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ON WEAK CENTER GALOIS EXTENSIONS OF RINGS
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ABSTRACT. Let B be a ring with 1, C the center of B, G a finite automorphism group of B,
and BS the set of elements in B fixed under each element in G. Then, the notion of a center
Galois extension of B¢ with Galois group G (i.e., C is a Galois algebra over C¢ with Galois
group G|c = G) is generalized to a weak center Galois extension with group G, where B is
called a weak center Galois extension with group G if BI; = Be; for some idempotent in C
and I; = {c—g;i(c) | ¢ € C} for each g; # 1 in G. It is shown that B is a weak center Galois
extension with group G if and only if for each g; # 1 in G there exists an idempotent e; in
C and {bye; € Bej; cxe; € Cej, k = 1,2,...,m} such that 71, breigi(cxe;) = 01,9;€i and
gi restricted to C(1 —e;) is an identity, and a structure of a weak center Galois extension
with group G is also given.

2000 Mathematics Subject Classification. Primary 16S35, 16W20.

1. Introduction. Galois theory for fields was generalized for rings in the sixties and
seventies [3, 4, 7, 8]. Let B be aring with 1, G = {g; = 1,9>,...,9n} an automorphism
group of B of order n for some integer n, C the center of B, and B¢ the set of ele-
ments in B fixed under each element in G. There are several well-known classes of
noncommutative Galois extensions: (1) the DeMeyer-Kanzaki Galois extension B (i.e.,
B is an Azumaya C-algebra which is a Galois algebra with Galois group Gl¢ = G) [3, 7],
(2) the H-separable Galois extension B (i.e., B is a Galois and a H-separable exten-
sion of B®) [8], (3) the Azumaya Galois extension B (i.e., B is a Galois extension of B¢
which is an Azumaya CC¢-algebra) [1], (4) the central Galois algebra [3, 4, 7], and (5)
the center Galois extension B (i.e., C is a Galois algebra over C¢ with Galois group
Glc = G) [11]. We note that a commutative Galois extension is a DeMeyer-Kanzaki
Galois extension which is a center Galois extension. It is well know that C is a Galois
extension of CC if and only if the ideals generated by {c —g(c) | c € C} is C for each
g # 1 in G [2, Proposition 1.2, page 80]. This fact was generalized in [11] to a center
Galois extension; that is, B is a center Galois extension of B¢ if and only if the ideals
of B generated by {c —g(c) | c € C} is B, that is, BI; = B, where I; = {c—gi(c) | c € C}
for each g; # 1 in G (for more about center Galois extensions, see [5, 6, 9, 10, 11]).
Generalizing the condition that BI; = B = B1 to that BI; = Be; for some idempotent e;
in C for each g; # 1 in G, we obtain a broader class of rings B than the class of cen-
ter Galois extensions. This class of rings is called weak center Galois extensions. The
purpose of the present paper is to give a characterization and a structure of a weak
center Galois extension B with group G. We shall show that B is a weak center Galois
extension with group G if and only if for each g; # 1 in G there exists an idempotent e;
in C and {bye; € Be;; cxe; € Ce;, k =1,2,...,m} such that 3%, breigi(cre;) = 01,9;€i
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and g; restricted to C(1 —e;) is an identity. Next, we call B a T-Galois extension of
BT if there exist elements {a;,b; in B, i = 1,2,...,m} for some integer m such that
Z:’Z‘Iaig(bi) = 014 for g € Tu {1}. We note that T is not necessarily a subgroup
of G. Let B be a weak center Galois extension with group G. Then, we show that there
exists a partition of G — {1}, {I; C G, j = 1,2,...,h for some integer h} and some
idempotents e; € C, j = 1,2,...,h such that Be; is a Tj-Galois extension of (BeA,-)TJ'.
SoB = Z?:lBej ®B(1- V?:lej) such that Be; is a T;-Galois extension of (Be;)"i for
j=1,2,...,h, where Vv is the sum of the Boolean algebra of the idempotents in C.
Moreover, when G is abelian, e; can be taken as orthogonal idempotents in C so that
Z;‘Zl Bej is a direct sum. Furthermore, a sufficient condition is given for the existence
of a subgroup H; C T;u {1} for j = 1,2,...,h. In this case, Bej is a H;-Galois extension
of (Be;)" with Galois group Hj.

2. Definitions and notation. Throughout this paper, B represents a ring with 1,
G=1{g1=1,92,...,9n»} an automorphism group of B of order n for some integer n,
C the center of B, and B¢ the set of elements in B fixed under each element in G. We
denote I; = {c —gi(c) | c € C} and BI; the ideal of B generated by I; for g; € G.

Bis called a G-Galois extension of B if there exist elements {a;,b; inB,i=1,2,...,m}
for some integer m such that >I"; a;g(b;) = O1,9- Such a set {a;,b;} is called a G-
Galois system for B. B is called a weak center Galois extension of B¢ with group
G if BI; = Be; for some idempotent in C for each g; # 1 in G. For a subset T (not
necessary a subgroup) of G, B is called a T-Galois extension of BT if there exist ele-
ments {a;,b; in B, i =1,2,...,m} for some integer m such that >, a;g(b;) = O1g
for g € TuU {1}. Such a set {a;,b;} is called a T-Galois system for B. For a B-module
M, we denote Anmg(M) = {b € B| bm =0 for all m € M}.

3. Weak center Galois extensions. In [11], the present authors showed that a cen-
ter Galois extension B is equivalent to each of the following statements: (i) BI; = B
for each g; # 1 in G and (i) B is a Galois extension of B¢ with a Galois system
{bi eB, cieC, i=1,2,...,m} for some integer m. In this section, we generalize
this characterization to a weak center Galois extension B with group G. We begin with
the following lemma.

LEMMA 3.1. If B is a weak center Galois extension with group G, then
(1) g restricted to Be; is an automorphism of Be;.
(2) Be; is a {g;}-Galois extension of (Be;)9i},

PROOE. (1) Forany b = >, by(ck—gi(ck)) € BI; = Be;, where by € B and ¢, € C,
k = 1,2,...,m for some integer m, we have g;(b) = g;(>;. bx(ck — gi(ck))) =
Skt19i(b)(gi(cr) - gi(gi(cr))) € BI; = Be;. Hence, g;(Be;) C Be;. Thus, g; restricted
to Be; is an automorphism of Be; since g; is an automorphism of B.

(2) Since BI; = Be;, there exist {by € B, ¢y € C, k = 1,2,...,m} for some integer
m such that >4, b (ck — gi(ck)) = e;. Therefore, >yt brck = ei + > ey brgi(ck). Let
bms1 = — it brgi(cr) and cme = 1. Then S8 brey = e; and 3744 bgi(cr) = 0.
Noting that e; is the identity of Be; and g; restricted to Be; is an automorphism
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of Be;, we have g;(e;) = e;. Hence, szll bre;gi(cre;) = 61,4,€i, thatis, {bre;; cre;, k =
1,2,...,m+1} is a {g;}-Galois system for Be;. O

The following is an equivalent condition for a weak center Galois extension with
group G.

THEOREM 3.2. B is a weak center Galois extension with group G (i.e., BI; = Be; for
some idempotent e; in C for each g; # 1 in G) if and only if for each g; + 1 in G
there exists an idempotent e; in C and {bye; € Be;; cre; € Cei, k =1,2,...,m} such that
Sieqbreigilcre;) = 01,4;€i and g; restricted to C(1 —e;) is an identity.

PROOF. (=) By Lemma 3.1(2), BI; (= Be;) contains a {g;}-Galois system {bye; €
Bej; cre; € Cei,k =1,2,...,m} such that kazlbkeigi(cke,-) = 01,4,€i- Next, we show
that g; restricted to C(1—e;) is an identity. In fact, by Lemma 3.1(1), g;(e;) = e;. Hence,
for any c € C, c(1 —e;) —gi(c(1—¢;)) = (c —gi(c))(1—e;) € Ce;nC(1 —e;) = {0}.
Thus, gi(c(1—e;)) =c(1—e¢;) for all ¢ € C. This proves that g; restricted to C(1 —e;)
is an identity.

(«) By hypothesis, for each g; # 1 in G there exists an idempotent ¢; in C and
{bre; € Be;;crei € Cei, k =1,2,...,m} such that Zz”:lbkeigi(ckei) = 01,4,ei. Hence,
ei = >poq brei(cre; — gi(crei)) € BI;. Hence, Be; C BI;. But e; is an idempotent, so
Be; = Beje; C Blje; C Be;. Thus, Be; = Blje;. Since g; restricted to C(1 —¢;) is an
identity, gi(c(1 —e;)) = c(1 —¢;) for all ¢ € C (in particular, g;(e;) = e;). Hence,
c—gi(c) =ce;—gi(ce;) = (c—gi(c))e; forall c € C. This implies that Be; = Bl;e; = BI;.

O

Recall that B is called a T-Galois extension of BT for a subset T (not necessary a
subgroup) of G if B contains a T-Galois system. Next, we give a structure of a weak
center Galois extension with group G.

LEMMA 3.3. Assume B is a weak center Galois extension with group G. Let T; = {g; €
G | BI; = Bej, i.e., e; = e;}. Then Be; is a T;-Galois extension of(Bej)TJ' foreach j # 1.

PROOF. By the proof of Lemma 3.1(2), for each g; € T}, thereis a {g;}-Galois system
{b,((”ej,ckl)ej, k=1,2,...,m;} for Be;, where b,((” € B and c,i” e€C, k=1,2,...,m; for
some integer m;. Denote the elements in T; by {gi,,gi,,..., 9, } for some integer t. Let

bi, ko.... b(” b,((i” . -b,((” ej and Ck, ko, ky = c,i’ll)c,((l;) c,i”)ej fork;=1,2,...,m

and [ = 1,2, .,t. Noting that c( v eC,l=1,2,...,t, we have

i

mi; Mg, mi,
> > - Z Dy, k. ky Cky Ko,k
ki=1kp=1 ki=
Mip Mip
=3 3 Z (BB bies) (e el - -eigtey)
k1=1k2=1 ke=1 (3.1)
mi, mi,
= 3 (1)) (el e)) Z (bi5'es) (ees) - 3 (Biifles) (i es)
ki=1 =1 ke=1

=ej
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and, for each g; € T},

mil miz m,t

DD D b ko i (Ch ko)

ki=1ko=1 k=1

mi mi, my,
Z z Z (b(ll)b(lz) . b(lt) )gl (Ckl CI(CZZ) C]((it)e])
ki=lkz=1  k¢= (3.2)
i m;
-3 Gie)ale'e) 3 (e )aleie) 3. (el )
1=1 =1 (=1
=0.

Thus, {Dk, ky,...ke5 Ckikorker K1 =1,2,...,my and I = 1,2,...,t} is a T;-Galois system
for Bej. This completes the proof. O

THEOREM 3.4. If B is a weak center Galois extension with group G, then there exists
a partition {Tj CG, j=1,2,....,m} of G- {1} and a finite set of central idempotents
{e; | i =1,2,...,m for some integer m} such that (1) Be' is a Tj-Galois extension of
(Be;.) ,(2)B = ZJ 1Be ®B(1-v™ i J) where vmle is the sum of e}, e,...,e,, inthe
Boolean algebra of all zdempotents in C, and (3) G|C(1—v",7’:1ej) ={1}.

PROOF. (1)Since BI; = Be; for some idempotent e; in C for each g; # 1 in G, we have
a set of central idempotents {e; | g; # 1 in G}.LetE = {e;- | j=1,2,...,m} be the set of
all distinct idempotents in {e; | g; # 1 in G} and let Tj = {g; € G | BI; = Be}, ie., e; =
e;-}. Then Be;- is a Tj-Galois extension of (Be;-)TJ' for each j =1,2,...,m by Lemma 3.3.
Moreover, since E = {e}- | j=1,2,...,m} is the set of all distinct idempotents in {e; |
BI; = Be; for g; # 1 in G}, it is easy to see that T; N T; = &, the empty set for i # j and
that U;nlej = G- {1}, thatis, {T; C G, j=1,2,...,m} is a partition of G — {1}.

Part (2) is an immediate consequence of part (1), and Theorem 3.2 implies part (3).

We remark that the partition of G - {1}, {T; C G, j =1,2,...,m} is determined by
the set of all distinct idempotents in {e; | BI; = Be; for g; # 1 in G}. O

When G is abelian, we obtain a stronger structure of a weak center Galois extension
with group G.

LEMMA 3.5. Assume that B is a weak center Galois extension with group G. If G is
abelian, then gj(e;) = e; foralli,j =2,3,...,n

PROOF. For any c — gi(c) € I;, gj(c — gi(c)) = gj(c) — gi(gj(c)) € I;. Hence,
g;j(BI;) C BI;. Thus, g; restricted to BI; (= Be;) is an automorphism of Be; since g; is
an automorphism of B. Therefore, g;(e;) = e;. O

THEOREM 3.6. Assume that B is a weak center Galois extension with group G. If G is
abelian, then there exist orthogonal idempotents {fi | i = 1,2,...,p for some integer p}
and some subset TV of G,i=1,2,...,p such thatB =& Y" | Bfie B(1-Vv_| fi), where
vlefi is the sum of f1, f»,..., fp in the Boolean algebra of all idempotents in C and B f;
is a T -Galois extension of (Bf;)T" fori=1,2,...,p.
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PROOF. By Theorem 3.4, there exists a set of distinct idempotents E = {e} | j =
1,2,...,m} in C and a partition {T; | j = 1,2,...,m} of G — {1} such that Bej is
a Tj-Galois extension of (Be;.)TJ' for j = 1,2,...,m. Now, let S be the Boolean sub-
algebra generated by E with all nonzero minimal elements f1, fz,...,fp in S. Then,
it is easy to see that fif; = 0 for i # j, and so fi,f,...,f, are orthogonal idem-

potents in C. For each f;, i = 1,2,...,p, fi = e}le}2 .- -e;.p,. By Theorem 3.4, Be;l is
a Tj-Galois extension of (Be}l)Tfl for each | = 1,2,...,p; with a Tj,-Galois system
{béll)e;l;ct(ll)e}l \ hg) c B,ct(ll) € C,and t; = 1,2,...,m;}. Hence, by using the same

patching method as given in Lemma 3.3, {by, t,,..t,, = b;ll)bg) .- 'bg,i)fi; Ctrta,ty; =
céll)cg) .- -céf_")fi |t;=1,2,...,myand |l = 1,2,...,p;} is a T¥-Galois system for Bf;,
where T® = Uyi, T;,. Thus, B = @ X7, Bfi@B(1-V"_, i) such that Bf; is a T()-Galois
extension of (Bfi)T(” fori=1,2,...,p and {f1, f>,..., fp} is a set of orthogonal idem-
potents in C. O

4. Special cases. We note that the T;’s in Theorem 3.4 and TY’s in Theorem 3.6
may not be subgroups of G. Next, we give a sufficient condition for each T; U {1} (C G)
containing a subgroup H; so that Be; is a H;-Galois extension of (Be;)™i with Galois
group H;. Consequently, Be; becomes a center Galois extension of (Be;)i with Galois
group Hj, and B is a center Galois extension of G with Galois group G if e; = 1 for
all g; # 1. We first show a relation between B(1 —-e,), B(1—e¢4), and B(1 —e;), where
9p9a =9t €6G.

LEMMA 4.1. Let J; = {b € B | bc = gi(c)b forallc € C} for each g; € G. Then,
JpJa CJrifgpgq =9t €G.

PROOF. Leta € J,andb € J;.Then, foranyc € C, (ab)c = agy(c)b = gp(g4(c))ab
=gi(c)(ab), where gpg4 = gr. Hence, ab € J;. Thus, JpJ4 C Jt. O

COROLLARY 4.2. If B is a weak center Galois extension with group G, then
B(1-ep)B(1-e4) CB(1—e;), where gpgq = gt €G.

PROOF. Since B is a weak center Galois extension with group G, BI; = Be; for some
idempotent e; in C foreach g; # 1inG.Butl; = {c—gi(c) |c € C},so Ji={b € B| bc =
gi(c)bforallce C}={beB|b(c—gi(c)) =0forall c € C}.Hence, J; = Anng([;) =
Anng(BI;) = Anng(Be;) = B(1 —e;). Thus, by Lemma 4.1, we have B(1—-e,)B(1—-¢e;) C
B(1—e;), where gpg4 = gt €G. O

THEOREM 4.3. Assume that B is a weak center Galois extension with group G. Let
T;, for each i = 2,3,...,n, be the subset of G as given in Theorem 3.4 such that Be; is a
T;-Galois extension of (Be;)"i, S the Boolean subalgebra generated by {e; | g; + 1 in G}
with all nonzero minimal elements { f1, f>,...,fx} inS, and Hj = {1} u{g, € G | ei fj =
fjande;f; =0 foralll + j}. Then, H; is a subgroup of G for each j = 1,2,...,k such
that gi(f;) = f; for each g; € H;.

PROOF. (1) For any g, and g, in Hj, let g,g4, = g: for some g; € G. We claim
that g; € H; if g; # 1. Since g; # 1, BI; = Be; for some idempotent e; # 0 in C. By
Corollary 4.2, B(1 —e,)B(1 —e;) C B(1 —e;). Therefore, in the Boolean algebra of all



494 G. SZETO AND L. XUE

idempotents in C with operations A, v, complement, and the relation <, (1—e,)(1-eg,)
<(l—e).Soer <epVey; =ep+e;—epey. Thus, e; = er(ep +e4—epey). Since gy, g, €
Hj,epfi=0ande,f; =0foralll # j.Hence, e; fi = e;(ep +eg—epeq) fi = 0forall l # j.
Moreover, since S is the Boolean subalgebra generated by {e; | g; # 1 in G}, there is
at least one nonzero minimal element in S less than e;. But e; f; = 0 for all L # j, so f;
must be less than e;. Hence, e; f; = f;. Thus, g: (= gpg4) € Hj, and so H; is a subgroup
of G. Moreover, suppose g; € H;. Then e;f; = f; and e; f; = 0 for all | # j. Hence, e;
is greater than f;, but not greater than f; for all I # j. Since g;(e;) = e;, gi(f;) is a
nonzero minimal element in S less than e;. Thus, gi(f;) = fj. O

COROLLARY 4.4. Keeping the notation in Theorem 4.3, if H; # {1} for j =1,2,...,p,
then B = @ X_ | Bfj @ B(1—V"_, f}), where V_, f; is the sum of f1,f2,...,fp in the
Boolean algebra of all idempotents in C, such that Bf; is a H;-Galois extension of (B f;)™i
with Galois group H; for j =1,2,...,p.

COROLLARY 4.5. If BI; = B for each gj # 1 in G, then B is a center Galois extension
of B¢ with Galois group G.

PROOF. Sinceey =e3=---=¢y,To=T3="---=T1, =G-{1},s0Tju{l} = G.Thus,
B is a Galois extension of B¢ with a Galois system {b; € B;c; € C, i = 1,2,...,m} for
some integer m, that is, B is a center Galois extension of B¢ with Galois group G. O

If the order of each nonidentity element in G has order 2 (hence, G is abelian), the
following theorem shows that T; U {1} contains a subgroup of G for each g; # 1 in T;.

THEOREM 4.6. Assume that B is a weak center Galois extension with group G. If each
nonidentity element g; in G has order 2, then T; contains a subgroup of H; of order 2 for
each gj # 1 in G such that Be; is a H;-Galois extension of (Bei)Hi with Galois group H;.

PROOF. Let BI; = Be; for g; # 1 in G. Then H; = {1,g;} is a subgroup contained
in T; U {1}, where T; = {gx € G | BIy = Be;} as defined in Theorem 3.4. Since Be; is
a T;-Galois extension of (Be;)Ti, Be; is a H;-Galois extension of (Be;)fi with Galois
group H;. O

Theorem 3.4 shows that a weak center Galois extension is a sum of T;-Galois ex-
tensions for some T; C G and Theorem 4.6 states a weak center Galois extension as a
direct sum of center Galois extensions. The following is an example of a weak center
Galois extension with group G as given in Theorem 4.6, but not a Galois extension.

EXAMPLE 4.7. Let Q be the rational field, B= Qo Qo Qe Qe Q, and G = {g; =1,
92,93,94 = 9293} such that gz(a,,az,as,as,as) = (az,a1,as,as,as) and gs(ai,az,
as,as,as) = (ai,az,as,as,as) forall (ai,a,as,as,as) € B. Then,

(1) BI; = Be; for each g; # 1 in G, where e; = (1,1,0,0,0), e3 = (0,0,1,1,0), and
eq4 = (1,1,1,1,0). Hence, B is a weak center Galois extension with group G.

(2) B is not a Galois extension since G restricted to {(0,0,0,0,a) | a € Q} is identity.

(3) Let H; = {1,gi}, i = 2,3,4. Then H; is a subgroup of G of order 2. Moreover,
BI, = Be, is a center H»-Galois extension of (Be,)H2 with Galois system {b,=(1,0,0,0,0),
b, = (0,1,0,0,0); ¢; = (1,0,0,0,0), c» = (0,1,0,0,0)}, BI3 = Bes is a center H3-Galois
extension of (Bez)™3 with Galois system {b, = (0,0,1,0,0), b» = (0,0,0,1,0); ¢; = (0,0,
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1,0,0), c2 = (0,0,0,1,0)}, and Bl, = Bey is a center Hy-Galois extension of (Bes)™ with
Galois system {b, = (1,0,0,0,0), b, = (0,1,0,0,0), b3 =(0,0,1,0,0), by = (0,0,0,1,0);
c = (1,0,0,0,0), ¢ = (0,1,0,0,0), c3 = (0,0,1,0,0), ¢4 = (0,0,0,1,0)}.

4) S ={0=(0,0,0,0,0),e2,e3,e4,1 = (1,1,1,1,1)} is the Boolean subalgebra gen-
erated by E = {e;,e3,e4} in the Boolean algebra of all idempotents in the center of B.
The minimal elements in S are fi = e; and f> = e3, and f1 Vv f>» = e4. We have that
Bf1 ={(a1,a2,0,0,0) | ai,az: € Q}, Bf> = {(0,0,a3,a4,0) | a3z,a4 € Q}, and B(1 - f1 v
f2)=1(0,0,0,0,as) | as € Q}. So B=Bfi ®Bf ®B(1— f1V f2) and Bf; is a Hj-Galois
extension of (Bfj)i for j=1,2.

(5) Since e, = (1,1,0,0,0), e3 = (0,0,1,1,0), and e4 = (1,1,1,1,0), we have
C(l-e) ={(0,0,a3,a4,as) | az,aq,as € Q}, C(1-e3) = {(a1,a2,0,0,as) | ai,az,as €
Q}, and C(1—-e4) ={(0,0,0,0,as) | as € Q}. So g; restricted to C(1—e;) is an identity
foreach g; #1 inG.
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