®) - 1425203 4 330P,
Aé6) =1 +18D° + 270°.
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n = 4; Y1=1’ Y2=0, Y3=1; Yl=0’ YZ=29 YB=0;
Y1=O, Y2=1, Y3=2; Y1=Y2=O’ Y3=L";
a8 - 2030 41,3202 4+ (3).30(30%)2 + 3%D°

A(()7) 15D° + 81D° + 810°.

One could verify these results by means of formula (5.5).
this we obtain
88 = al?) 4 5pal®) 1 3p2{7) _ 3p 4 o0 4
+ (1+18D° + 270°)3D + 30%(15D% + 81D° + 810F) =
- 6D +108D" + 32407 + 24310,
(9) (6) (7) 2,(8) _
ag?) = ag®) o amalT) 4 30Pas®) -
= 1+18D° + 270° + 3D(15D% + 81D° + 810°) +
+ 3D2(6D + 108D" + 324D7 + 243010)

Aé9) = 14+81D° +594D° + 121507 + 729012,

From

It would be an interesting problem whether calculating preference

should be given to formula (5.5) or (5.7).
We shall shortly discuss the number of solutions of

3yl + 2y2 +Y¥3 = 3n

yp = n; Vo =¥z = 0; 1 solution
yp =n-1; yo=1, yz=1; ¥p=0, y3=3; 2 solutions
yl = n—2; y2=3, y3=o; y2=2, y3=2;

Vo=1, y3="4; y,=0, y3=6; 4 solutions
Yy = n-3; YZ=I*’ Y3=1; Y2=3, Y3=3;

YZ=29 Y3=5; Y2=1, y3=7;

Y2=0, y3=9; 5 solutions

Thus the number of solutions of 3y1 + 2372-l-y3 = 3n equals
=1+ (2+4) + (5+7) + (8410) + (11+413) + *++ (n numbers)
= (L+4 + 7+ )+(2+5+8+11+<+.)
v ([2+([F1-1)31+[2.2+([31-1)3D[5]
2
3n
~ [T]

Thus, approximately

2
3n_
SSn“[ 2 ]'2
For n = 2, 56=7zl§—-=6.

From the other side, A(()3n) contains exactly 2(n-1)+1 = 2n-1
summands, as the reader can easily verify.

3n
3n

(5.8)
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In order to calculate A(Bn) by formula (5.5), one has to calcu-
late the preceding 3n matr1c1ans Aé ) Aél) . A(Bn' , so the
number of these manipulations equals 3n(2n-1) The author therefore
conjectures, that it is preferable to calculate the matricians, from
a time and operation saving profit view, by formula (5.7).

We shall now calculate the matricians Alv and Agv , expressing
them as linear functions of Aét). We have, with a(l) a
(w+2D,w2+Dw+D2), and in virtue of formula (1.6)

(n) + (W+2D)A(n+1) + (w2+w+D2)A](-n+2)

A857 + (w+2D)Aén+1) 2 (1«12+Dw+D2)A(gn+é7

w+2D =

(w+2D)Aén) . (w+D)Aén+l) . (w2+Dw+D2)Aén+2) _ (5.9)

A{n) + (w+D)A§n+l) + (w2+Dw+D2)A§n+2).

Comparing the coefficients of the powers of the irrational w2 on both
sides of (5.9), we obtain
A§n+2) _ A(()n+1) . 3DAén+2)‘ (5.10)

In the same way we obtain from
(w2+Dw+D2)(Aén) + (w+2D)Aén+l) + (w2+Dw+D2)Aén+2)) -
- Aén) + (w+2D)A(n+1) + (w2+Dw+D2)A§n+2)

A§n+2) - Aén) 3DA(n+1) N 3D2A(n+2) (5.11)

3
6. THE CONVERGENTS OF yDo+1

3
We obtain in case n = 3 with w = V63+1,

a{o) = w+2D, a§°) = w2+Dw+D?,

and by formulas (1.7), (5.10), (5.11)

A£n+l) Aén)-+3DAén+l)
w+2D = nlimm Xgﬁn = nl_i)nlw Aén"’l)
e
=3D + nl_l)mw Igm .
L
w=D+ nl_l}mw :(gml—)- . (6-1)

Substituting in (6.1) the values for the matricians Aév) from (5.7),
we obtain with n = n+3
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Y+Yo+Y
( 1772 3) 3yz-l»y3 Dyz+2y3
3y. 425 Ty on Y1:Y2:¥3
w=D+1lim 123 (6.2)
n-> o V123 yoays yp2ys
V1:Y2:¥5) 3 D

3y1 +2y2+y3=n+1

(6.2) is a very interesting and simple formula for calculating the

3
convergents of VD3+1. We further obtain by the same method

A(n+2)
W2+DW+D2 lim —%—75 =
n-— o Ao
A(n) . 3DA(n+1) . 3D2A(()n+2)
= 113
nin oS Aéﬁ+2r

Aén) . Aén"'l)
3D +r3.i.glm W+3Dr}iﬂm Xgr—lzyv
) A(n+1)
w +D(D+riLi4m w ;(HTZT)_

) A(n) aln+l)
= 2D + lim O . 3D lim /7
n— o A(n+2) n— Aén+2) ’
2_2 ag” agmh) )
w-=D" +1im + 2D lim
R S )
(yl+y2+y3) REME REASE
3y +2Y 54y z=n-3 ¥1:Y2:Y3
=D% 4 lim (2273
n o (Y1+Y2*y3) J2rVs Y223
VARR R
3y, +2y5+y5=n-1 1272273
(6.3)
(Y1+Y2+Y3) 3y2+y3 Dyz+2y3 r
Yq9:¥0sY
3yl+2y2+y3=n-2 1272273
+ 2D
(y1+y2+y3) Vot¥s Vp+2¥sz
3 " B Yl,yz,}’3 3 D J
v+ y2+y3-n—l

This limiting expression for w2 takes on a special simple form for p =
For D=1 the matricians, which were calculated previously, became

Aé” -1, A(L‘) 3, A(5) 12, A(6) 46, A(7) = 177,

Aés) - 681, Aé9) = 2620.
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With those values we obtain from the formula (5.11)

Aln)
7% -1 + lim 0
- 9
n— oo Aofn+1}

X1 + %, 1+ f%, 1 + %%, 1l + f#%, 1+ %%%, 1l + 5%%8,

N

~ 1.3, 1.25, 1.26, 1.26, 1.26, 1.26.

Thus 9? = 1.26 is quite an exact approximation. We have
2~ 1.267 = 2.000376.

We further obtain from the first line of (6.3) with D = 1

+1
3 Aén) ZAC()n )

75

14

1l +

Aén+2) * Aén+27 ’

3
VG x 1+ f? + %,ZL+ f%-+ %é, 1 + 77+ T
46 354 177 1362
1 +ger * 881 1+ 220 * ZEo0r
3 3
vk = 1.58, 1.59, 1.59, 1.59, 1.58. Thus V% = 1.59 is a satisfying
approximation. 3 3
For D = 2,3w2 - VET - 3V3.
Thus also /3 can be easily and perfectly approximated by formula
(5.11).
7. THE CASEn = 5
We denote again

w = 365+1 (7.1)

and choose the fixed vector
al0) = (wstD,w2+3uD+6D2, wD+2w2D+3uD244D7, (7.2)
w4+Dw3+D2w2+D3w+Dh).

With a(o) = (a{o)(w), ago)(w), a§o)(w), ago)(w)), we again apply the
rule for calculating the components of the companion vectors
bi") = a§")(D), i=1,2,3,4; v=0,1,... .

We proceed with the GEA of a(o) and have

5{0) _ (D +4D,D2 + 302 + 6D2,D° + 2D7 + 3D + 4D, D% + D* + D* + D¥ 4 D*)

() _ (sp, 1002, 1007, 5D%)

(@ = (G, G2, P, o). 7-3)

a(l) _ (wstD-5D)1 - (w2+3wD+6D2-10D2,
wo+2w2D+ 3WDZ44D0-10D7 , w4 Dwo+ D2w2+Dow+D-5D%, 1),
all) = (w-D)™1 - ((w-D)(w+4D), (w-D) (w2+3uD+6D2)
(w—D)(w3+2w2D+3wD2+4D3,(w-D)(wh+w3D+w2D2+wD3+DA)),
a(1) _ g(0) (7.4)
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Since (w-D)(w3+w3D+w2D2+wD3+D4)==w5-IP:=1. Thus the GEA of a(o) is
purely periodic with lengths of primitive period £=1. We shall cal-
culate the matricians of a

With (3.6) we have

480 21, alt) - al2) - a03) - A - o
Ac()n+5 ). A(()n)+5DA(gn+l )+10D2A(()n+2)+1OD3AC()n+3 )+5D“Aén+‘*) 1(7.5)

n = O,I,...
Proceeding as in cases n = 2,3 using Euler's functions, we obtain

[0.0) 00
2 Al o1y ale)ees

n=0 n=o0

(a82) 15082+ 110024{7+2) 41004 0+3) 15pta (P4 ). 45
(e]

=1+

%

iMe ir18

e 2]
A(()n)xn +5D(-1 + 2 A(()n)xn)x” +

o n=o0

[ee] m
+100%53(-1 + 2 Al 10071 + 2 Al
n=o0

n=0

[0 0]
+ 5DMx(-1 + A(m)ny,
n=o0o

[e 0]
[1- (x2+5Dx*+100%3+100°%24+5D" %) ] > al®)h -
n=0

- - (5Dx™ + 100%%7 + 1007%2 + 5D*x)
[e 0]
2: A(n+5)xn _ 1
fizo © 1 - (x2+5Dx*+10D%%>+10D°%2+5D )

©
z: (x +5Dx +1OD2 3+10D3x2+5D4x).
k=0

Hence

Y1+Y2+Y3+Y4+Y5)
adP5) ; (Vl’yz’yz’ya’ys (50)” 2(1002) 3(100%) 4 (50%) 5
5y1 +3y 3+2y4+y5—n

( yl+Y2+yB+YL,_+Y5
YI’YZ’YB,YA,YS

) 5Y2+Y3+YL‘_+Y52yB+YQDYZ+ZYB+3Y4+L&Y5
5Y1 +4Y2+3y3+2yh+y5—n
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-

5 4
Yk - Yhal ya+y, To+2yz+3y,+4y
aln+5) _ =1 5K=1 5?37 Ay 2734 5{
Y A Y10Y2sY%:Ys Y5 \
(5-1)y;,4=n
izo i+l (7.6)
n = 0,1,... . J

Formula (7.6) is, indeed, a bit frightening, but it calculates
explicitly any Aén+5) (n=0,1,...) just by solving the linear

4
equations Z (5'i)yi+1 = n.
=0

We shall calculate a few matricians from formula (7.6). When one
of the yi=s will not be mentioned, its value is understood to equal

zZero.

n=1; vy =1, A®) = 50

n=2;1)y,=1; 1) yg = 2; Aé7) = 10D° + 250°;

n=3; 1) yz = 1; ii) y, = yg = 1; iii) y5 = 3,
AéB) = 10D% + 100D’ + 125D'%;

n=4; 1) y, =15 i1) y5 = y5 = 1; ii1) y, = 25 1v) y, = 1, ¥5 = 2;
v) v = 4, A§%) = 5D+ 1000 + 1000° + 75001 + 62507°,
a§2) - 5D+ 2000° + 75001 + 6250165

n=5; 1) y) =15 i1) y, = y5 = 15 1ii) y3 = y, = 1; iv) y53=1, y5=2;
v) y,=2, ¥g=1; vi) y, = 1, Y5 =3; vii) Y5 = 5,
a810) - 1.4 500° + 2000% + 750010 + 15000 + 500007 + 31250%°.
a§10) - 14 2500% + 22500 4+ 500007 + 31250%°.

We shall further calculate the matricians A§V), i=1,2,3,4. We have
A{n) + (w+4D)A{n+1)-+(w2+3Dw+6D2)A{n+2) + 3

+ (wr2w?De3uD?eup?)a{P+3)
(WA+DW3 ar-D‘2\112+D3w+D[‘L )A§n+4) =
(w+l+D)Ac()n)+(w+4D)A(gn+l)+(w2+3Dw+6D2)Ac()n+2) + ?(7.7)
+ (W3+2W2D+3WD2+4D3 )A(gn+3 ) +
+ (wh+Dw3+D2w2+D3w+Dh)A(()n+A) . J
Comparing powers of wit on both sides of (7.7) we obtained

A£n+h) - A(gn+3) . 5DA8n+4). (7.8)

+
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Further
Agn)+(w+4D)A§n+l)+. coa (Wt +D‘*)A§n+“) =

= (w2+3Dw+6D2)[AC()n)+- .. +(w2+3Dw+6D2 )Ac()n+2)
+ (W +2wPD43wD24+4D° )Aén+3 )+ (w' +Dw3+ D224 Dw D )Aén““) ].
A§n+4) - A(()n+2) . 5DA(()n+3) . 10D2Ac()n+4). (7.9)
We leave it to the reader to verify, by the same method the results
Aé’“‘*) - Ac()n+l) + 5DA(()n+2) + 1OD2AC()n+3) + 10D3Ac()n+") (7.10)
afP ) Al spa(ml) L 1002a(P+2) L 1007 (743) o sptalPH). (7.11)
We thus have obtained
(n+4) (n+3) S5y (n+ls)
Al = Ao + (1)Ao
A§n+4) - A(()n+2) + (;)A(()IHB) + (g)Aén+4)
(n+4) _ 4 (n+1) /5 (n+2) (/5yn2,(n+3) /5 (n+4)
AP < g™ (2)ag 2+ (3)pPag +(3)D3Ao

A£n+h) - Ac()n)+(;)DAc()n+l)+(g)D2A8n+2)+(g)D3Aén+5)+(l5+)D4Aén+l+)

i
Aj(.n+h) =;O Ac()n+4_J)(i?j) Dl_'j, i=192’3949n=091;"' (7‘12)
To conclude with this fsi:r‘st5 paper of the sequence, we shall still
apprgximate the number V2, V4. From (7.1) we have, with D = 1,
w=y2.

From (7.2) we obtain, with Theorem 1,

A(n+6)
. 1
w+s = 1im (7.13)
n—> © Aofn+5§

and from (7.8)
(n+5) (n+6)
AO + 5A0

w+4 = 1lim

n> o A(()n+6) !
A(n+5)
w=14+ lim —-(——B-)-O . (7.14)
n— o AOn+

From (7.14) and (7.6) we finally obtain
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a1 s (7.15)
yl+Y2+Y3*YQ+Y5

;? +¥,+Ye) (yz+y,) (yo+2y5+3y, +4y.)
(Yl,y29Y3,Y4,y5> 5(y2+y3 Yyu*ys ) 374 D 2 3 4 5
5yl+4y2+ Y3+2Y,+Y5=n

yl+yZ+Y3+Y4+y5

Z +2y 243y, +by.)
yl:yZ,YB’Yva5> 5(y2+y3+yh+y5)2(y3+y4)D(y2 y3 4 5
5y1+hy2+ Y3+ yh+y5=n+l

Substituting in (7.14) the values for n = 1,2,3,4 we obtain

1580
; = 3? ] o+ é%, 1 +£§% 1 + 2 5, 1 + 18525
V2 = 1.143, 1.149, 1.149, 1.149.

5
It seems that 1.149 is a good approximation of 72. Indeed,

1.149° ~ 2.
From (7.2) and Theorem 1 we further obtain, in virtue of (7.9)
) Aén#&) ) . Aén+3) . A(()n+2)
W2+3wD+6D? = nlimoo ;(()m-)-:lon +5D nlﬂ)nm W+nll;>mco Xgﬁm ,
) Aén+3) ) ) . A(()n+3) . Aén+2)
w-+3D <[)+gf§;o Xgﬁ:ﬂj) + 6D =10D i-5Dri:?cD Xgﬁ:57+n-9(n XEH:KT ,

Hence
) A(n+3) A(n+2)

2 . 0 . 0
=D"+2D 1lim + 1lim
n—> © Aozn+ ) n=> Aozn+ )

with D = 1, and the approximate value of w, we obtain

A(n+2)
2 ) 0
woR 1+ 2 0.149 + ;ZHIET
0
A(n+2)
wl X 1.298 + =2 .
Ain+2;§
0

From here w2 can be easily evaluated exact to two places.
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