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1. Introduction

Let Px(#) be the class of functions p(z) analytic in the unit disc E = {z: |z| < 1} satisfying
the properties p(0) = 1 and
2
)

where z =ref k>2,0 < n < 1. For 1 = 0, we obtain the class P defined by Pinchuk [1],
and for 1 = 0, k = 2, we have the class P of functions with positive real part, whereas
P,(n) = P(n) is the class of functions with positive real part greater than #. We can write
(1.1) as

W‘d@skn, (1.1)

L1+ -2n)ze !
P =3 [ du) (12)
where y(t) is a function with bounded variation on [0,27] such that

2

2n
du(t) =2, J du(r)| <. (1.3)
0 0
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We can also write (1.1), for p € Pr(y) in E, if and only if

@ =(5+1)n@ - (5-3)m@ pprepin, (14)

It is known [2] that the class Pi(#) is a convex set. Let A be the class of functions f,
defined by

f@)=z+> amz", (1.5)
m=2

which are analytic in E. By S, K, §*, and C, we denote the subclasses of A which are
univalent, close-to-convex, starlike, and convex in E, respectively. The class A is closed
under the Hadamard product or convolution:

(fxg)(z) = i ambnz", (1.6)
m=0
where
z) = i a2t g(z) = i bz (1.7)
m=0 m=0
We define the following.

Definition 1.1. Let f € A. Then, for ,=0,0<ny<a+f <1, k=2,andz€E, f €
(a,,7) if and only if

{af'(2)+B(zf'(2)'} € Peln). (1.8)

We note that, for $ =0 and k =2, f" € P(y#) C P for z € E and this implies that f
is univalent in E, see [3]. For any real number s, the multiplier transformations I; of
functions f € A are defined by

Fi(2) = fz)—z+z<1+/\)az’” > -1). (1.9)

It is obvious that I{(I} f(2)) = I;** f (z) for all real numbers s and t. The operator I; has
been studied by several authors for different choices of s and A, see [4-7]. It is worth
noting that, for s any nonnegative integer and A = 0, the operator Ij is the differential
operator defined by Salageam [8]. Also the operator I} is related rather closely to the
multiplier transformation discussed by Flett [9]. Using (1.9) and convolution, function
i 41 defined as follows:

Fi2)* fi(z) = (1—Zz)f" Z€E, u>0. (1.10)
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Motivated essentially by Choi et al. operator [10] and Noor integral operator [11-14],
Cho and Kim [15] defined the operator I )SW :A—Aas

L,.f@) = fi,(2)*f(2), (1.11)

where sisreal, A > —1, 4 >0, and f € A. In particular, I, f(z) = zf'(2), I}, f (2) = f(2).
From (1.10) and (1.11), we have
z(I/{L1 (2)) =(A+ DI, f(2) —Mj;,lf(z), (1.12)

2(I, f(2) = uli ., f(2) = (= DI} f (). (1.13)

We now define the following.

Definition 1.2. Let f € A. Then, for sreal, A > 1, y >0,

feQhua,B,n) iff Ij)ﬂf(z) € Q(a,B,n) forz € E. (1.14)

2. Preliminary results

LemMa 2.1. If h(z) is analytic in E with h(0) = 1 and if A, is a complex number satisfying
Red; = 0 (A1 # 0), then {h(z) + Mizh'(2)} € Pr(5), 0 < 8 < 1, implies h(z) € Pr(5 + (1 —
0)(2y—1) and

1
V=L (147 ", (2.1)

where y is an increasing function of Re A, and 1/2 <y < 1. The estimate is sharp.

Proof. Let h(z) = (k/4+1/2)h,(z) — (k/4 — 1/2)h,(z), h(z) is analytic in E with h(0) =
1. Then, h(z) + A1zh'(z) = (k/4 + 1/2)[h1(z) + Mizh}(2)] — (k/4 — 1/2)[ha(2) + A1 zh5(2)].
Since [h(z) + A 1zH (z)] € Pi(6), we use (1.4) to have [h;(z) + A1zh;(z)] € P(5),i=1,2. We
now apply alemma in [16] to conclude that h; € P(8;), i = 1,2,and §; = § + (1 - §)(2y —
1), where y is given by (2.1) and it is an increasing function of ReA; with 1/2 <y < 1.
Consequently h € P¢(8;) in E. O

LemMa 2.2 [17]. If p(z) is analytic in E with p(0) = 1, then, for any function F, analytic in
E, the function p*F takes values in the convex hull of image of E under F.

LemMa 2.3. Let 3, < 1. If the function p is analytic in E, with p(0) = 1, then p € Pr(,),
B, = 2B, —1)+2(1—B))In2, z € E. This result is sharp.
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Proof. The proof is immediate when we use (1.4) and a similar result for the class P(j3,)

in [18].

O

LEmMA 2.4. Forn, < 1andn, <1,Pr(n,)*Pr(n,) C Pr(1—=2(1 —n,)(1 —n,)). This result

is sharp.
Proof. Let H € Pr(n,), p € Px(1,). Then, using (1.4), we can write

k1

(Hxp)e) = (5 -+ 2) (Hp) @] - (5 - 1) [(Hep2) ),

HieP(n,), pi€P(y,), i=12
Now using a result from [19], we have, fori = 1,2,
(Hixpi) € P(n), n=1-2(1-1n,)(1—n,).

This result is shown to be sharp in [19] and consequently (H* p) € Pi(n).

3. Main results

TaeorREM 3.1. Qi(A, 4,0, 8,1) C Qi (A,1,1,0,0) for

c=01+(1-0,)(20,-1), o1= ocZ[a”

1
- 1
02=J (1 + P/(aB)) Lt wzthgsazsl.
0

Proof. Let f € Qi (A, i, , 3,17). Then, by definition it follows that
{a(B3, ) +B(13, 1))} e Puln), z€E.

Set (Ij)ﬂf(z))' = p(z). Then p is analytic in E with p(0) = 1 and for z € E,

{a(a,ﬂﬂz))’ +B(z(13,f(2)) - 11}
at+pf—n

N {ajgfnp(z)-k “+/€_qu'(2)— 0c+g—11} € Pr.
From (1.4) and (3.4), we have, fori = 1,2,
atp B , n .
[a+ﬂ_np,»(z)+“+ﬁ_nzpi(z)—a+ﬁ_n] — hi(z) € P
By putting 0, = #/(a+ f3), we see that
pi(z) + “’iﬁzp,f(z) = (1-01)hi(z) + 01 = Hi(z) € P(0,).

(2.2)

(2.3)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

Now using Lemma 2.1, we obtain p; € P(c), where ¢ is given by (3.1). Therefore, (I/{,ﬂf)'

€ Pi(0) and consequently f € Q;.(A,4,1,0,0) in E.

O
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Remark 3.2. By writing o, = n/(a+ ), a1 = o/ (a+ ), we can deduce from Definition 1.2
that f € Q. (A, 4, ,3,7), if and only if, for 0 < a; < 1,

[ (15,.0) + (1= ) (2(1;,.f)) | € Pelon), z€E, (3.6)

In this case, we say that f € Q;(A,p,a1,01) in E.

THEOREM 3.3. Let s be real, A > —1, u > 0. Then,

Qi(/h,u'{_ 1)“1)01) - Q;((A)#)al)é\l) C Q}sgJrl (A,[J,Oﬂ,&z), (37)

where ay and o, are as defined in Remark 3.2 and

1
Si=01+(1-01)(2n, - 1), n, = L (1+4) " dt, (3.8)

1
8= 0+ (1=0) Q= 1), my= [ (1+e/00) d (3.9)

Proof. We first show that Q. (A, +1,01,01) C Qi (A, &1,01).
Let f € Qi(A,u+1,a1,01) and set

p(@) = | (5, f(2) |+ (1— )| (e}, f2))]. (3.10)

From (1.13) and (3.10), we have, for z € E,
[0 (11 S @) + (1= @) (s f2) ) ] = {pl2) + izp’(Z)} €Por)  (3.11)

and, on using (1.4), it follows that Re { p;(z) + (1/u)zp;(z)} > 01,z € E,i=1,2.

Now, applying Lemma 2.1, we have Re p;(z) > 81, i = 1,2, where J; is given by (3.8).
This implies p € Pr(8;) for z € E and hence f € Q;(A,4,a1,8;) in E. To prove Q}
(A, a1,61) C Q,?l(/\,y,ocl,(?z), we proceed as follows. Set

fn (B £(2) + (1 - o) (2552 F2) ) ] = h2). (3.12)
Then, using (1.12), we have
[, 7@) + (1) (15, f@)) '} = @)+ e @] € Ps). (.13)

With similar argument as detailed above, we obtain the required result. O

THEOREM 3.4. The class Qi (A, p, a1,01) is closed under the convolution with a convex func-
tion. That is, if f € Qi(A,4,a1,01) and ¢ € C for z € E, then (¢p* f) € Qi (A, 4, a1,01).
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Proof. Let f € Q.(A,,a11,01). Consider
ar (L, (¢ f)(2) + (1= ) (2(I3,($% )(2) )
= a1 (f,(@)x (9% )(2) + (1 - 1) (2(f;,(2) % (9% ))(2)) )]

= (p(2D* [, (2% f(2) + (1 - 1) (2($(2) % f},(2) % f(2) )]

- @*{m (Ij,ﬂf(z))' +(1- al)(z([i”f(z))’)’}

(o] (-]

where ¢(z)/z € P(1/2) and h; € P(0;). Using Lemma 2.2, we see that [(¢(2)/z)*h;(z)] €
P(01) and consequently /i € Px(01), which implies that ¢* f € Qi (A, u, 1,01); the proof
is complete. U

(3.14)

CoRrOLLARY 3.5. The class Qi (A,u,a1,01) is invariant under the following integral operators:
(i) fil2) = [G(f(e)/D)dt,
(ii) f(z) = (2/2) |s f(t)dt (Libera’s operator [20]),
(i) f3(z) = fo (f(t) = f(xt)/(t—xt))dt, |x] <1, x # 1,
(iv) fa(z) = (1 +¢)/z°) 5t~ f(t)dt,Re c > 0.
One may write (see [21, 22])

fi(2) = f(2)*¢,(2), fi(2) = f(2)*¢,(2),

f3(2) = f(2)*¢5(2), fa(z) = f(2)%¢,(2), (3.15)
where ¢, i = 1,2,3,4, are convex and
¢,(2) = ~log(1-2) :z%
~ 2[z+log(1-2)] <
#:(0)= z §1n+1
(3.16)

$,(2) = ——log [1_’“] Z - P K<Ll

1—x n=1
[e°]
1+c¢
= Z—z“, Rec>0.
—ointc

Now, the result follows by applying Theorem 3.4. Let ¢, and y, be linear operators
defined on the class S as follows:

p (f(2) =zf (2), w,(f(z)) = [f(z)-l—z—zf(z)] (Livingston’s operator [23] ).
(3.17)
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Then, both of these operators can be written as a convolution operator [21], given by
u;(f)=hixf,i=1,2, where

; z on+l ,  z-22/2
hl(z)zznz = hz(z)zng1 > Z" = TR (3.18)

It can easily be verified that the radius of convexity r.(h;) =2 — /3 and r.(hy) = 1/2.
These facts together with Theorem 3.4 yield the following.

THEOREM 3.6. Let f € Qu(A,p,a01,01). Then,
u,(f) = (f*m) € Q(hw,ar,01), forlzl <2—+/3,

wy(f) = (fxhy) € G (hwar,o1), for |zl < %

(3.19)

THEOREM 3.7. Let 0 < oy < ap. Then, Q. (A, a1,01) € Qi (A, 4, a2,01).

Proof. If ay = 0, the result is obvious. Therefore, we assume that a; >0 and f € Q}
(A4, 00,071). Let (Ij)#f(z))' = H,(z). Then, by Theorem 3.1, H; € Px(a;). Also, let

{1 (5o f(2) +(1- ) (2(,f(2)) } = Ha(2), Hy€P(on)inE. (3.20)

Now,
’ N — 1-—
@) + (1= 00) (@)Y = 22 @)+ (= (o
_ (0 — 1) a2 —a
= WHI(Z)+ (1 - (1 —0(1) )HZ(Z)

(3.21)

Since Hy,H, € Pi(01) and Pi(0,) is a convex set, see [2], we obtain the required result.
O

Tueorem 3.8. Let fi € Qu(Ap,a1,(;), i = 1,2, and let ¥ = fi* fo. Then, ¥Y(z)/z € Q;
(L, 1,0) for z € E, where { = 1—8(1 - 8,)(1 - 8,)(In2 — 1)* and

8;i=(+(1-¢)2m—1). (3.22)

Proof. Since f; € Q;.(A, 4, a1,(;), it follows from Theorem 3.1 that f; € Qj(A,4,1,6)), 8; =
(+(1-¢)2m—1),and

1
m = J (1+ 0=y g, (3.23)
0

Now,
(20, %)) =B, [(¥ (@ +29" )] = (205, (f *£)(@))

, / (3.24)
=B (F@*f )] = 15,£2) % (1, £() "
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Since f; € Q;(A,4,1,8)), it follows, by Lemma 2.4, that {¥'(2z) +2¥" (2)} € Q (A, 1, 1,9),
where

0=1-2(1-681)(1-96,). (3.25)
From (3.25) and Lemma 2.3, we have
¥'(z) € Q (A, 1, {1+4(1-8,)(1-8,)(In2-1)}). (3.26)

From (3.26) and Lemma 2.3, again, we have

@ QL [1-8(1-8)(1-8)(In2=1)°}), ze€E  (3.27)
We now consider the converse case of Theorem 3.1 as follows. O

TueoreM 3.9. Let f € Q.(\,u,1,0). Then, f € Q.(A\,y,01,0), 0 <) < 1, for |z| < 1y,
(a1 # 1/2), where

1

Ty, = .
21 — ay) ++/40? — 6; + 3}

(3.28)

This result is sharp.
Proof. Let ¢, (z) = (xl(Ij,yf(z))' +(1- ocl)(z(lj,yf(z))')'. Then,

z z
+(1l-a)——. 3.29
1—z ( 1) (1 . Z)Z ( )
It is known [23] that the function kg, is convex for |z| < r4,, Where 7y, is given by (3.28)
and this radius is sharp and consequently, for |z| < ry,, by a well-known result, kq, €
P(1/2). Thus, using Lemma 2.2, and the given fact that f € Q;(A,y,1,0), we obtain the
required result. 0

¢, (2) =

kmz(z) (I, f(2)', whereke (2) = a

Acknowledgment

The author would like to thank Dr. S. M. Junaid Zaidi, (Rector CIIT), who generously
supports scientific research in all aspects.

References

[1] B. Pinchuk, “Functions of bounded boundary rotation,” Israel Journal of Mathematics, vol. 10,
pp. 6-16, 1971.

[2] K.I.Noor, “On subclasses of close-to-convex functions of higher order,” International Journal of
Mathematics and Mathematical Sciences, vol. 15, no. 2, pp. 279-289, 1992.

[3] W.Kaplan, “Close-to-convex schlicht functions,” The Michigan Mathematical Journal, vol. 1, pp.
169-185 (1953), 1952.

[4] B. A. Uralegaddi and C. Somanatha, “Certain classes of univalent functions,” in Current Topics
in Analytic Function Theory, H. M. Srivastava and S. Owa, Eds., pp. 371-374, World Scientific,
River Edge, NJ, USA, 1992.



Khalida Inayat Noor 9

[5] S. Owa and H. M. Srivastava, “Some applications of the generalized Libera integral operator,”
Proceedings of the Japan Academy, Series A, Mathematical Sciences, vol. 62, no. 4, pp. 125-128,
1986.

[6] I. B. Jung, Y. C. Kim, and H. M. Srivastava, “The Hardy space of analytic functions associated
with certain one-parameter families of integral operators,” Journal of Mathematical Analysis and
Applications, vol. 176, no. 1, pp. 138-147, 1993.

[7] S. D. Bernardi, “Convex and starlike univalent functions,” Transactions of the American Mathe-
matical Society, vol. 135, pp. 429-446, 1969.

[8] G. S. Silagean, “Subclasses of univalent functions,” in Complex Analysis—Fifth Romanian-
Finnish Seminar, Part 1 (Bucharest, 1981), vol. 1013 of Lecture Notes in Math, pp. 362-372,
Springer, Berlin, Germany, 1983.

[9] T. M. Flett, “The dual of an inequality of Hardy and Littlewood and some related inequalities,”
Journal of Mathematical Analysis and Applications, vol. 38, pp. 746—765, 1972.

[10] J. H. Choi, M. Saigo, and H. M. Srivastava, “Some inclusion properties of a certain family of
integral operators,” Journal of Mathematical Analysis and Applications, vol. 276, no. 1, pp. 432—
445, 2002.

[11] J. L. Liu, “The Noor integral and strongly starlike functions,” Journal of Mathematical Analysis
and Applications, vol. 261, no. 2, pp. 441-447, 2001.

[12] J. L. Liu and K. I. Noor, “Some properties of Noor integral operator,” Journal of Natural Geome-
try, vol. 21, no. 1-2, pp. 81-90, 2002.

[13] K. I Noor, “On new classes of integral operators,” Journal of Natural Geometry, vol. 16, no. 1-2,
pp. 71-80, 1999.

[14] K.I.Noor and M. A. Noor, “On integral operators,” Journal of Mathematical Analysis and Appli-
cations, vol. 238, no. 2, pp. 341-352, 1999.

[15] N.E.Choand]. A. Kim, “Inclusion properties of certain subclasses of analytic functions defined
by a multiplier transformation,” Computers & Mathematics with Applications, vol. 52, no. 3-4,
pp. 323-330, 2006.

[16] S.Ponnusamy, “Differential subordination and Bazilevi¢ functions,” Indian Academy of Sciences.
Proceedings. Mathematical Sciences, vol. 105, no. 2, pp. 169-186, 1995.

[17] R. Singh and S. Singh, “Convolution properties of a class of starlike functions,” Proceedings of
the American Mathematical Society, vol. 106, no. 1, pp. 145-152, 1989.

[18] S. Ponnusamy and V. Singh, “Convolution properties of some classes of analytic functions,”
Internal Report, SPIC Science Foundation, 1990.

[19] Y. Ling and S. Ding, “A new criterion for starlike functions,” International Journal of Mathematics
and Mathematical Sciences, vol. 19, no. 3, pp. 613614, 1996.

[20] R.J. Libera, “Some classes of regular univalent functions,” Proceedings of the American Mathe-
matical Society, vol. 16, pp. 755-758, 1965.

[21] R.W. Barnard and C. Kellogg, “Applications of convolution operators to problems in univalent
function theory,” The Michigan Mathematical Journal, vol. 27, no. 1, pp. 81-94, 1980.

[22] St. Ruscheweyh, “New criteria for univalent functions,” Proceedings of the American Mathemati-
cal Society, vol. 49, pp. 109-115, 1975.

[23] R. V. Nikolaeva and L. G. Repnina, “A certain generalization of theorems due to Livingston,”
Ukrainskii Matematicheskii Zhurnal, vol. 24, pp. 268-273, 1972.

Khalida Inayat Noor: Mathematics Department, COMSATS Institute of Information Technology,
Sector H-8/1, Islamabad 44000, Pakistan
Email addresses: khalidanoor@hotmail.com; khalidainayat@comsats.edu.pk


mailto:khalidanoor@hotmail.com
mailto:khalidainayat@comsats.edu.pk

	1. Introduction
	2. Preliminary results
	3. Main results
	Acknowledgment
	References

