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A NOTE ON THE COUNTABLE UNION
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Abstract. LetM be a finitely-generated module over a Noetherian ring R. Suppose a is an
ideal of R and let N = aM and b = Ann(M/N). If b ⊆ J(R), M is complete with respect to
the b-adic topology, {Pi}i≥1 is a countable family of prime submodules of M , and x ∈M ,
then x+N ⊆ ⋃i≥1Pi implies that x+N ⊆ Pj for some j ≥ 1. This extends a theorem of
Sharp and Vámos concerning prime ideals to prime submodules.
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1. Introduction. Let R be a commutative ring with identity. One of the fundamental

cornerstones of commutative ring theory is the “prime avoidance” theorem, which

states that, if p1, . . . ,pn are prime ideals of R and a is an ideal of R such that a ⊆⋃ni=1pi,
then a ⊆ pj for some 1≤ j≤n. In [4], the authors proved and used an extension of the

following.

Theorem 1.1. Let R be a Noetherian local ring having maximal ideal m. Let {pi}i≥1

be a countable family of prime ideals of R, a an ideal of R, and x ∈ R. If R is complete

with respect to the m-adic topology, then x+a ⊆⋃i≥1pi implies that x+a ⊆ pj for some

j ≥ 1.

ConsiderM as a unitary left R-module. A submodule P ofM is called prime submod-

ule, if P ≠M and for each r ∈ R and m ∈M , rm ∈ P implies that r ∈ Ann(M/P) or

m∈ P . Of course, if we regard R as an R-module, then the concept of prime submod-

ules is equivalent to the concept of prime ideals. Now it is natural to ask if the “prime

avoidance” theorem is true for prime submodules. In fact the answer is affirmative as

has been shown by Lu [2].

Theorem 1.2. LetM be an R-module and P1, . . . ,Pn be prime submodules ofM . LetN
be a submodule ofM such thatN ⊆⋃ni=1Pi. Also assume that Ann(M/Pj) �⊆Ann(M/Pk)
for j ≠ k. Then N ⊆ Pj for some 1≤ j ≤n.

The main purpose of this paper is to generalize the above theorem to a countable

family of prime submodules.

2. Main result. Let R be a Noetherian ring, a an ideal of R contained in the Jacobson

radical of R, and M a finitely-generated R-module. The a-adic topology is metrizable

and one suitable metric d may be given by requiring that, for x, y ∈M with x and y
different, d(x,y)= 1/2t , where t is the greatest integer i such that x−y ∈ aiM .
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Now, we apply the Baire’s category theorem for deducing our main result. Note that

the Baire’s category theorem states that a complete metric space is not the union of

a countable family of nowhere dense subsets, and a subset of a metric space M is

nowhere dense in M if and only if its closure has no interior point (see [1, page 38]).

In the sequel, we denote the Jacobson radical of R by J(R).

Main Theorem 2.1. LetM be a finitely-generated module over a Noetherian ring R.

Suppose a is an ideal of R and letN = aM and b=Ann(M/N). If b⊆ J(R),M is complete

with respect to the b-adic topology, {Pi}i≥1 is a countable family of prime submodules

of M , and x ∈M , then x+N ⊆⋃i≥1Pi implies that x+N ⊆ Pj for some j ≥ 1.

We will need the following well-known result which is essentially due to Krull.

Lemma 2.2. If M is a finitely-generated module over a Noetherian ring R and b an

ideal of R such that b ⊆ J(R), then each submodule of M with respect to the b-adic

topology is closed (see [3, Theorem 8.10]).

Proof of the main theorem. By Lemma 2.2, each submodule of M and in par-

ticular N is closed with respect to the b-adic topology. One easily obtains that x+N
is also a closed subset of M . So the completeness of M yields that x+N is a complete

metric space. But by hypothesis we have x+N = ⋃i≥1((x+N)∩Pi) and therefore it

turns out by Baire’s category theorem that, there is some j ≥ 1 for which the sub-

set (x+N)∩Pj of x+N is not nowhere dense. But (x+N)∩Pj is closed in x+N
and therefore the interior of (x +N)∩ Pj in x +N is not empty. Let c be an ele-

ment of the interior of (x+N)∩Pj . Thus there exists an open subset U of M such

that c ∈ (x+N)∩U ⊆ (x+N)∩Pj . But c ∈ U implies that, there is k ∈ N such that

c+bkM ⊆U and hence c ∈ (x+N)∩(c+bkM)⊆ (x+N)∩Pj . It is easily deduced that

N∩bkM ⊆ Pj . But bkM ⊆N , so bkM ⊆ Pj and bk ⊆Ann(M/Pj). Since Pj is a prime sub-

module of M , it follows that Ann(M/Pj) is a prime ideal of R and so b⊆ Ann(M/Pj).
Now we have a ⊆ b⊆Ann(M/Pj), and hence aM =N ⊆ Pj . But x−c ∈N , so x+N ⊆ Pj ,
as required.

Remark 2.3. (i) Note that ifM is a finitely-generated module over a Noetherian ring

R, a1 ⊆ a2 ideals of R, and M complete with respect to the a2-adic topology, then it is

also complete with respect to the a1-adic topology. This shows that, the main theorem

is also true if we assume that M is complete in J(R)-adic topology.

(ii) In the view of (i), it is clear that Theorem 1.1 is a particular case of the main

theorem.
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