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ABSTRACT. An m-dimensional locally conformal KYhler manifold (l.c.K-manifold) is
characterized as a Hermitian manifold admitting a global closed l-form ax(called the
Lee form) whose structure (Fuk’guk) satisfies

VvFuA = _Bugvx + Bkgvu - aquA + aAFvu’

where VA denotes the covariant differentiation with respect to the Hermitian metric
guA’ BA = -Fleae, FuA = FuegeA and the indices V,u,...,A run over the range 1,2,...,m.
For l.c.K-manifolds, I.Vaisman [4] gave a typical example and T.Kashiwada ([1],
[2]1,[3]1) gave a lot of interesting properties about such manifolds.
In this paper, we shall study certain properties of l.c.K-space forms. In §2, we
shall mainly get the necessary and sufficient condition that an l.c.K-space form is
an Einstein one and the Riemannian curvature tensor with respect to guk will be ex-
pressed without the tensor field PUA° In §3, we shall get the necessary and sufficient
condition that the length of the Lee form is constant and the sufficient condition
that a compact 1l.c.K-space form becomes a complex space form. In the last §4, we shall

prove that there does not exist a non-trivial recurrent l.c.K-space form.

KEY WORDS & PHRASES: L.c.K-manifolds, Lee form, L.c.K-space forms, hybrid, recurrent
L.c.K-space form.
1980 MATHEMATICS SUBJECT CLASSIFICATION CODE. 53B25

1. INTRODUCTION.
This paper is directed to specialist readers with background in the area and
appreciative of its relation of this area of study.
Let M(Ful’guk’al) be an l.c.K-manifold. Then, by the definition, at any point of
M there exists a neighborhood in which a conformal metric g* = e—2°g is a KHhler one,
i.e.,
Vs(e-ZDFuX) =0, dp = a,

where Vi denotes the covariant differentiation with respect to g*. Then we have
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€
= - 1.1
VVFU}\ aFg, to F (1.1)
The following proposition was proved by T.Kashiwada [1]

PROPOSITION 1.1. A Hermitian manifold M(Fux’guk) is an l.c.K-manifold if and

€
eAgvu + aAFvu ta Fuegvx'

only if there exists a global closed l1-form 0, satisfying (1.1).

In an l.c.K-manifold M, we define a tensor field Puk as follows;

Puk

where llall denotes the length of the Lee form oy with respect to guA'

- - _ Y
= Vuux a0y + =5 flall g (1.2)

In an m-dimensional l.c.K-manifold M, we know the following formula;

€ € € €y _
Ruepk + RAEFu - (m- 2)(Pu€Fk + PXEFu ) =0, (1.3)

where Ruk denotes the Ricci tensor with respect to guk [1]. Thus we have
PROPOSITION 1.2. In an m-dimensional (m # 2) 1l.c.K-manifold M, the tensor field
P is hybrid, i.e.,

uA

€ € _
PUSFX + P)\el""J =0, (1.4)

if and only if the Ricci tensor Ruk is hybrid.
From now on in this paper, we assume that the tensor field Puk is hybrid.
REMARK. In an m-dimensional (m # 2) Einstein l.c.K-manifold, the tensor field PUA
is hybrid, identically.
An l.c.K-manifold M is called an l.c.K-space form if the holomorphic sectional
curvature of the section {X,FX} at each point of M has the constant value. Let M(H)
be an l.c.K-space form with constant holomorphic sectional curvature 4. Then the

Riemannian curvature tensor vauk with respect to guk can be written as

4Rm\)u)\ = H(gwkgvu " Igdurn t FwAFvu - quFvA - ZvaFul) + 3(Pwlgvu - Pbugvx
* Inbon ~ gwupvx) - {PwAFvu = Pafor ¥ EaPoy — Flbar - Z(vaFuk
+ vapux)}’ (1.5)

s _ €
where PUA = Pu FEA [1].

2. L.C.K-SPACE FORMS.
In this section, we shall consider the necessary and sufficient condition that an

l.c.K-space form becomes an Einstein one. Next, we shall get an expression of the

Riemannian curvature R

WVUA
Let M(H) ba an m-dimensional l.c.K-space form with constant holomorphic sectional

that does not include the tensor field Puk'

curvature H. Then we have (1.5). Transvecting (1.5) with gwk, we have from the

straightfoward calculation

4R = {m+ 2)y + 3P}gu)‘ + 3(m - A)Pu)‘, (2.1)

uA

where P = Pulg and it can be written as

P = -Y0a" +—(m - Dlal?, (2.2)
Thus we have
PROPOSITION 2.1. A 4-dimensional 1.c.K-space form M(H) which the tensor field
Puk is hybrid is an Einstein one and then the scalar field P is constant.

We have from (2.2) and the Green's theorem [5]



"
ON LOCALLY CONFORMAL KAHLER SPACE FORMS 71

PROPOSITION 2.2. A compact m-dimensional 1l.c.K-space form M(#) which the tenscr
field P
uA
Next, we shall prove the following ;
THEOREM 2.3. An m-dimensional (m # 4) l.c.K-space form M(H) which the tensor
field P
u

is hybrid has a non-negative P.

A is hybrid is an Einstein one if and only if the tensor field Pux is pro-

ti 1t .
portiona o guk

PROOF. If the tensor field PL is proportional to guk’ then the tensor field Puk

A

can be written as

I
PU)\ - gl.l)\. (2.3)
Thus we have from (2.1) and (2.3)
6(m - 2)
= + 4 2 = <) .
Ru)\ {(m + 2)x - P}gu)\

The inverse is trivial, so we omit its proof.

COROLLARY 2.4. An m-dimensional (m # 4) Einstein l.c.K-space form M(H) which the
tensor field Puk is hybrid is a complex space form if P = O.

Transvecting (2.1) with guk, we have

4R = m(m + 2)H + 6(m - 2)P, (2.4)

where R denotes the scalar curvature with respect to guk' By virtue of (2.1) and (2.4),
we can easily see that
4 (m - 4)(m + 2)H + 4R

AT moEWN T 2 - Dlm - & e 2.5

By = 36 o B " T Y (2.6)
where ﬁuk = RueFel' Substituting (2.5) and (2.6) into (1.5), we obtain

vauA = - %(gwxgw - gmugvx) M (”’3zml.z (g)zml?-Hl;; R(Fw)\F\m

- quFvA - 2vaFuX) * ?;_%‘ZT(RmAgvu - RmugvA + gwkﬁvu - gquvA)

+ 36;1:—ZT{RmAFvu - ﬁquvA + kaﬁvu - quﬁvx - Z(vaFuA + Fmvﬁuk)}° @.7)

Thus we have
PROPOSITION 2.5. 1In an m-dimensional (m # 2,4) 1l.c.K-space form M(H) which the

tensor field PU is hybrid, the Riemannian curvature tensor Rmvu) can be written as

(2.7) without Pﬁl'
3. COMPACT L.C.K-SPACE FORMS.

In this section, we shall mainly deal with compact 1l.c.K-space form.

Let M(H) be an m-dimensional l.c.K-space form with constant holomorphic sectional
curvature H. If we assume that the scalar curvature R is constant, then by virtue of
12.6) all of the scalar fields R,H and P are constant. Under this assumption, differ-

entiating (2.1) covariantly, we get

4 = 3@ - .
v RVU (m - &)V Pbu (3.1)
Substituting (1.2) into the above equation, we have
1
4 = - 4){- - - + — 2
v Rvu 3(m Y{-v Vvau W a\))aU oV o, 2 @ lal )gvu}' (3.2)

By virtue of the Ricci identity [5] and the assumption Vuak = anu, the equation (3.2)

implies
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- = -4 €y + -
4(Vvau v vau) 3(m ){vau a. +a u)(V\)mu) o, (Vwau)
1 2 2
+ —5— - .
3 (lelall Iou v, ol gw)}
Transvecting the above equation with g\)‘J and taking account of the formula ZVER)‘e =
VAR [5], we obtain

€ € 1 2
. + - - o. 3.3
R Fo (Vga )aw 7 (m Z)lelall 0 (3.3)
Substituting (2.1) into (3.3), we obtain
{n + 28 + Nl + 7o o, + 5 lad? = 0. (3.4)

Thus we have
THEOREM 3.1. In an m-dimensional (m # 2,4) 1l.c.K-space form M(H) which the

tensor field PU is hybrid and the scalar curvature R is constant, the length lall of

A

the Lee form g, is non-zero constant if and only if

by
m + 2)8 + 3lal? + vt_mE = 0. (3.5)

By virtue of (3.5) and the Green's theorem, we have
COROLLARY 3.2. In a compact m~-dimensional (m # 2,4) 1l.c.K-space form M(#) which

the tensor field PuA is hybrid and the scalar curvature R is constant, if the length

lall of the Lee form o, is non-zero constant, then there exists the following relation

X
between the holomorphic sectional curvature H and the length llal of the Lee form %3
(m + 2)H + 3lal? = 0. (3.6)

COROLLARY 3.3. There does not exist a compact m-dimensional (m # 2,4) 1l.c.K-

space form M(H) which the tensor field Pu is hybrid and the holomorphic sectional

A

curvature H is positive if the length lloall of the Lee form ux and the scalar curvature

R are constant. Especially, if # = 0, then the manifold M must be locally Euclidean,
that is, the Riemannian curvature tensor vaul
The following proposition was proved by T.Kashiwada [1];

PROPOSITION 3.4. In a compact m-dimensional (m # 2) 1l.c.K-manifold M, if

is identically zero.

F'Iee-R>0 3.7

. ~ _ 1 e L8y
holds good, then the manifold ¥ is a KHhler manifold, where Huk = —E—Ru GYF FEA' The
inequality > in this case is naturally reduced to =.

Now, let M(H) be a compact m-dimensional (m # 2,4) l.c.K-space form. Then trans-

vecting (2.5) with vaF“A, we get
1 Fw\)FuA _-mm+ 2)H+ R

2 Fpon 3 (.8
By virtue of (2.4) and (3.8), we obtain
Hee -R= M__g)_y‘_“? (3.9)

Thus we have from PROPOSITION 3.4 and (3.9)

THEOREM 3.5. In a compact m-dimensional (m # 2,4) 1.c.K-space form M(H) which
the tensor field PUA is hybrid, if the inequlity m(m + 2)H 2 4R holds good, then the
manifold M is a complex space form.

4, RECURRENT L.C.K-SPACE FORMS.

A Riemannian manifold ¥ is said to be recurrent if the Riemannian curvature tensor
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R satisfies
w

VUA
Ve Booun = 8 Fuvun 4.1)

for a certain non-zero vector field eK. For a recurrent Riemannian manifold, it is
trivial that

VR, =6

NP V.,R = 0,R. (4.2)

Vi AT = 8

Now, let M(H) be an m~dimensional (m # 2,4) recurrent l.c.K-space form which the
tensor field Puk is hybrid. Then we have (2.7) and (4.1). Differentiating (2.7)
covariantly and taking account of (4.1) and (4.2), we have

) - (m - 1H
3(m - 2)

— "

m - 2 em(gw)\g\)u - gwugv)\

(m - 4)(m - 1)H + R,
3(m - 2)(m - &) ‘(gKuF\)A - gK)\Fvu + ZQWFuA)Bw + (gKAqu - gKquA

eK(waF\)u - qup\))\ - ZFm\)Fu)\)

+

- ngmFu)\)B\) G wfon ~ Ifon % K)\va)su + (gKvau " Il ~ ZgKqu\))B)\

+ (FKuF\))\ - FKAF\)U + ZFK\)Fu)\)aw + (FK)\qu - FKquA - ZFKwFuA)av
+ - - -
(FwaA FKwF\)A + ZFK)\FK\J)a]J + (FKvau FK\)qu ZvaFKu)a)\}

_ 1 € _pE€ _p € € €
3(m - 4) [{Rw gK]JF\))\ Rw gKAF\)u R\) gKLle)\ + R\) QKAqu + Z(Rw ngux

+

€ € € 3 €
+ - - +
Ru gKAqu)}Bs {Rm FKuF\)A Rm FK‘)\F\)L! R\) Fnchm)\ R\r FK)\Fu\u

* Z(Rw FwFuA + Ru FKAFw\)) }ae + G Kuﬁ\))\ -9 K)\R\)u + ZQK\)RuX)Bw * {gKARwu

-9 Kuﬁw)\ - Z(Fu)\RmK + ngﬁu)\)} Bot Gofur = FodBux ¥ Funflew = T

+ ZQK)\ﬁm\))Bu + {F\)uRwK -9 Kvﬁmu tyg KU)R\)]J - Fu)uRK\) - z(gw\)RKu + Fw\)RKu) }BA

. _ 5 5 o -
(qupvx FK)‘F\)U + ZFK\)F?M)% + (FK)\Rmu FKuR " 2(Fu>\1§'mu + Fmﬁm)}u Y

(Fwﬁwk - F\))\ﬁm + Fw)\ﬁk‘\) - FKwﬁ\))\ + ZFK)\ﬁm\))au * {F\:uRm - FK\)Rmu

Kwﬁw - quﬁw - 2(FKuﬁw + vaﬁKu)}a)‘] = 0. (4.3)

+

Transvecting (4.3) with me, we get

(m + 2)H _(m+ 2){(m - 4)(m - 1H + R}
3 OFyy T 3m = &) (m = 2) @By = 9By = Py + P
1

€ € € €
m[{(m - DR,F ., - 58 Fo e + {m - DR G = 5By 9,18

+ (RFKu + SRKu)av - (RFW + (m - 1)17?'(\)}01u + (RgK“ + SRKu)Bv
- {ng + (m - l)RW}BU].

From this, we obtain
HO, = 0. (4.4)
Thus we have
THEOREM 4.1. An m-dimensional (m # 2,4) recurrent l.c.K-space form M(H) which
the tensor field PUA is hybrid is trivial, that is, the manifold is locally symmetric
or of zero holomorphic sectional curvature.
Let M(H) be a 4-dimensional recurrent l.c.K-space form. Then, by virtue of
PROPOSITION 2.1, the manifold is Einstein. Thus we have from (2.1) and (4.2)
(2H + P)GK = 0. (4.5)
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Thus we have
THEOREM 4.2. A 4-dimensional recurrent 1l.c.K-space form M(H) which the tensor

field Puk is hybrid is trivial or the manifold has a property 2H + P = 0.
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