IJMMS 25:11 (2001) 727-743
PIL. S0161171201005154
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

H-FUNCTION WITH COMPLEX PARAMETERS II: EVALUATION
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ABSTRACT. Sufficient conditions for computation of the H-functions with complex param-
eters by means of residues are derived and some examples are given.
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1. Introduction. Let
K(s) = [T/ T(pj+a;s)
H?:l I'(a;j+Bjs)

Here P and Q are nonnegative integers, p; (1 <j <P), q; (1 <j < Q) are complex
numbers, and «; (1 < j <P), B; (1 <j <Q) are nonzero complex numbers. Through-
out the present paper an empty product is interpreted as unity and an empty sum
as zero.

Let ¢ be a real number such that ¢ # Re(—p;/«;), for all j with Rex; = 0, and A,
denote a contour from ¢ —ic to ¢ + ico not passing through any pole of k(s) and such
that

(1) if Rexj > 0, then all the points

(1.1)

s=- P moo1,2,..., (1.2)
Xj &
are to the left of A..
(2) If Re x; < 0, then all the points (1.2) are to the right of A..
(3) If Rex; = 0, and Re(—p;/«x;) < ¢, then all the points (1.2) are to the left of A..
(4) If Rex; = 0, and Re(—p;/«xj) > c, then all the points (1.2) are to the right of A..
The authors in [1] introduced the notion of H-function with complex parameters
as a Mellin-Barnes type integral [2] as follows,

p (p,)p\ 1 s
Hy (z,c‘ (%B)Q) = 21_”,/\Jk(s)z ds. (1.3)

Here, and elsewhere in this paper, (p,x)p = (p1,%1), (p2,x2),...,(pp,&p), and simi-
larly for (q,B8)q.

When (x)p and (B)q are integer vectors, the H-function with complex parameters
reduces to the Meijer G-function (see [4, 11, 12, 13, 14, 15, 16]), and when («)p and
(B)q are real vectors, it reduces to the Fox H-function [5, 19]. The G- and H-functions
play an important role in statistics and physical sciences (see [7, 8, 9, 10, 19]).
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In [1], the authors derived necessary and sufficient conditions, under which the
integral (1.3) defining the H-function converges absolutely. The approach in [1] was
based on the following asymptotic expansion of [k(s)].

LEMMA 1.1. ForRes >0, and as |s| — o,
|k(S)| ~ Y(S)|S|AoeT(lnIs\)Rese—u(ln\3\)Imse(lms)(y*M7TArgs)

v e(Res)[X—L—T—uArgs+(7T/2)sign(Ims)(ZRea’:OIm(xj—ZRegjzolmﬁj)]

(1.4)
y [12, [(1/2)(1+S(Bj,s5)) + (1=S(B,s)) sinmr(q, + B;s) |
[T 1(72)(1+S(etj,s)) + (1= S(j,5)) sintr(pj + otss) |
where
f(P Q)+ZRepJ ZReqj,
Jj=1 Jj=1
P Q P Q
p=>Imaj— > ImB;, T=)>Rea;—> ReBj,
j=1 Jj=1 Jj=1 j=1
P
M = > [Arg(o;sign(Reo;))Reo;+ (In | ot |) Imex;]
j=1
Q
— > [Arg (B, sign (Rep;))ReB; + (In|B;|)ImB,],
j=1
P Q (1.5)
L=Z[(Argaj)lmtxj—(ln|o(j|)Re¢xJ Z (ArgB;)ImB;— (In|B;|)RepB;],
i=1 i=1
1T
xen( 3 pmegl- 3 jmp )+ 3( S fmegl- 3 jmg ),
Rex;j<0 ReB;j<0 Rexj=0 Ref ;=0
—(signlm ) signlms, Rex =0,
S(e,s) =
signRe &, Rex # 0,
|0( | (1/2)+Rep;
j _
Y(s) = (2m" ol Q 1B ~(1/2)+Req; © e
J
where
T P Q
m(s)=—2(signlms)( > Imp;- D Imqj>+(ZImpj—ZImqj)Args
Reaj=0 ReB;=0 j=1 j=1
+ Z Arg (xjsignRe o) Imp; — Z Arg (B;signReB;)Imgq;.
Reaj#0 ReB;#0
(1.6)

Here we write f(z) ~ g(z), as |z| — o, x < argz < B, if f(z) = g(2)[1+0(1)], as
|z| — oo, within the sector @ < argz < f8.
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The following theorem gives the conditions, derived in [1], under which the integral
(1.3) defining the H-function converges absolutely.

THEOREM 1.2. If

S

Q
N=> |Rew;| - > |RepB;
Jj=1 Jj=1
and M, T, and u are as in Lemma 1.1, then the integral (1.3) converges absolutely if
and only fif,
(1) u=0,N >0, and for |argz— M| < (1r/2)N, or

(2) u=0,N=0,argz=M=(1t/2)N, and A, = Ap+cT < —1.

) (1.7)

These conditions, naturally, reduce to those of the classical case where the «;’s and
B;’s are real. Also in [1] some well-known integrals that are not special cases of the
classical Fox H-function were expressed as H-function with complex parameters.

The present paper is a continuation of the work in [1]. In this paper, we determine
sufficient conditions that enable one to compute the H-function with complex param-
eters (1.3) as a sum of residues at the right or the left poles of k(s)z*. It should be
mentioned that Braaksma [3] was the first to apply the residue theorem to evaluate
the integral (1.3) in the special case when «; = +1 and B = 1. See also [17, 18], where
the residue theorem was used to compute the integral (1.3), with real «;’s and B;’s,
for two other contours. It is striking that under some conditions, the H-function with
complex parameters can be computed, in certain annulus of the complex plane, by the
residues at the right poles as well as the residue at the left poles. This phenomenon
has no parallel when the vectors («;)p and (B;)q are real vectors. We apply our result
to compute the H-function (1.3) in some particular cases.

2. Evaluation by means of residues. We need the following remark.

REMARK 2.1. If w is a complex number, that is, not a zero of sinz, and z is the
zero of sinz closest to w, then

Isinw\zmin{%|w—zo|,%}e”mw‘. (2.1)

To see this, observe that |sinx| > (2/1)|x]|, for all —77/2 < x < 11/2. Since z; is the
zero of sinz closest to w, then necessarily, | Re(w — zp)| < 17/2, and moreover,

|sinw|? = | sin (w —z) |* = sin?Re (w — zo) + sinh*Im (w — zo)

2\, ) 4 , 2.2)
> (=) Re*(w—2zo)+Im" (w—2¢) = — |w—20]|".
T 2
If | Imw| >1In2,
: : 1 |Imw| 1 [Tmw| —|Imw| 1 [Tmw|
|31nw|2|51nhlmw|z§(e —1)=§e (1-e )>Ze . (2.3)
If Imw| <In2, then (2.2) implies
%|w—zo|e'lmw‘s%|w—zo|slsinw\. (2.4)

Combining (2.3) and (2.4) yields (2.1).
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Let Q. denote a contour from ¢ —ico to ¢ + ico not passing through any pole of the
function k(s), defined by (1.1). Denote by PO, (PO),, and (PO); the set of poles of k(s),
the set of poles of k(s) that are to the right of Q., and the set of poles of k(s) that
are to the left of Q, respectively.

THEOREM 2.2. Let ch k(s)z=%ds converge absolutely, that is, the conditions of
Theorem 1.2 are satisfied.
@ IfT <0, then

k(s)z™Sds=-2mi > z “iRes(k(s),s;); (2.5)
Qe 5;€(PO)y

and in case T = 0, z must also satisfy |z| > exp(—L + 21T ZReu,<o [Im ;).
() If T = 0, then

f k(s)z™Sds=2mi > z %iRes(k(s),s;); (2.6)
Qe 5;€(PO);

and in case T = 0, z must also satisfy |z| < exp(—L+1'r(Z§:1 [Im ;| — Z?:I [Imf;l) —
2T ZRQ(XJ'>0 |Imo‘j|)‘

PROOF. Making the change of variable s — s — ¢, one sees that

[T T(pj+ca+ajs)
1%, T(a;+cBj+Bjs)

J k(s)z%ds = z‘CJ kc(s)z74ds, ke(s) = , 2.7)
Qc Qo

where the contour of integration g is the horizontal shifting of the contour Q. by
¢ units. The poles of k.(s) are precisely the horizontal shifting of the poles of k(s)
by c¢ units, and have the same position with respect to Qg as the corresponding poles
of k(s) with respect to Q.; and moreover, if sy is a pole of k(s), then Res,_, k(s) =
Ress—g,—c kc(s). Thus, without a loss of generality we may assume that ¢ = 0.

We construct a family of circles with centers at the origin and whose radii R, ap-
proaching infinity. Moreover, we insure that the family stays a positive distance away
from the set PO. The poles of k(s) are lying on finitely many half-lines, and equidis-
tant on each of these half-lines. Let l;,1>,...,l; be those half-lines. Note that J < P.
Let z; and y; be the initial point and the distance between consecutive poles on [;,
respectively, i = 1,2,...,J. For each positive integer v, the annulus v — 1 < |s| < 7,
contains finitely many poles of k(s) that are on [l;, say M;(r), i =1,2,...,J. If Zli (r)
and Zé (r) are the points of intersections of [; with the circles |s| =r -1 and |s| =7,
respectively, then

(Mi(r)-1)yi < | ZL(r) = Z5(r) |. (2.8)

Now

ZHr) = zi+ e, Zi(r) = zi +12e'%, (2.9)

for some 7, and 7>, and since

r=1-|zi|=|Z{(r)|-|zi| =1, 7r=<|Zi@)|+|zi| =v+]|zi], (2.10)
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it follows that
|Zir) = Zir) | = - <v+|zi| -(r=1-z|) =1+2]|z]. (2.11)

Therefore,

J

J 1 , J
zMi(V)SZ(1+;|Z{(Y)—Z§(1’)|) Z

i=1 i=1

i (1+2]zi]) =, (2.12)
1 Yi
which means that the total number of poles in the annulus v — 1 < |s| < 7 is bounded
by the constant v which is independent of r.

Let $1,52,...,5, be the poles of k(s) on or within the annulus » —1 < |s| < 7. Then
Jr < v. Assume further that ¥ —1 = 5o < [$1] < [s2] < -+ < |8, | < 57,41 =7, and
Siy € {S0, $1,...,5y, } such that

|Sige1| = [sig | = max {[sia] = [si[}. (2.13)

Clearly,

|5i0+1| - |5i0 | > (2.14)

v+1°
Let Ry = (1/2) (Isig+1|+15iy1). If s is such that [s| = Ry, then
1

1
lw—s|>|Ry—|wl| = =(|sigs1| — |5ig]) = = 5wiD) Yw € PO, (2.15)

N

and hence, the promised family of circles may be taken as all circles centered at the
origin and whose radii are R,, v > 1.
Let
1

Ie, = =— | k(s)z%ds. (2.16)
21T Jc,

The integral is taken in a clockwise direction around the contour C,, consisting of
the contours C! and C?2, where C} is a large circular arc, with center at the origin
and radius R,, lying to the right of Q¢ and originating from and ending on Qg; and

={s € Qy:|s| <R,}. Itis clear from the definition of R, that C, does not pass
through any pole of k(s). Now we split I, up into a sum of two integrals

Ie, =l +Ic2. (2.17)

The integral I, is equal to the negative of the sum of all the residues of k(s)z~S at its
poles within the contour C, (due to the negative orientation of the contour C,), that
will cover (PO), as ¥ — oo, and since

LJ k(s)z7ds = lim I 2, (2.18)
2111 Jo r—oo OF

Theorem 2.2(a) would be proved if we show that lim, .« Icyl = 0. Since

=S| (for large ), d(PO,C}) = 1 (2.19)

1
I.1| <-max|sk(s)z
ey | = e Isk(s) 2(1+v)’
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it follows that lim, _ Iy = 0, if we can show that lims|— |sk(s)z~*| = 0, for Re(s) = 0,

d(s,PO) >1/(2(1+v)). Here d(A, B) denotes the distance between the two sets A and

B. For this purpose we use the asymptotic expansion of |k(s)| given in Lemma 1.1.
We deduce that

fs):= IT7 [ (1/2)(1+5(B),5)) + (1= S(Bj,s)) sinTt(q; + B;s) |
I [(/2) (14 S(e,9) + (1= 8 (etj,5)) sinr (p; + ;) |
[Trep, <0 |2sinT(q; +B;s) |

= [TRea; <0 [2sinmr(pj+ «;s) |

[Tre;=0,1mp;>0 |2sinTr(a; +B;s) |
HRefo:O,Imo(j>() | 2 Sinn(pj + D(J'S) |
[Tre;=0,mp; <0 |28inTr(a; + B;s) | ]

HReO(jzo,Imo(j<0 { 2 Sinn(pj + O(J'S) |

(2.20)

X [;(1 +signlms)

+ = (1 -signIms)

N —

Our first objective is to obtain an upper estimate of f(s) for all s such that Res > 0,
and d(s,PO) =21/(2(1+v)). Then sinm(p; + «;s) # 0, and according to (2.1)

e MM+ | singr (p; + otjs) | = min{ | cx”d(s,PO),%}
(2.21)

= min [ L
Since
|Tm (B;s) | - [Im (et;s) |
< (Res)|ImB;|+|Ims||ReB;|—(IIms||Rex;|— (Res)| Ima;|) (2.22)
= (|ImB;| +|Ima;|)Res+ (|ReB;| — | Reej|)|Ims],

we see that, through the use of (2.21) and the fact that | sinz| < e!™2!, for all complex z,

eBi< 2 i . .
[TRep;<o | SIDTT(QJ+BJ‘Z))|| sCeXp(n(Res)[ > mpBil+ D |Imo<j|}

HReaj<O | 2Sin"T(pJ' + &

Rij<0 Rewj<0
+1T|Ims|[ > ReBjl - D |R90‘1|D-
Reﬁj<0 Rea;<0

(2.23)

Here and throughout the proof, C denotes a universal positive constant, that may be
distinct in different instances. Since Im(q; + 8;s) =Imgq; + (ImB;) Res, if Re 8; = 0, we
see that

[Tres;=0,mp,>0 | 2sinTr(q; +B;s) |

HReaj:O,Imaj>0 |2511’17T(pj + (st) |

sC(eXpTr(Res)[ > |Tm ;] — > |Imo<j|]), (2.24)

ReBj=0,ImB;>0 Rexj=0,Imx;>0
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HReBJ'=0,ImBj<0 |2sinTt(q; +B;s) |

HRecxj:O,Imv(j<0 |2$il’17T(pj + (st) |

<Cexp (Tr(Res)[ > [ImpB;| — > |Im0(j|}>. (2.25)

Rep;=0,ImB;<0 Rex;j=0,Imx;<0

Combining (2.24) and (2.25) gives

HRCﬁj:O.Imﬁj>0 | 2sinm (g + Bjs) |
HReij:O,Imaj>() [2sinTT (p; + «js) |
HRij:0,1m3j<o |2sintr(q;+B;s) |

HReO(j:O,lmo(j<0 | 2 sinrr(pj + O(J'S) |

) (2.26)

%(1 +signlms)

+ %(1 —signlms)

<Cexp<(Res)[—g( > |Imej| - > |[ImB;|

Rex;j=0 ReB;=0

_g(signlms)( Z Imaj— z ImBj)}).

Rexj=0 ReB ;=0
Using this estimate in the definition of f(s), and observing that

-X+2m > |Imaj|

Rex;j<0
T
(S imegle S jmpl)-F( S jmegl- S jmel),
Rex;<0 Ref;j<0 Rex;j=0 ReB;=0

N=T-2 > |[ReB;|- > [Req;l,
Repj<0 Rexj<0

(2.27)

we obtain

f(s)sCexp(g(T—N)IImsl+(Res)[—g(signlms)< Z Imoa;— Z Imﬁj>

Reoj=0 ReB;=0

-X+2m > |Im(xj|D.

Rewj<0

(2.28)

Since if z # 0, |z75| = e~ Res)Inlzl+(ms)argz and |y (s)| < C, then (2.28) and Lemma 1.1
yield

|sk(s)z™%| < C|s|?*! x exp ((Ims)(argz—M—TArgs) + g(T—N)llmsl)

(2.29)
xexp((Res)[fL7T+Tln|s|fln|z\+2rr > |Imo<j\]),

Reaj<0

for Res > 0, and d(s,PO) > 1/(2(1+v)).



734 F. A. AL-MUSALLAM AND V. K. TUAN
Let

w(s) = —T(g - |Args|>, 0(s) = %N— (signlms)(argz — M),

2.30
V=-L-T-Inl|z|+2m Z | Ime;], ( )
Rerx‘,‘<0
and note that
@(s)zb:min{%Nt(argz—M)} >0, (2.31)
since by assumption, the conditions of Theorem 1.2 are satisfied. Moreover,
(Ims)(argz—M — T Args) + %(T —N)|Ims| = —|Ims|[w(s) +O(s)], (2.32)
and (2.29) can be rewritten in the form
|Sk($)27$ | < C|S|A0+1 ef\lms\[w(s)JrG)(s)] e(ReS)[V+T1H\S\]. (2.33)
Armed with (2.33), we now proceed to establish part (a) of the theorem. Let
1 T T
R, = {Sd(S,PO) > m, Z =< IArgSI =< ?}’
1 . (2.34)
R2 = {S:d(S,PO) = m, |A1‘g5| < Z},
and notice that,
IImslzﬂ, S ER;y, (2.35)
V2
Res > %, SER>. (2.36)

(al) Assume that T < 0.
We consider two subcases:
(i) largz—M]| < (1t/2)N.
In this case b > 0. Since T < 0, (V+ Tln|s|) — —o0, as |s| — oo, and hence, the
function e®Re9)[V+TInlsll jg hounded for Res = 0. On the other hand, w(s) = |T| (/2 —
|Args|) = 0,0(s) =b >0, and for all s in Ry, |Ims| = (1/+/2)|s|. Thus,

|sk(s)z™5| < C|s|20tle= bVl g Ry, (2.37)

The assumption T < 0 implies lim 5[V + Tln|s|] = —co, and consequently, V +
Tln|s| < -1 as |s| — . Since Res > (|s|/+/2), s € Ry, it follows that

|sk(s)z™5| < Cls|20tleReDV+TInIsIl < | g|20+1o=(1/V2IsI - g e Ry, (2.38)

From (2.37) and (2.38) it immediately follows that lims|~ |sk(s)z~*| = 0, for Res = 0
and d(s,PO) >1/(2(1+v)).

(ii) |argz—M| = (1t/2)N.

In this case, necessarily Ay < —1 because the convergence conditions of Theorem 1.2
are satisfied. Thus, |s|%*! — 0, as |s| — co. Since the functions e~!msIw()+0()]
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and e®e)V+Thnlsll are hounded for all Res > 0, it follows from (2.33) that
lims|—~ |sk(s)z7¥| =0, for Res > 0 and d(s,PO) > 1/(2(1+v)).
(a2) Assume T = 0, and z satisfies |z| > exp(—L + 27T ij<o [Ime]), in addition
to the conditions of Theorem 1.2.
In this case w(s) = 0 for all s, and we again consider two subcases:
(i) largz—M]| < (1r/2)N.
As before, ©(s) = b > 0. The condition on z implies that V < 0, and thus

[V+TIn|s|]Res=VRes <0, Res=0. (2.39)
It follows from this, (2.33), (2.35), and (2.36) that

|sk(s)z™5| < Cls|20tle= /WDl g e Ry, (2.40)

|sk(s)z™5| < C|s|20le=(IVIVDISI - g e R, (2.41)

It immediately follows from (2.40) and (2.41) that lims|—« [sk(s)z™*] = 0, for Res > 0
and d(s,PO) >1/(2(1+v)).
(i) |argz—M| = (1t/2)N.

In this case, necessarily Ay < —1 because the convergence conditions of Theorem 1.2
are satisfied. Thus, |s|%0*+! — 0, as |s| — oo, and since the functions e=©®/msl and
eVRes gre bounded for all Re s > 0, it follows from (2.33) that |sk(s)z~5| — 0, as |s| — o,
for Res > 0 and d(s,PO) = 1/(2(1+v)). This completes the proof of Theorem 2.2(a).

Now we proceed to prove Theorem 2.2(b).

Let o(;. =-aj,j=12,...,P; B;- =-B;,j=12,...,Q, and define

H?:lr(l”j““x}s)
%, T(a;+B)s)

Then under the change of variables s — —s,

ki(s) = (2.42)

JQC k)z%ds == | k(=s) (%)_Sds - kl(s)<§>_sds, (2.43)

—C —C

where Q' . is the reflection of Q. about the origin. Observe that —Q’ .. is directed from
—C—1io00 t0 —c +1i0c0. We want to apply part (a) to k; (s) and the contour —Q’ .. For this
purpose, let T’, M’, L', and N’ denote the constants associated with k;(s) that are
computed as in Lemma 1.1 and Theorem 1.2, respectively. It is easy to see that

T =-T, N =N, M =-M. (2.44)
However,

P Q
=Z[Arg¢x)lm(x (In || Re(x] Z[Argﬁ ImB;—(ln|ﬁ;.|)ReB;]

Jj=1 Jj=1

P Q
——L+Tr[z |Imo | — > |Im,8j|}
j-1 j=1
(2.45)
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Hence,

‘M’—arg(%)’ = |M —arg(z)|, forany z, (2.46)
and T = 0 if and only if T’ < 0. It is clear that s € (PO); if and only if —s is a pole of
ki (s), that is, to the right of —Q’ .. Furthermore, if s¢ is a pole of k; (s) of order m,

then there is a p > 0 such that

m .
ki(s)=f()+> =2 for |s—so| <p, (2.47)
j=1\S—3So !
where a_,, # 0 and f is analytic at so. Hence
m a
k(5)=f(—5)+Z(—1)J771., for |s+so| <p, (2.48)
ot s+50)’
and therefore
Res (k(s),—so) = —Res (k1(s),50). (2.49)

Thus, if T > 0, then

JQC k(s)z™5ds = J‘_Q,% ki(s) (%)73015 =-2mi > (%)7% Res (ki (s),—5;)

s;€(PO); (2.50)
=2mi > z “iRes(k(s),s;).
5;€(PO);
In case T =0, then T’ = 0, and z must also satisfy
]. 14 4
—>exp|-L'+2m > [Imd] (2.51)
|z Reo(3<0
or, equivalently,
P Q
lz| < exp(—L+Tr( > Ima| =D | ImBJ-|) -2m > |Im(le>. (2.52)
Jj=1 Jj=1 Rexj>0
This completes the proof of Theorem 2.2. O

REMARK 2.3. If u =0, N >0, and T # 0, then the H-function with complex param-
eters is analytic in the sector |argz — M| < (11/2)N. This is the case since the series
of the residues at the left poles, if T > 0, and the series of the residues at the right
poles, if T < 0, represent analytic functions.

REMARK 2.4. If Speq,—o|Ima| > 3%, [TmBj| + Spea; <0 | Im ], then

7 ZEXp(L+27T > |Im(x‘,-|)

Rew;<0

(2.53)

P Q
<exp<—L+Tr<Z |Imej| - > |Im[3j|)—2rr > |Imcxj\> =1y.

j=1 j=1 Rex;>0
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Thus, if T = 0, then the H-function with complex parameters can be computed for
any z in the annulus v} < |z| < 7> by the residues at the right poles as well as the
residues at the left poles. This situation has no analogy in the real case, that is, when
(x)p and (B)q are real vectors.

3. Some special cases of the H-function. In general, if w and « + 0 are complex
numbers, then
(-nm

a(m!)’

ReSs——(m+w) /o[ (W +S) = m=1,2,.... (3.1)

EXAMPLE 3.1. Let a,,ay,...,ap+1; b1,bs,...,bp be complex numbers such that
2?11 Re aj < 25‘:1 Re b, Then

P+l P
pe1Fp((@)ps1; (D) p; (-1)F2) = isignlm(z) [ [T(1-a;) [ [T(b;))
= = (3.2)

(1-aj,i)p.y,(bj,—i )P>’

|z| = 1, where ¢ > 0 if Imz = 0, ¢ < 0 if Imz < 0, and ,F,(z) is the generalized
hypergeometric function (see [2, 4, 18]).

1 i
XHjpq (Z €

In fact for the function

(0,7)
H)} (x,c ) ) )
ebet (1-a;,i)p.1,(bj,—1)p
) (3.3)
I I'(is) s
= — o . 5 —xds.
211 Je—ioo [1;5T(L—aj+is) [1;o,T(bj—is)
it is easy to see that N =0, M = 0, and
P+1 P+1
Ac=P- > Re(l-a;)- ZRebJ——1+ZReaJ zRebj<—1, (3.4)
j=1 j=1 j=1 j=1

so the conditions of Theorem 1.2 are satisfied.

Since L = 0 and T = 0, we can compute the value of the function using the residues
at the poles s =im, m=0,1,2,....

If ¢ > 0, then the poles are left poles. Hence, computing with left poles, for 0 < x <1,

(0,1) )
(1-aj,i)piy, (bj,—1)p

li (-nHm x
=y m! Hj’*}r(l aj— m)]_[;):lr(bj+m)

Ly o [1521 (@) m x-im

moo m! H?Iff(l—aj)ﬂizlf(bj)ﬂle (D) m
_ipaFp((@pi1; (B)p; (=1)Px7)

[T -a) 15 T(b))

1
Hjpiq (x,c

—im

(3.5)
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Let z = x7%, then |z| = 1, x = z{, and we obtain (3.2) for Im(z) = 0.
If ¢ < 0, then the poles are right poles. Hence, computing with right poles, for x > 1,

H21P+1( ’ ‘(O,i) ) _ ipr1Fp((@)ps1;(b)p; (-1)PxF) (3.6)

(1=a;,i)p.1, (b, ~)p [ T(1—a;) 1= T (b))
Let z = x~%, then |z| = 1, x = z!, and we obtain (3.2) for Im(z) < 0.

REMARK 3.2. It seems to the authors that (3.2) provides the first integral represen-
tation for the generalized hypergeometric geometric function p,;Fp(z) on the unit
circle.

ExXAMPLE 3.3. If Rep # 0, 1 +Rep <Req, and Imp > 0, then

H1<x0’(p,i)>_ 0, ifx>1, 3.7)
"\ (@a,0) —ix P (1-x"H)TP7! if0<x<1. '

Since N =0 =M and Ag = Rep —Req < —1, the H-function exists for x > 0. Since
T =0 = L, the function can be computed by the residues at the right poles for x > 1,
and by the residues at the left poles for 0 < x < 1. The poles are at s = im + ip,

m=0,1,2,.... Since Imp > 0, all the poles are on the left, and hence
1 (pvl) .
Hi{x,0 ~1=0, ifx>1, (3.8)
(q,1)

and for0 < x <1,

1 (p, 1)) _ N . TR S
H] (x,O‘ (q,i)) fgo[Resszl(mw)r(erls)]r(q_p_m)x P
- iy (3.9)
=i T emimeip i (] el q—p—l_
lmZ::o T a—p = ix P (1-x7")

EXAMPLE 3.4. If p and g are complex numbers such that Rep, Req # 0, and Rep+
Reqg <0, then

H2(x —i(sgnImp)T'(p+q) if Im(p)Im(q) > 0 (3.10)

( ’(p i),(q —i)) 0, if Im(p)Im(q) <0,
’0 y b y —

x-ia (1 +xi)PH
for all x > 0.

It is easy to check that M = N =0, and Ap = -1 +Rep +Reg < —1. Hence,
l- ) ’_- 1 i . . _
H} (X,()‘(p 0).(q l)) = ﬁJ T(p+is)T(g—is)x*ds (3.11)
—100

exists for all x > 0.
Since T = 0 and L = T, the function can be computed using the residues at the
right poles of T(p +is)[' (g —is)x S for x > e~ ™ and the residues at the left poles for
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0 < x < e™. Thus in the interval (e~™,e™), the function can be computed using the
residues at the right as well as at the left poles.

The poles of I'(p +is) are at s = im + ip, while those of ['(q —is) are at s = —im —iq,
and

. (=™ oL =nm 312
Ress:i(m+p)r(p+15) =-1 ml Ress=—i(m+q)r(q*15) =1 ml (3.12)
(i) The case Imp > 0,Img < 0.
In this case all the poles are left poles and hence
Hg(x,O‘(p'l)'(q’_l)) =0, forx>e™™, (3.13)
and for 0 < x < eT,
HS (X,O’ (p;l)v (q! _l)>

= Z [ReSs_im+p) [(p+is)]T(p+4q +m)x-im-ir
0

+ Z [Ress=—i(m+q) I'(g— lS)]r(p +q+ m)xim+iq

m=0
=—il'(p+q) i (_1)m( +q)mx M 4T (p +q) ﬁ (_l)m( 4 q)pximria
= p+4q m P+a)m r+q oy pP+a)m
m=0 m=0
=—il(p+a)x P(1+x ) " +il(p+qa)x"(1+x") "1 =0.
(3.14)
(ii) The case Imp <0, Img > 0.
In this case all the poles are right poles and hence,
H§<x,0’(p'l)'(q’_l)) =0, forO<x<eT, (3.15)
and for x > e ™, the exact computation as above shows that,
H? (x,O’ (’”“)’(q’_”) -0, forx>e™. (3.16)

(iii) The case Imp < 0,Img < 0.
In this case, the poles at s = im + ip are right poles, and the poles at s = —im —iq
are left poles. Thus, for x > e,

H2 (x,o (P,i),(%—i))

fMS

[ReSS:i(m+p) T(p+is)|T(p+q+ m)xim-ip
’ (3.17)

—irprg S D
m=0

m . .
—im-—ip
pwor (p+a)mx

- ~ip —iy-p-a_ __ (p+q)
iT(p+a)x 7 (1+x7) (15 x0) P
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and for 0 < x < eT,

H2 (x,O‘ (p,i),(q,—i))

= > [ReSs——im+g T(@—is)]T(p +q+m)x'™*14 (3.18)
m=0
=il(p+ )i (_1)m( +@)mx ™A =T (p+q)x(1+x1) P71
—nqmzom!vqm =il(p+q .
Therefore,
H? (x,o‘ (p'”'(q’l)) —iT(p+a@)x(1+x) "9, vx>o0. (3.19)

(iv) The case Imp > 0, Img > O.
In this case, the poles at s = im + ip are left poles, and the poles at s = —im —iq
are right poles. Thus, for 0 < x <e™,

12 (X,O’ (p,i),(aq, —i))

= > [ReSs—imep) T(p+18) T (p +q+m)x~ "M

m=0 (3.20)
—itpra) Y ER (g
= p+q ml pP+d)m
m=0
=—il(p+a)x P(1+x) " T =—iT(p+q)x"(1+x") "1,
and for x > e,
Hg(x,() (pyl)l(q!_l)>
== > [ReSs—_iomigT(q—is)]T(p +q+m)x™m+ia (3.21)
m=0
_—lT( 4 )i (_1)m( + ) Xim+iq:_ir( + )Xiq(l+xi)—l7—q
= p+q = mi p+d)m p+4a .
Therefore,
H? (x,O’ (p")'(q’l)) - iT(p+@)x(1+x1) 7% Vx> 0. (3.22)

REMARK 3.5. The special case x = 1 of the previous example is evaluated in [6,
formula 6.411].

EXAMPLE 3.6. If a is a complex number, then

(0 ]-) 1 s -1 T
1 ’ ma—-e'' z —-mma-e "'z i 2
H2 (Z,C‘(i ’ i),(l i ,i)) —2 (e —e ), C>0, |argz|< > (3 3)
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It is easy to check that N = 1, M = 0, and the conditions for existence are satisfied
for |argz| < 1r/2. Since T = 1 > 0, we can compute the function using the left poles

ats=-m,m=0,1,2,.... Thus,

H21<, ‘(0,1) ) 1 (erio I(s) s

(ia,—1), (1 —ia,i)) ~ 211 Jeeieo T(ia—is)[(1 —ia+is)

_ i (=nm. 1 m
m! I'ia+im)['(1—-ia—im)

S (~D)"sinmi(a+m) _,,
2. o z

m=0 ’ (3.24)
1 < (-1)™sinhmt(a+m) _,,

™ z m! z

~ o (—emz)™ e dm & (—emz)"

a 2. m! 21T 2. m!

m=0 : m=0

(erra—e"z _ efrrafe‘"z ) .

EXAMPLE 3.7. If ¢ > 0 and a is a complex number, Rea > c, then

3 (0,1), (ia,—1),(1 —1ia,i) _ > (—z)m ™
Ho(z,c‘ _nngo—m!sinhn(a+m)’ largz| < 5 (3.25)

Now, N = 1, M = 0, and the conditions of convergence are satisfied for |argz| < 1r/2.
Since T = 1 > 0, we can compute the value of the function using the residues at the
left poles of the functionT'(ia—is)I'(1—ia+is)['(s)z~*.Because Rea > ¢ > 0, the only
left poles we have are the poles s = —m of I'(s). Hence,

: 0,1),(ia,-1),(1-ia,i crieo . , , _
HS (z,c‘( ), (ia, =), (1 ~ta l)> = 2%71 - Ta-is)I(1-ia+is)[(s)z Sds
C—100
- (-L)m_ . . . m
= z ' I'ia+im)I'(1-ia—im)z
ey m!
- (=)™ T m
= Z . — . z
iy m!  sinmi(a+m)
I (—z)m
_nmzz“om!sinhn(a+m)'

(3.26)

EXAMPLE 3.8. Let a and b be complex numbers such that 1 + Rea < Reb, and
Ima > —1/2, then

H} (x,;

It is easy to see that N = 0 = M, Ay, = Rea—Reb < —1, and the conditions of
Theorem 1.2 are fulfilled. Moreover, T = 0, L = 0, and the poles are at s = ia + im,

(a,i)) Nt ) o< <,
(byi) 0’ ifx> 1-

(3.27)
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m=0,1,2,.... Since Ima > —1/2, there are no right poles, and therefore
1|(a,i)
1 —_ =
H; (x, > (b,i)) 0, forx>1. (3.28)

For0<x <1,

H} (x,; (a,i)) =1
(3.29)

(b,1)
ACKNOWLEDGEMENT. The authors wish to thank Professor H. M. Srivastava for the
helpful comments. Fadhel A. Al-Musallam was partially supported by Kuwait Univer-
sity Research Administration under grant SM 167.

=™ —ia—im _ i

_ b—-a-1
mir(b—a—-m) T T(h-a) '

x—ia(l _x—i)

M

0

3
I

REFERENCES

[1] FE.A. Al-Musallam and V. K. Tuan, H -function with complex parameters I: existence, Int. J.
Math. Math. Sci. 25 (2001), no. 9, 571-586.

[2] W. N. Bailey, Generalized Hypergeometric Series, Cambridge Tracts in Mathematics and
Mathematical Physics, no. 32, Stechert-Hafner, New York, 1964. MR 32#2625.

[3] B.L.J.Braaksma, Asymptotic expansions and analytic continuations for a class of Barnes-
integrals, Compositio Math. 15 (1963), 239-341. MR 29#4923. Zbl 129.28604.

[4]  A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher Transcendental Func-
tions, vol. I, McGraw-Hill, New York, 1953. MR 15,419i. Zbl 051.30303.

[5] C.Fox, The G and H functions as symmetrical Fourier kernels, Trans. Amer. Math. Soc.
98 (1961), 395-429. MR 24#A1427. Zbl 096.30804.

[6] L S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, Academic
Press [Harcourt Brace Jovanovich Publishers], New York, 1980. MR 81g:33001.
Zbl 521.33001.

[71 A. M. Mathai, Distributions of Test Statistics: Exact and Asymptotic, Null and Non-null,
Methods/Comparisons/Research Frontiers, The American Sciences Press Series in
Mathematical and Management Sciences, vol. 18, American Sciences Press, Inc.,
Columbus, 1989, reprinted from American Journal of Mathematical and Manage-
ment Sciences 9 (1989), no. 1-2. Zbl 743.62017.

[8] A. M. Mathai and H. J. Haubold, Modern Problems in Nuclear and Neutrion Astrophysics,
Akademie-Verlag, Berlin, 1988.

[9] A.M.Mathai and R. K. Saxena, Generalized Hypergeometric Functions with Applications in

Statistics and Physical Sciences, Lecture Notes in Mathematics, vol. 348, Springer-

Verlag, Berlin, 1973. MR 57#3471. Zbl 272.33001.

, The H-function with Applications in Statistics and Other Disciplines, Halsted Press

[John Wiley & Sons], New York, 1978. MR 80a:33007.

[11] C.S.Meijer, On the G-function. I, Nederl. Akad. Wetensch. Proc. 49 (1946), 227-237 Indag.

Math. 8 (1946), 124-134. MR 8,156a. Zbl 060.19901.

(10]

[12] , On the G-function. II, Nederl. Akad. Wetensch. Proc. 49 (1946), 344-356 Indag.
Math. 8 (1946), 213-225. MR 8,156b. Zbl 060.19901.

[13] , On the G-function. IIl, Nederl. Akad. Wetensch. Proc. 49 (1946), 457-469 Indag.
Math. 8 (1946), 312-324. MR 8,156¢. Zbl 060.19901.

[14] , On the G-function. IV, Nederl. Akad. Wetensch. Proc. 49 (1946), 632-641 Indag.

Math. 8 (1946), 391-400. MR 8,156d. Zbl 060.19901.
[15] _—, On the G-function. V, VI, Nederl. Akad. Wetensch. Proc. 49 (1946), 765-772, 936-
943 Indag. Math. 8 (1946), 468-475, 595-602. MR 8,379c. Zbl 060.19901.
, On the G-function. VII, VIII, Nederl. Akad. Wetensch. Proc. 49 (1946), 1063-1072,
1165-1175 Indag. Math. 8 (1946), 661-670, 713-723. MR 8,379d. Zbl 060.19901.

[16]



http://www.ams.org/mathscinet-getitem?mr=32:2625
http://www.ams.org/mathscinet-getitem?mr=29:4923
http://www.emis.de/cgi-bin/MATH-item?129.28604
http://www.ams.org/mathscinet-getitem?mr=15:419i
http://www.emis.de/cgi-bin/MATH-item?051.30303
http://www.ams.org/mathscinet-getitem?mr=24:A1427
http://www.emis.de/cgi-bin/MATH-item?096.30804
http://www.ams.org/mathscinet-getitem?mr=81g:33001
http://www.emis.de/cgi-bin/MATH-item?521.33001
http://www.emis.de/cgi-bin/MATH-item?743.62017
http://www.ams.org/mathscinet-getitem?mr=57:3471
http://www.emis.de/cgi-bin/MATH-item?272.33001
http://www.ams.org/mathscinet-getitem?mr=80a:33007
http://www.ams.org/mathscinet-getitem?mr=8:156a
http://www.emis.de/cgi-bin/MATH-item?060.19901
http://www.ams.org/mathscinet-getitem?mr=8:156b
http://www.emis.de/cgi-bin/MATH-item?060.19901
http://www.ams.org/mathscinet-getitem?mr=8:156c
http://www.emis.de/cgi-bin/MATH-item?060.19901
http://www.ams.org/mathscinet-getitem?mr=8:156d
http://www.emis.de/cgi-bin/MATH-item?060.19901
http://www.ams.org/mathscinet-getitem?mr=8:379c
http://www.emis.de/cgi-bin/MATH-item?060.19901
http://www.ams.org/mathscinet-getitem?mr=8:379d
http://www.emis.de/cgi-bin/MATH-item?060.19901

H-FUNCTION WITH COMPLEX PARAMETERS II: EVALUATION 743

[17] A.P.Prudnikov, Y. A. Brychkov, and O. I. Marichev, Integrals and Series, Nauka, Moscow,
1986 (Russian), Supplementary Chapters. MR 88f:00012. Zbl 606.33001.

[18] L. J. Slater, Generalized Hypergeometric Functions, Cambridge University Press, Cam-
bridge, 1966. MR 34#1570. Zbl 135.28101.

[19] H. M. Srivastava, K. C. Gupta, and S. P. Goyal, The H-functions of One and Two Variables,
South Asian Publishers Pvt. Ltd., New Delhi, 1982, with applications.

FADHEL A. AL-MUSALLAM: DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, KUWAIT
UNIVERSITY, P.O. BOX 5969 SAFAT, 13060, KUWAIT
E-mail address: musallam@math-1.sci.kuniv.edu.kw

VU KIM TUAN: DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, KUWAIT UNIVERSITY,
P.O. BOx 5969 SAFAT, 13060, KUWAIT
E-mail address: vu@math-1.sci.kuniv.edu.kw


http://www.ams.org/mathscinet-getitem?mr=88f:00012
http://www.emis.de/cgi-bin/MATH-item?606.33001
http://www.ams.org/mathscinet-getitem?mr=34:1570
http://www.emis.de/cgi-bin/MATH-item?135.28101
mailto:musallam@math-1.sci.kuniv.edu.kw
mailto:vu@math-1.sci.kuniv.edu.kw

