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ABSTRACT. Solutions of nonlinear stochastic differential equations in series form
can be put into convenient symmetrized forms which are easily calculable. This
paper investigates such forms for polynomial nonlinearities, i.e., equations of
the form Ly + ym = x where x 1is a stochastic process and [ 1is a linear sto-
chastic operator.
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1.  INTRODUCTION.

This paper extends some results for nonlinear stochastic differential equa-
tions in which first and second order statistical measures of the solution process
were obtained in terms of stochastic Green's functions by a special iterative pro-
cedure [1]. The kernel of the integral which expresses the desired statistical
measure of the dependent stochastic process in terms of the corresponding statis-

tical measure of the forcing function and appropriate statistical measures of the
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stochastic coefficients of the differential equation is called the stochastic
Green's function. This iterative method has been found to be effective in finding
expressions for stochastic Green's functions because it does not require invalid
closure approximations inherent in hierarchy methods and is not a perturbation
method limited to small fluctuations. In this method higher order terms can be
computed in terms of previously computed terms and the iteration can be stopped
when the desired accuracy has been achieved. A new and convenient symmetrized
form, (which is computationally very useful for polynomial nonlinearities) is de-
rived for the solutions. The symmetric form means that any term of the series can
be written immediately to assess its contribution.

By a stochastic differential equation, we mean one in which the differential
operator is stochastic. (The forcing function and initial conditions are also
allowed to be stochastic.) We are considering the general class of equations
represented by Fy = x(t) where F 1is a nonlinear stochastic operator. Assume
F is decomposable into a linear part L and a nonlinear part N. Thus, we have
Ly + N(y,¥,...) = x(t) where x(t) 1is a stochastic process on a suitable index
space T and probability space (a,F,u); L is a linear stochastic (differential)
operator of nth order given by L = 2 av(t)dv/dt” where one or more of the a (t)
for v =0,1,...,n-1 may be stochasz;c processes on T x @, statistically inde-
pendent of x(t). In the earlier work [1], N is a nonlinear term of the form
N = %m bu(t,w)(y(”))mu where y(“) is the pth derivative and bu may be sto-
chasggg processes for u = 0,1,...,m on T x Q. A physically reasonable assump-
tion in many cases is that the processes a, bu are statistically independent of
x(t) for all wu, v. It is further assumed that they are almost surely of class
" on T for we (2,F,u) for allowed u, v. As in the earlier work, L is
decomposed into the sum L + R where R is a zero mean random operator and L
is deterministic, i.e., L = 20 <a (t,u)>d"/dt” and R = ni;av(t,w)d\’/dtv where
<av(t,w)> exists and is cont?guous on T. It is convenien:—for comparison with

earlier work to assume Ly = x is a solvable (linear) equation; however, we could
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also begin with a solvable nonlinear equation as will be discussed elsewhere. We
have now Ly = x - Ry - N(y,¥,...). Since we assume L to be invertible,

¥ =L - LRy - LW(y,y,...)5 in tems of the Green's function 2(t,c) for
t t t
L, y= Joz(t,r)X(T)dt - I 2(t,t)RLy() Jde- J 2(t,tN(y(7),y(1),...)dt .
0 0

1

The L™ 'Ry term may involve derivatives in R; it is replaced with

t
JOR:[Z(t,T)]y(t,w)dr where the adjoint operator Y s given by
n-1
R Ta(t,0)] = kgo(-l)k(dk/drk)[ak(r)z<t.r)] : (1.1)

assuming the stochastic bilinear concomitant (s.b.c.) vanishes. The latter is
zero if the initial conditions are zero. In the case of random initial conditions,
additional terms arise from the solution of the homogeneous equation and the value

of the s.b.c. at t =0, where the s.b.c. is given by [2,3].

o(y(t,w);l(t,T))lT—
=0

nel ka1l =t
PR C U ICR PN R ENY (1.2)

v=0 1=
This expression vanishes at the upper limit because of a well known property of
the Green's function 2(t,t) where &(t,t) 1is the Green's function for L. For
the linear case (N=0) and if the s.b.c. vanishes, the equation for the solution
process becomes

t
y(tw) = Flt.w) - jOR[z(t,r)Jy(t.w)dr (1.3)

for which the solution has been given by the authors [1] in the Volterra integral
form:

t
y(t,w) = F(t,u) -J r(t,r;w)F(t,w)de
. 0
r(tyrsw) = ) (-D™TK (t,130)
mzl Km
t
K (t,750) = JOK(t,T])Km_](t],r)dT] (1.4)

K] = K = R[a(t,T)]
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The input process x(t,w) is assumed to be bounded almost surely on T and
2(t,t) 1is continuous on T ; thus lX(t,w)|<M], a constant, or equivalently,
[F(t,w)|<M}, a constant. Further, the o , for v =0,...,n-1, are assumed to
be bounded almost surely; in fact, the kth derivatives of the a, are bounded for
k=0,0,...n-1; e, [(3¥/0t%)a (t)]<My, a constant, for t e T, we (2,F,u).
This series is convergent under these conditions [4] (also discussed later in this
paper). Mean square definitions can also be used. Derivatives in the differential
equation and integrals in the Volterra integral equation must be in the same mean
square, or almost sure, sense.

2. SYMMETRIZED SOLUTIONS: QUADRATIC CASE

We will assume N(y,y,...) = N(y); i.e., no derivatives are involved. As a
convenient special case for our first example, let N(y) = byz. We write
'E (~1)ixiyi and L =L + AR + AN. The quantity A allows us to group terms
;;ge conveniently than in the previous work, yielding very convenient forms for
computation. We have

1 1

y= L% - al TRy - L Thy? (2.1)

L -l TR T (DR, s 7T (0T Wy,
i=0 i=0 j=0 J

Yo - AL']R[y0 - Ay ¥ kzyz R AL'lb[y0 =AYy * Azyz o]

2
- Lyg - g +2%, -]

Yo - AL-]R[yO - dyp t Azyz R AL“b[yS + xzyf + A4y§ cen

2 3 3 4
- 2Ay0y] + 22 Yo¥p - 2 Yg¥3 +or = XYY A Yqy3 ...]

Yo - ARy + byl + 2% [Ry; + 2bygy,]
3,-1 2
- AL [Ry2 +byy + 2by0y2]
Letting A =1 and using initial conditions (see [2]), we obtain

Yo = Lk

n

- 2
yp =t ][Ryo + byg]
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¥y = UIRyy + blygy; + yy9p)] (2.2)

Y3 L'][Ryz + b(yf + Yg¥p t ¥p¥g)]

These can be rewritten as
Yo = L 1x

_ =1
y] =L [RyO + byOyo]

¥y = L'][Ry] + blygy; + ¥qyp)] (2.3)
-1

Y3 = L [Ryz + b(YoYz tyyt yZyo)]

G

a1 = L TRYy *+ Blygyy + ¥y * YpYpop -o- Yp¥o)]

or

_—. '

Y1 = LK (yp) (2.4)

where Kniyo) = Ry, + b(yoyn Y e t ynyo) and y = yO-L']r(yO) with
r(yo) = 1Z()(-])‘Ki(yo). (The same Tetters T and K have been used as in the
linear case but are identical only if N=0 and o = 0.)

That the convergence holds can be seen from the form of Kn(yo). In the lin-
ear case convergence is obvious because when each Y5 is replaced by Yia until
Yo is reached, and the quantities are replaced by their bounds as in our initial
assumptions, we are left with the n-fold integral Jdt and an n: in the denom-
inator as discussed in [4]. For the nonlinear case, if one examines the bracketed
term Yo¥n + ... YoYo and replaces each Y5 by Yi until Yo is reached,
each term will yield a product of n!'s in the demoninator. We now have n such
terms in the general term yielding 1/(n-1)! and convergence follows. (The non-
linear part is analytic by assumption and leads to a finite number of terms in a

Taylor expansion.)

3.  STATISTICAL MEASURES

To obtain the mean or expected solution <y>, the correlation Ry(t],tz),
or the covariance Ky(t],tz), the solution process y must, of course, be aver-

aged over the appropriate probability space o to get <y>. Similarly,
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y(t],);(tz) is averaged to get Ry(t],tz). In the linear case (when N = 0),

t
<y> = <F(t,w)> - IO<F(t,T,w)><F(T)>dT . (3.1)

In the nonlinear case (non-zero N), the stochastic coefficients bu(t’w) are
assumed bounded almost surely on T for w e (2,F,u). The iteration now leads to

1

extra terms arising from L™'N, which are seen clearly in (1.1). As before, Yo

is bounded by hypothesis. For the nonlinear case, ¥ differs from the 2 for

]byg, i.e., by only terms involving

the linear case by the addition of the term L~
Yo in the N(y) which we can denote by N(yo). Yy differs from the Yy for
the linear case by addition of L']b(yoy], + y]yo), i.e., by terms in N(y) in-
volving only y,, y; which we can symbolize by N(yo,y]), etc. for higher terms
Yn -

t t )
y(taw) = F(tw) - Jof(taT;w)F(r,m)d‘r ] Jout,T) Ny Ts. . )de

t ) t v (u)y "
Fltya) - Jor(t,r,w)F(t,m)dT - Ioz(t,r) uzobu(r,w)(y ) Mdq

until Yo is reached; ensemble averages again separate without closure approxima-
tions, etc., to determine first and second order statistics.
4. CUBIC CASE

Let us investigate whether symmetrized forms can be obtained for other than
the quadratic case. We consider N(y) = y3.

1

Proceeding as before,
y=L"x - L']R[y0 -yt Azyz - A3y4 +...] - AL'1b[yg - A(3y§y1)
+ A2(3y§y2 + 3y0y$) - A3(y? + 3ygy3 + 6ygyq¥,) (4.1)
4
+ 2 Meygyyyy + 3vgyy + Iy + Wiy
In addition to the homogenéous solution, we get

Yo = L']x

y; = U [Ryy + byd]

¥y = L Ry, + b(3ydy;)]
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= LRy, + b(3ygy, + 3ygy}] (4.2)

<
w
\

-] 3, .2
¥y = L [Ryg + blyy + 3ygyg + 6ygyyy,)]

L™ [Ry, + 3b(2ygyy5 + Yayg + Yo¥a + ¥3y,)]

<
o
n

etc. It is difficult to see symmetry here immediately or derive convenient rules
for writing the terms. We will return to these expressions shortly.

Returning to the quadratic case N(y) = byz, the solution can be given in an
alternative form with the linear part separated out, writing Ty and Ih for the

linear and nonlinear cases: then,

t
y = Fltw) - [ T, (tmso)F(ealde - Lo, (4.3)
0

oo

- n . . _
where T, = nZO(—l) Kn(yo) and Kn(yo) is now given by Kn(yo) = YoYn * Y1¥no

+ Yo¥o- Thus,

t t © n
y = Fltow) - JOPQ(t,T;w)F(T,w)dT - Ioi(t,r)b(r,m) I (1)K (yg)de

n=0
(4.4)
since each of the y. in Kn(yo) can be given in terms of y. , .
5.  FOURTH POWER CASE
Let N(y) = by*. Then
y = L x - AL']R[y0 -yt Azyz - A3y3 - A4y4 +...] (5.1)

- AL']b[yg - A(4ygy]) + A2(4y3y2 + GySy]) - A3(4y0y? + 3ygy]
#1250y, + vgy3) + A (02yhyy + 12y, + 6vgrg + vy, + 7))

-1

Yo © L 'x
¥y = L'][R_y0 + byg]
_ -1 3
¥p = L [Ryy + b(aygyy)] (5.2)

- -] 3 2,2
¥3 = L [Ry, + b(4ygy, + 6ygyqy)]

= UTRyg + bldygyy + 3ygyy + 12503, + ¥¥3)]

<
Y
[

- 4
LRy, + by (12y5y,5 + 12y070y, + 6y5y5 + 3yay, + ¥7)]

<
[3,]
n
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The next section will clarify these last two cases.

6. POLYNOMIAL NONLINEARITIES

We now consider the case where N(y) = bym. Then

1 1

y= LT - at TRy - AL by . (6.1)

2 n m 2
Let y =y, +Ay; + A + ... Ay + ... and assume y = A, + AAy + ATA, + ...
0T T AV n Jsstme Y= R T A% 2
+ A"An + ... (We have previously assumed y = J (-1)1A1yi but we get the same
i=0
series in either case.) The AO’ A], A2, ... were found in a Danish paper in
1881 by Hansted [5]. The relations are:
_.m
Ay = Yo
= - m_ _m-1
Ay = mly /yo)Ag = mly /yg)yg = myy v,
2hy = (m-1)(y;/yg)Ay + 2m(y,/¥o)A, (6.2)

m(m-])yg'2y$ + 2my2yg']

3A

3 = (m‘z)(yl/.YO)Az + (Zm-l)(yz/yo)l\] + 3m(.V3yO)A0

nA, = (m=(n=10)(y1/yg)Aq_y + (2m=(n-2))(y,/yg)Ay 5 + (3m-(n-3))(y,/y,)

* Mgt v mly Jyg)Ag
Thus we have a systematic way of obtaining expansions for larger m . For smaller
m we can use the same method or simply multiply out the power series in A and

collect terms of equal powers in A. Both methods, of course, yield the same

results. As an example, let m = 2. We obtain

_ 2
Ay = ¥ = Yo¥o

1= m(y1/y0)yg = 2¥1¥g

.Y].Y] + 2.Y2.Y0

Z.V].YZ + 2.Y3.Y0

A4 = 2.Y3.Y] + Yo¥op 2\Y4.V0 (6.3)
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Ag = 2¥5yo * 29497 * 2¥5¥4

Rg = 2yq¥g + 2¥1¥5 + 29594 *+ Y33

etc.

These can be put into symmetrized form where the indices of each term add to

the index of An and all possible sums are taken:
Ao = Yo¥o
A =yon e
2 = Yp¥2 T Ny T YY)

3 7 Yo¥3 t VYo t Yoy Y Y3y

(6.4)

>
]

>
1

g = YoY¥a t YiY3 T Yo¥a t Y3Y *t Yy

A = Yo¥s * Y1¥g * Yo¥3 * ¥3¥p * YNy * sy

I e
[

n = YoYn P VY Pt Y Yo

Our series obtained by equating equal powers of XA is

Yo = L 1x

¥ = -L'][Ry0 + bAy]
Yo = 'L-][R.Y] + bA]]
= -L"M[Ry + bA ]
I+ Yn n
where the An are given above.

In the more general case of ym,

Yo = L™ 1x

¥y = -L'][Ry0 + bAo] = -L'][Ry0 + byg
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¥y = L Ryy + oA = LRy, + byl Ty (6.5)

-L“[kyn + bA ]

LRy, + bUm-(n-1))(yy/yg)A_y + (20 - (n-2)(y,/yg)A ,
+(3m - (n-3)(y3/yg)A 3 + --- * nmy /7y )Ag}]

g = LM%

¥y = -L'][Ryo + bygl
.Yz = 'L-][R.Y] + b(3y(2).)"|)]
: (6.6)
Ypar = "L TR, + BE3 = (n1) (v /xRy * (6 - (n-2))(y,/¥p)A,
+(9 - (0-3))(}'3/)'0)/\"_3 oot 3n(yn/y0)A0}]
It is easily verified that these results for m = 3 correspond to the earlier re-
sults given in 4; similarly, for m = 4, we obtain the results of 5.

We have noted that, if we write Ynet = L'][Ryn + bAn], the expression for

An is simply obtained by writing all terms in which indices add up to n. But

now the number of factors in each term is 3, i.e., the same as m.

Ao = Yo¥oYo
Ay = YooY * YoY¥1¥o * Y1YoYo
A =

2 T YoYoY2 * YoYa¥o * Ya¥oYo t YoYiY1 Y YiYeYy T Yo
3 7 VY T YoYoYs t YoYaYo t YaYoYo t oY1y t V1YY

*Yo¥oYy t YYoYa T YYaYq * Yoy
etc.

Similarly for m = 4,



NONLINEAR STOCHASTIC DIFFERENTIAL EQUATIONS 539

Ry = YoYo¥o¥o
AL = YoYo¥eY1 * YoYoY1Yo * YoY1YoYo t Y1YeYoYo
Ay = YoYo¥eY2 * YoYoYa¥o * YoY2¥oYo * Ya¥oYoYo * YoYoYi

+

WYY * YY1 Yer1 t YiYoYor T YoY1YiYo

Thus, if N(y) = by",

2 -1 -1
Y1 = L Ryn +L bAm,n (6.7)
where Am,n is given by
Am,n = ¥ Yi¥ ke - Yu (6.8)

itjtk+. . tw
where i+j+k+...+w = n and the number or multiplicative factors is m. Hence,
any polynomial nonlinearity is easily handled.

7. EXAMPLE: APPROXIMATION FOR QUADRATIC NONLINEARITY

As a simple example of the use of the preceding results for polynomial non-
linearities, we take the quadratic nonlinearity of 2, i.e., the equation

Ly+y2=x . (7.1)

We have y = ¥ (-l)iyi with
i=0

=1} :
Yie1 = L [Ryi + Az,i] i>0 (7.2)
where Am n has been defined in 6. We now can compare various approximations of

y.

First Stage Approximation

Y =¥ =17'x

Second Stage Approximation

- -1 _ -1 -1.2
.Y'.YO'L [R‘YO+A2,0]-'Y0-(L R).Vo"- Yo

Third Stage Approximation




540 G. ADOMIAN and L.H. SIBUL

3.
y = .Z](-1)1¥1~ = .Yo = .Y'| + yz
1=
where
yp = Uy + L']Az’o = LRy + L7V and
-1 1, .- -1
Yo = LRy + LAy g = LT Ryy + L {ygyq *+ yyg) -
Thus,
v =¥y - Wy + U3 + (R TRIyg + L7121 + LTy L TR)y,
+ LB+ LTL TRy + LYy,
Finally,
v =g - WhRlyg - L8+ i Tryyg + 2 TRyl

+ (L']R)L']yg + 2L']L']yg )

Fourth Stage Approximation

3.
y= 1.Zo(-l)’y,- =Yg - Yyt Yy - Y3

We need to compute only ¥3 since the previous terms have been calculated.

LRy, + LT,
1

Y3

L™ Ry, + L'](yoy2 * Y1yt YY)

L']R[L']Ry] + L']AZ’]] + L"yo[L"Ry1 + L']Az’]]

+ L']y]y] + L'][L']Ry] + L']Az’]]y0

=T =Toy gy -1 1.2 -1, -1 B U
= (LTRMLTR)(LT Ry + L7lygl + LTRLTA, o+ LTyl ™'RILT Ryg

12, .- A, - - - -
+Ly2 ! 1A2,] s UL TRy, L ‘yS][L ]Ryo +L ]yg]

-1

.VOL-

s TR TRy + LTy + L L']Az’lyo

vy = WRCTRW Ry, + R + TR gy, + vyyp)
s UTCTR MRS + TRy + Ly Mgy + vyyg)

SR TR + LT TR + LT TR ¢ T
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(e R)(L']R)y(z, + L'](L']R)L']yg + L']L'](yovl + ¥1Y)Yg
= WRLTRL TRy + WRLTRILTE + TRy r TRy,

+ U+ (WL TRy + LAy, + LT TR (TR

+ TR + W2 TRy + LR + LT TRy,
s U5+ R g - LT TR - LT

s TWTRWTRYS + TR + LTyt Ry, + LTyRl,
LTI TRy + LTI
We obtain
vz = WIRdy, + s(LRATY + oL LTy + sl

8.  EXPONENTIAL NONLINEARITY

Consider N(y) = e¥:
Ly+ey=x (8.1)

By the symmetric method of solution, we must resort to a Taylor expansion for ey,
i.e., y+ y2/2! + y3/3! + ...; hence, the computation becomes tedious if suffi-

cient terms of the Taylor expansion are to be used for a reasonable approximation
of €Y. Let us take four terms for the Taylor expansion; ey y+ y2/2! + y3/3!

+ y4/4! . Then, by the symmetric method,

y= 1 (-1)1yi_] for i >1 (8.2)

i-1
with
_L']R + ']

Yi = LRy v LA
where m 1is the power of the polynomial term. We realize we would have to com-
pute quite a large number of terms. For example, we saw how many terms we had to
compute at the fourth stage of approximations for yz; we would have to do the

3 as well. The inverse method or operator theoretic

same thing for y and y
method which appear elsewhere [5,6] doesn't need such decompositions for expres-

sions 1ike e or Tlog y, so is actually more convenient for such cases; however,
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the symmetric method is convenient for the polynomial cases.
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