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1. Introduction

The aim of this paper is to construct a class of linear operators in more general condi-
tions. The method was inspired by Jakimovski and Leviatan (see [1]). We do not study
the convergence of these operators with the well-known theorem of Bohman-Korovkin.
The evaluation theorems for the rate of convergence are different from the well-known
theorem of Shisha-Mond. We prove the Voronovskaja-type theorem for these operators.
In the end, we give particularizations of these operators.

We recall some notions and results which we will use in this paper.

Let N be the set of positive integer numbers and Ny = N U {0}. For a given interval
I, we will use the following function sets: B(I) = {f | f:I — R, f bounded on I}, C(I) =
{f | f:I—-R,f continuousonI},and Cg(I) = B(I) n C(I).

For any x € I, consider the functions v, : I — R defined by y(t) =t —xande;: I — R,
ei(t)=tforanytel,iec {0,1,2,3,4}.

For f € Cp(I), by the first-order modulus of smoothness of f is meant the function
w(f;-):[0,00) - R defined for any § = 0 by

w(f30) =sup{| f(x")— f(xX")] :x,x" € LIx' —x"| <68} (1.1)
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In the following, we take into account the properties of the first-order modulus of
smoothness and the properties of the linear positive functional.

LEMMA 1.1. Letf € Cgp(I). Then, w(f;-) has the following properties:
a) w(f;0)
) w(f;-) is an increasing function,
(¢) w(f;-) is a uniform continuous function on I,
(d) forany 8 >0, x,t € I, one has | f (t) — f(x)| < [1+82y2(1)]w(f;0).

LEMMA 1.2. Let A: E(I) — R be a linear positive functional. Then,
a) for f,g € E(I) with f(x) < g(x) for any x € 1, one has

A(f) = A(g); (1.2)

(b) IA(f)I < A(lf]) for any f € E(I), where E(I) is a subset of the set of real functions
defined on I.

In [2] we have demonstrated the following theorem.

THEOREM 1.3. Let I be an interval x € I, and let the function f : 1 — R be s times differen-
tiable in x. According to the Taylor Expansion Theorem, one has

XL £ () + (¢ — x)ult - x), (1.3)

e

i=0

where y is a bounded function and ltim[,t(t —x) =0. If f is a continuous function on I,
—X
then for any § >0 and x € I one has

[t =)| < L[+02y20]0(£959). (1.4)

2. Preliminaries

In this section, we construct a general class of linear and positive operators and we dem-
onstrate for these operators an approximation theorem and a Voronovskaja-type theo-
rem.

Let I, J be intervals and I N J is a nonempty interval. For any m € N and k € N,
consider the function @, : ] — R with the property ¢, x(x) = 0 for any x € J and the
linear and positive functional A, : E(I) — R.
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In the following, let E(I) and F(J) be subsets of the set of real functions defined on I, J
respectively, such that the series X7 @k (x)Ami(f) is convergent for any f € E(I) and
any x € J. We suppose that 1//}; € E(I) foranyx € INJ and any i € {0,1,...,s+2}.

In what follows s € Ny, s is even.

Definition 2.1. For m € N, define the operator L, : E(I) — F(J) by
Z P () Ak (f) (2.1)

forany f € E(I) and x € ].

ProPOSITION 2.2. The operators (Ly,)m=1 are linear and positive on E(I N J).

Proof. The proof follows immediately. O
Definition 2.3. For m € N and i € Ny, define T; by

(TiLm)(x) = ( me (X Z mk 1Vx) (22)

foranyxelIn].
Tueorem 2.4. If f € E(I) is an s-times differentiable function in x € I N ], with ¥ con-
tinuous in x, and if there exist as, o512 € [0,00) and m(s) € N such that

Osy2 < O+ 2 (2.3)

and (TsLp)(x)/m%, (Tsi2Lm)(x)/m* are bounded for any m € N, m > (s), then

lim m[( WS- S (TiLn) () f (3 }o. (24)

i= 0

Assume that f is an s times differentiable function on I with f© continuous on I and an in-
terval K C I N ] exists such that there exist m(s) € N and the constants k;(K) € R depending
on K, so that for any m € N, m = m(s) and x € K, one has

(TjLm) (x)

< ki(K), (2.5)
mai

where j € {s,s+2}. Then, the convergence given in (2.4) is uniform on K and

N

| (L)) = 3 2 (Ti) ()£ 1)

i=0

1 s !
< 5 (k(K) + ko (K))w (f( W)

(2.6)

for any x € K and m = m(s).
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Proof. According to Taylor’s Theorem, we have

(t—x)
il

fy=> FOC) + (= x)u(t - x),
i=0

where g is a bounded function and ltim‘u(t —-x)=0.

Hence, from (2.7), we have

f(i) (X)
!

i Am,k(l//jc) +Am,k(1//;‘blx),

Am,k(f) = 2
i=0

where p, : I — R, () = u(t —x), foranyteInJ.
Multiplying by ¢, x(x) and summing over k € Ny, we obtain

(909 = S L0 L 00+ 3 s (i)
Thus,
e 1)) 3 L 10,0 | = R
where
(B f6) = 12 3 0 s (i),
Then,

| (R f)(x) | =m"% Z Py (x) |Am,k(1/’fc.”x) |

k=0

and taking Lemma 1.2 into account, we obtain

00

| (R f) ()] <m®% Z Pk () Amp (v | px|).

k=0

According to the relation (1.4), for any § >0 and t € I N J, we have

()] = |t =] < L[1+82920]e(£59),
and so

(311 (0) = Sy + 6729520 (£50).

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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From (2.13) and (2.15), it results that

| R f) ()| = m* “s[}pmk x)Ami (y5) + z Ak wi”)} (f9);9).
. - (2.16)
Thus,
| mf (X)| - _[ Ti/las)( x) 162 (Ts+’;ﬁ:12) (x) m727u$+a”2:|w(f(s);8). (2.17)

Considering § = 1/v/m?t% %+, the inequality above becomes

TS m s+
T ] L e ICAL

Taking into account that (TsLy,)(x)/m% and (Ts2Ly)(x)/m% are bounded for any m €
N, m = m(s), and considering the fact that

M S 1 S
]}llzlolow<f();\/ﬁ) =w(f( ),0) =O, (219)
we have that
;1}930 (R f)(x)=0. (2.20)

From (2.10) and (2.20), (2.4) follows.
If in addition (2.5) takes place then, (2.18) becomes

1
| (Rmf) ()] <f j (ks(K) + kea(K)) @ (f \/mz?) (2.21)
for m = m(s) and x € K. Therefore, the convergence from (2.4) is uniform on K. Now,
(2.10) and (2.21) yield (2.6). O

In the following, we suppose that for any k € Ny and m € N, we have
A (eo) =1, (2.22)

and foranyxeInJand m e N

[eY)

Z Pk (x (2.23)

Remark 2.5. Taking (2.22) and (2.23) into account, it results that
(ToLm)(x) =1 (2.24)

foranyxeInjand m e N.
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Remark 2.6. In Theorem 2.4, we choose the smallest a; and a4, if they exist.
Remark 2.7. Taking (2.24) into account, we choose ay = 0.

Remark 2.8. For s = 0, s = 2, respectively, we state two corollaries which we will use in the
section Main results.

CoroLLARY 2.9. If f € E(I) is a continuous function in x € I N ], and if there exist o, and
m(0) € N such that

0<ay<2 (2.25)
and (TyLy,)(x)/m* is bounded for any m € N, m = m(0), then

lim (L, f)(x) = f (). (226)

m—oo

Assume that f is continuous on I and an interval K C I N ] exists, such that there exist
m(0) € N and k,(K) so that for any m € N, m = m(0), and x € K, one has

(TZLm) (x)

<k (K). (2.27)
me

Then, the convergence given in (2.26) is uniform on K and

Ln )W) = F@)] = (14 kK)o (fi == (229)

for any x € K and m = m(0).

CoroLLARY 2.10. If f € E(I) is a two-times differentiable function in x € I N J, with @
continuous in x, and if there exist a, oy and m(2) € N such that

0<ap<2,
O<as<ar+2, (2.29)
(T2L)(x)/m* and ((T4Ly,)(x))/m* are bounded for any m € N, m = m(2), then
Tim 2% (L f) () = () = - (TiLn) ()£ 00 = 55 (Ta) ()20 | =0,
(2.30)

Assume that f is a two-times differentiable function on I with f® continuous on I and an
interval K C I N ] exists, such that there exist m(2) € N and k;(K), so that for any m > m(2)
and x € K, one has

(Tij) (x)

W < ki(K), (2.31)
mYi

where j € {2,4}. Then, the convergence given in (2.30)is uniform on K.

Remark 2.11. Theorem 2.4, Corollary 2.9, and 2.10 are Voronovskaja-type theorems.
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3. Main results

In this section, we construct a general class of linear positive operators. Let Ry = [0, o)
and J be an interval with J C Ry. Let the sequence (a;,)>1 so that a,,x € ] for any m € N
and x € J. The indefinitely differentiable functions a,b:J — R have the property:

b(x)>0 (3.1)
for any x € Ry,

a(l) #0 (3.2)
and for any compact K C J the constants M; (K), M>(K) depending on K exist, such that

|a®(x)| = M;(K),

(3.3)
69 (x) | = Ma(K)
for any x € K and k € Nj.
Then, it is known that
a) = S Lao)
= > ,
(3.4)

forany x € J.
If u,x, ux € J, we calculate

[eY]

a(u)b(ux) = <Z L a0y ) (i ?)(0) (ux)P> (3.5)

0 n!

and we take it to the form
u)b(ux) = Z prlx (3.6)

where

— 1 (i) (k—1) k—i
pk(x)—goﬂ(k_i)!a (0)p*(0)x*~". (3.7)
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Remark 3.1. If u = 1, then from (3.6), we obtain
a()b(anx) Zpk amx) (3.8)

foranym e Nand x € J.

Remark 3.2. We consider that the conditions a®” (0)b*~9(0)/a(1) = 0,i € {0,1,...,k} and
k € Ny, hold and then it results that a(1) px(x) = 0 for any x € ] and any k € N,.

In the following, let a fixed function w: Ry — (0, %), called the weight function, and
the set functions

E(w)={f | f:Rop — R such that wf is bounded on[0, c0)}. (3.9)

For f € E(w), there exists a positive constant M such that w(x)| f (x)| < M for any x € Ry.
For m € N and x € J, and taking in the end (3.8) into account, we have

7G)

= w(x) a(D)b(amx) amxg k(@)

[eY]

a(1)b amxi (anx) f (:z)' a(D)b(anx) Z (anx)

k:0

(3.10)

T wx)

from where it results that the series (1/a(1)b(anx)) > 1o pk(amx) f (k/m) is convergent.

Definition 3.3. For m € N, define the operator L,, : E(w) — F(]) by

(L f)(x b(an) i (amx) f (k) (3.11)

for any f € E(w) and x € ], where F(]) is a subset of the set of real functions defined on
].

Remark 3.4. The operators (L,,)m>1 are linear and positive on E(w).
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In the following, we consider that for any x € J, we have 1//9’; € E(w), i€ {1,2,3,4}.

Definition 3.5. Form € Nand i € {1,2,3,4}, define T; by

(Tin) () = m (L) () = sy i (an) (& —x) (3.12)
forany x € J.
LEMMA 3.6. One has
(Lmeo) (x) =1, (3.13)
() = Pl L

2p@ (1) (1) 1 )
(Lme) () = (22 b2 (apx) 5 1 aya(l)+2a0(1) bD (anx) 1 aV(1)+a®(1)

m b(anx) pl— a(l) b(anx) T a(l) ’

3 2
(Lies)(x) = (a_m> b(3)(am—x)x3+ . (a_m) 1)+ 3a0) b(Z)(amx)xz

m/)  b(amx) m\ m a(l) b(amx)
+La_ma(1)+6a(1)(l)+3a(2)(l)b(l)(amx) 1 aW+3a2(1) +a® (1)
m?2 m a(l) b(amx) m3 a(l) ’
~(an\ bW (ax) 1 {am\’6a(1)+4aV(1) b® (a,x)
(Lmea) (x) = (E) b(amx) x4+5(ﬁ) a(l) b(amx) x
1 (am\*7a(1)+18a (1) + 6a? (1) b (a,x)
() D) blan) ©
+La_ma(1)+14a<1>(1)+18a<2>(1)+4a<3)(1)b“)(amx)
m3 m a(l) b(amx) ¥
1 aM(1)+7a?(1)+6a® (1) +a® (1)
+_
m* a(l)
(3.14)

forany x € ] and m € N.

Proof. The relation (3.13) results from (3.8). The proof of relations (3.14) follows imme-
diately by differentiating (3.6) with respect to u, and after that take 1 for u and a,,x for
X. ]
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LEMMA 3.7. For x € ] and m € N, the following hold

(T()Lm)(x) = 1,

B am bV (amx) a(1) (3.15)
(Tle)(x)——m<l—Z b(amx) >x+ a(l)’
m 2b(2) m
-1 (5
, 7a7mb(1)(amx) 27ia(1)+2a(2)(1)
o (1 m b(amx) ><2x m a(1) x) (3.16)
(1) (2)
e S LD,
_ 47(4) -
(L)) = - 1= (%) 210 |
r 303) . (1)
o[ (9m) B (amx) s 16a(1)+4a(1) ,
Tl (m) b(amx) _(4x m a(1) x)
- 27(2) 7 1)
Jf{ (9m\b (amx) a1 3a(1)+3aV(1) 4
|l <m> b(ax) ( T a)
~ 1 7a(1)+18a™M(1) +6a¥ (1) 2)
m? a(l) *
. _a_mb(”(amx) s lal)+247(1)
o (1 m  b(amx) )(4x 6m a(l) x
1 a(l)+6aV +3a?(1) ,
+4W a(l) X
_ 1 a(1) +14aV) + 184 (1) +4a®)(1) )
m3 a(l) x
RS a(1) + 10a(;>((11)) +6a?(1) o
+a<1>(1)+7a<2>(1)+6a(3>(1)+a<4>(1)
o | (3.17)
Proof. The proof follows immediately from (3.12) and Lemma 3.6. O

THEOREM 3.8. Let f : Ry — R be a function, f € E(w). If x € Ry, f is continuous in x, o
and m(0) € N exist such that

1<a<2 (3.18)

and m>=%|1 = (an/m)" (b (amx)/b(amx))| is bounded for any m € N, m > m(0), where
i€ {1,2}, then

lim (L, f)(x) = f(x). (3.19)

m— oo
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Assume that f is continuous on Ry and a compact interval K C Ry exists, such that there
exist m(0) € N and [;(K) so that for any m € N, m = m(0), and x € K, one has

2—0(2

1- (“_m)ib(i)(amx)

m) b(aux)

] < 1(K), (3.20)

m

wherei e {1,2}.
Then, the convergence given in (3.19) is uniform in K and

| (Inf) )= f0)] < MK ﬁ) (321)

for any x € K and any m = m(0), where M(K) is a constant depending on K.

Proof. Because m*>~%|1 — (a,,/m) (b (anx)/b(amx))| is bounded for any m € N, m >
m(0), it results that (T>L,,)(x)/m* is bounded for any m € N, m = m(0). Taking relation
(3.16) into account, we apply now the Corollary 2.9. The proof is similar on a compact
interval K. O

THEOREM 3.9. Let f : Rg — R be a function, f € E(w). Ifx € Ry, f is a two times differen-
tiable function in x with f(z) continuous in x, oy, og and m(2) € N exist such that

l<ar <2, (3.22)
2<as<ar+2, (3.23)

m*= |1 — (am/m) (b (aux)/b(amx))| is bounded for any m € N, m > m(2), where i €
{1,2,3,4}, then

lim 12| (L f) () = () = - (TiL) ()£ V) = 55 (Ta) ()£ 20| =0,

o 2m?
(3.24)
In addition, if the limit n{i{rgo((Tsz)(x)/m“Z) exists and
lim (Tzﬁq Z)(x) = By(x) €R, (3.25)

then

lim 7| (L f) () = F3) = - (ML) (S V)| = BP0, (326)
Assume that f is a two-times differentiable function on Ry with f?) continuous on Ry and
a compact interval K C Ry exists, such that there exist m(2) € N and [;(K) so that for any
m > m(2) and x € K, one has

m4*0¢4

1- (“—’”)M’ < I(K), (3.27)

m/) b(amx)

where i € {1,2,3,4}. Then, the convergence given in (3.24) is uniform on K.
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Proof. From (3.23), it results that 4 — ay > 2 — ay, and then we have that m?>~%|1 —
(am/m) (b (anx)/b(amx))|, i € {1,2} are bounded for any m > m(2). So (T>Ly,)(x)/m®
is bounded for any m > m(2). Using the same idea from the proof of Theorem 3.8, we
have that (T>L,,)(x)/m* and (T4Ly,)(x)/m% are bounded for any m € N, m = m(2), and
then we apply Corollary 2.10. O

Now, we give some applications where a,, = m for any m € N. In the following, by par-
ticularization and applying Theorems 3.8 and 3.9, we can obtain approximation theorems
and Voronovskaja-type theorems for some known operators. Because every application
is a simple substitute in the theorems of this section, we will not replace anything.

Application 3.10. If a(x) = 1 and b(x) = €*, x € Ry, we obtain the Mirakjan-Favard-Szész
operators (see [3-5]).

Application 3.11. If a(x) = g(x) = >,y a,x" and b(x) = €, x € Ry, we obtain the opera-
tors considered by Jakimovski and Leviatan in the paper [1].

Application 3.12. 1If a(x) = g(x) = 1 and b(x) = coshx = >;”(1/(2k)1)x?*, x € Ry, then
we get the operators considered by Le$niewicz and Rempulska in the paper [6].

Application 3.13. If a(x) = g(x) = 1 and b(x) = sinhx = >, (1/(2k + 1))x**1, x € Ry,
we get the operators

1 00 (mx)2k+l <2k+1> ot
(Amf)(x) = sinhmx = (2k +1)! x>0,

f(0) ifx=0,

(3.28)

where m € N and x € Ry. The operators of this type are introduced and studied by Rem-
pulska and Skorupka in the paper [7].

Application 3.14. If a(x) = b(x) = g(x) = coshx, x € Ry, we obtain the operators studied
by Ciupa in [8].

Application 3.15. If a(x) = g(x) = X7y a,x" and b(x) = coshx, x € Ry, we get the opera-
tors constructed by Ciupa in the paper [9], and studied in [9, 10].

Application 3.16. 1f a(x) = 1 and b(x) = b,,((1/m)x), x € Ry and m € N, we obtain the
operators studied in the paper [11].
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