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We prove in this note the following result. Let n > 1 be an integer and let R be an n!-
torsion-free semiprime ring with identity element. Suppose that there exists an additive
mapping D : R→ R such that D(xn)=∑n

j=1 x
n− jD(x)x j−1is fulfilled for all x ∈ R. In this

case, D is a derivation. This research is motivated by the work of Bridges and Bergen
(1984). Throughout, R will represent an associative ring with center Z(R). Given an inte-
ger n > 1, a ring R is said to be n-torsion-free if for x ∈ R, nx = 0 implies that x = 0. Recall
that a ring R is prime if for a,b ∈ R, aRb = (0) implies that either a = 0 or b = 0, and is
semiprime in case aRa= (0) implies that a= 0. An additive mapping D : R→ R is called
a derivation if D(xy)= D(x)y + xD(y) holds for all pairs x, y ∈ R and is called a Jordan
derivation in case D(x2) = D(x)x + xD(x) is fulfilled for all x ∈ R. Every derivation is a
Jordan derivation. The converse is in general not true. A classical result of Herstein (1957)
asserts that any Jordan derivation on a prime ring with characteristic different from two
is a derivation. A brief proof of Herstein’s result can be found in 1988 by Brešar and Vuk-
man. Cusack (1975) generalized Herstein’s result to 2-torsion-free semiprime rings (see
also Brešar (1988) for an alternative proof). For some other results concerning deriva-
tions on prime and semiprime rings, we refer to Brešar (1989), Vukman (2005), Vukman
and Kosi-Ulbl (2005).

Any derivation D : R→ R, where R is an arbitrary ring, satisfies the relation

D
(
xn
)= n∑

j=1

xn− jD(x)x j−1, x ∈ R. (1)

It seems natural to ask under what additional assumptions the converse is true. More
precisely, under what additional assumptions an additive mapping D, which maps a ring
R into itself, satisfying the relation (1) is a derivation. Bridges and Bergen [4] answered
this question in case R is a prime ring with an identity element and with characteristic m,
where m= 0 or mn. It is our aim in this note to prove the following result. Our methods
differ from those used by Bridges and Bergen.
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Theorem 1. Let n > 1 be an integer and let R be a n!-torsion-free semiprime ring with
identity element. Suppose that there exists an additive mapping D : R→ R such that

D
(
xn
)= n∑

j=1

xn− jD(x)x j−1 (2)

is fulfilled for all x ∈ R. In this case, D is a derivation.

Proof. From the relation

D
(
xn
)= n∑

j=1

xn− jD(x)x j−1, x ∈ R, (3)

it follows immediately that D(e)= 0, where e denotes the identity element. Putting x+ c
for x in the above relation, where c is any element of the center Z(R) such that D(c)= 0,
we obtain

n∑
i=0

(
n

i

)
D
(
xn−ici

)

=
(n−1∑

i=0

(
n− 1
i

)
xn−1−ici

)
D(x) +

(n−2∑
i=0

(
n− 2
i

)
xn−2−ici

)
D(x)(x+ c)

+

(n−3∑
i=0

(
n− 3
i

)
xn−3−ici

)
D(x)(x+ c)2 + ···+ (x+ c)2D(x)

(n−3∑
i=0

(
n− 3
i

)
xn−3−ici

)

+ (x+ c)D(x)

(n−2∑
i=0

(
n− 2
i

)
xn−2−ici

)
+D(x)

(n−1∑
i=0

(
n− 1
i

)
xn−1−ici

)
, x ∈ R.

(4)

We adopt the convention that x0 = e for all x ∈ R. Using (1) and rearranging (4) in the
sense of collecting together terms involving equal number of factors of c, we obtain

n−1∑
i=1

fi(x,c)= 0, x ∈ R, (5)

where fi(x,c) stands for the expression of terms involving i factors of c. We replace c by e,
2e, 3e, . . . , (n− 1)e in turn in (5). Expressing the resulting system of n− 1 homogeneous
equations, we see that the coefficient matrix of the system is a van der Monde matrix




1 1 ··· 1
2 22 ··· 2n−1

...
...

...
...

n− 1 (n− 1)2 ··· (n− 1)n−1


 . (6)
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Since the determinant of the matrix is different from zero, it follows that the system
has only a trivial solution. In particular,

fn−2(x,e)=
(

n

n− 2

)
D
(
x2)−

(
n− 1
n− 2

)
xD(x)−

(
n− 2
n− 3

)
xD(x)−

(
n− 2
n− 2

)
D(x)x

−
(
n− 3
n− 4

)(
2
2

)
xD(x)−

(
n− 3
n− 3

)(
2
1

)
D(x)x−

(
n− 4
n− 5

)(
3
3

)
xD(x)

−
(
n− 4
n− 4

)(
3
2

)
D(x)x−···−

(
2
1

)(
n− 3
n− 3

)
xD(x)−

(
2
2

)(
n− 3
n− 4

)
D(x)x

−
(
n− 2
n− 2

)
xD(x)−

(
n− 2
n− 3

)
D(x)x−

(
n− 1
n− 2

)
D(x)x = 0, x ∈ R.

(7)

The above equation reduces to

(n− 1)n
2

D
(
x2)= (n− 1)xD(x) + (n− 2)xD(x) +D(x)x+ (n− 3)xD(x)

+ 2D(x)x+ (n− 4)xD(x) + 3D(x)x+ ···+ 2xD(x)

+ (n− 3)D(x)x+ xD(x) + (n− 2)D(x)x+ (n− 1)D(x)x, x ∈ R.
(8)

Thus, we have

(n− 1)n
2

D
(
x2)=

(n−1∑
i=1

i

)(
D(x)x+ xD(x)

)
, x ∈ R. (9)

Since R is n!-torsion-free, it follows from the relation (9) that

D
(
x2)=D(x)x+ xD(x), x ∈ R. (10)

In other words, D is a Jordan derivation. As we have already mentioned, any Jordan
derivation on a 2-torsion-free semiprime ring is a derivation. The proof of the theorem
is complete. �

It would be interesting to know whether the theorem can be proved without assuming
that R has identity. We conclude with the following conjecture.

Conjecture 2. Let R be a semiprime ring with suitable torsion restrictions. Suppose that
there exists an additive mapping D : R→ R such that

D
(
xn
)= n∑

j=1

xn− jD(x)x j−1 (11)

is fulfilled for all x ∈ R and some integer n > 1. In this case, D is a derivation.
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