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Gauge theories commonly employ complex vector-valued fields to reduce symmetry
groups through the Higgs mechanism of spontaneous symmetry breaking. The geom-
etry of the internal space V is tacitly assumed to be the metric geometry of some static,
nondynamical hermitian metric k. In this paper, we consider G-principal bundle gauge
theories, where G is a subgroup of U(V,k) (the unitary transformations on the internal
vector space V with hermitian metric k) and we consider allowing the hermitian met-
ric on the internal space V to become an additional dynamical element of the theory.
We find a mechanism for interpreting the Higgs scalar field as a feature of the geometry
of the internal space while retaining the successful aspects of the Higgs mechanism and
spontaneous symmetry breaking.

1. Introduction

In this paper, we consider G-principal bundle gauge theories, where G is a subgroup of
U(V,k) (the unitary transformations on the internal vector space V with hermitian met-
ric k) as models of particle interactions that employ a complex vector space V-valued
field, known as a Higgs field. Through the process of spontaneous symmetry breaking,
the Higgs field allows the theory to predict masses of bosons and to reduce the principal
bundle to an appropriate vacuum subbundle with group H C G ([2, 11, 13]). In the range
of this vector-valued field, there is a canonical hermitian metric k. This metric is tacitly
chosen to be a constant nondynamical element of the theory.

In this paper, we allow the hermitian metric on the internal space V to become a
dynamic element of the theory and we find a way to realize the Higgs scalar field as a
feature of the geometry of the internal space while retaining the successful aspects of the
Higgs mechanism and spontaneous symmetry breaking. This interpretation is obtained
using a Lagrangian procedure to identify a nonzero vacuum value for a special class of
internal metric fields. By choosing such a vacuum field, we achieve a symmetry-breaking
phenomena similar to those found in the standard theory of electroweak interactions: the
prediction of two massive boson fields and one massless boson field.

In addition, the interpretation of the Higgs scalar field as a feature of the geometry
of the internal space puts Yang-Mills theories into closer alignment with the general
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relativity theories of Einstein in the following sense. Normally in general relativity dy-
namical roles are assigned to both the metric and the connection on space time while in
Yang-Mills theory, only the connection is a dynamical element of the theory (see [5, 9]).

Considerations of dynamical internal metrics may be found in earlier works as a su-
persymmetric theory (see [1, 4]). Attempts to interpret the internal metric geometrically
in Yang-Mills theories also appear in a number of places (e.g., see [5, 7, 8]).

The form for the variation of the hermitian metric fields presented here is similar
to those found in nonlinear sigma models (see [10]) where a left-invariant Riemannian
metric structure on the homogeneous space G/H is employed. This author has presented
similar concepts of geometric interpretations of Higgs scalar fields as varying sesquilin-
ear forms in the leptonic sector of the Glashow-Weinberg-Salam model of electroweak
interactions (see [12]).

This paper is organized in the following manner. Section 2 contains background ma-
terial on gauge theories and symmetry-breaking phenomena. Section 3 explains the main
result, that is, how metric fields on the internal spaces may be used to break symmetry
for a gauge theory. Section 4 discusses the dynamics of the internal metric field and com-
pares these results to the standard theory of electroweak interactions. The last section is a
summary of the results contained in this paper.

2. Background and notation

A G-gauge theory consists of a principal fiber bundle 77 : P — M with Lie group G, where
M is a four-dimensional space-time manifold. That is, M is a real four-dimensional
smooth manifold equipped with a semi-Riemannian metric which has signature (+, -
—,—). Unless otherwise noted, all manifolds are C* and all maps are assumed smooth.

Suppose that the Lie group G acts on the left of a vector space V' and that this action
is both effective and faithful. We will indicate this action by g - v, where g € Gandv € V.
The set of equivariant mappings from P to V is denoted by

Ce(P,V)={r:P—V|1(pg) =g ' -1(p)}. (2.1)

Here we have written the right action of G on the principal bundle P as R,(p) = pg.

In this paper, we also assume that V' is a complex vector space of complex dimension
n and the existence of a constant hermitian metric k on V. For this paper, we also assume
that the gauge group G C U(V, k), where

U(V,k)={a€End(V) | k(a(v),a(w)) = k(v,w) Vv,w € V}. (2.2)

Particle interaction models (e.g., quantum electrodynamics, electroweak interactions)
are typically presented as a Lagrangian field theory on the base space of a principal fiber
bundle (see [2]). A gauge transformation is a bundle mapping f : P — P such that the
diffeomorphism f M — M given by f(n(p) =7n(f(p)) is the identity mapping on M.
Particle fields are represented by equivariant mappings from the principal bundle into
a vector space V upon which G acts on the left. The vector space V with its associated
group action is called the “internal space” of the gauge theory.
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In many models of particle interactions, the symmetry group for one type of interac-
tion is contained as a subgroup of the symmetry group for some larger class of interac-
tions. As an example, the symmetry group for the standard model of quantum electrody-
namics is isomorphic to U(1) and this group is contained as a subgroup of the symmetry
group SU(2) X U(1). Particle interaction theories which are built in this manner employ
a mechanism called “spontaneous symmetry breaking” to select or define a subgroup H
of the total symmetry group G. In this mechanism, a vector-valued field is introduced.
The dynamics of this particle are determined by a Lagrangian sector which includes a
potential energy function. This function is chosen so that when one chooses a stable
equilibrium point to define the vacuum energy, the remaining symmetries are precisely
the subgroup H.

To make all of the above discussion more precise, we give the following definition of a
symmetry-breaking map (see [13]).

Definition 2.1. T € Cg(P, V) is called a symmetry-breaking map if the range of 7 is a single
group orbit of the action of Gon V.

If 7 is a symmetry-breaking map and 7y is some point in the range of 7, then Q =
771(V) C P is a subbundle with structure group H C G, where

H:{hEGlh'T():To}. (23)

We employ the terminology “internal geometry” to mean the choice of an equivari-
ant mapping from the principal bundle P into the space of hermitian metrics (possibly
degenerate) on V. Equivalently, we can formulate this as a hermitian fiber metric of the
vector bundle associated to P via the action of G on the vector space V. The internal ge-
ometry is typically chosen by using the equivariant mapping having constant value which
equals a constant hermitian metric on V.

3. Symmetry-breaking metric fields

In this section, we show that by choosing an internal geometry which is nonconstant, we
may obtain a symmetry-breaking map. Throughout this section, let {e;} denote the stan-
dard basis of the vector space V and let {e/} be its dual cobasis. The standard hermitian
metric is then given by the form

k = ke - eb, (3.1)

where “-” denotes the symmetric product of the covectors.

Let Herm(V) be the vector space of (possibly degenerate) hermitian metrics on V.
Thus, h € Herm(V) if (i) h(v,w) is linear in v, where v,w € V; (ii) h(v,w) = h(w,v); and
(iii) h(v,v) =0 for0 £v e V.

Consider the standard action of G on Herm(V') induced by the standard action of G
on V, that is,

(g -h)(v,w)=h(g-v.g-w), (3.2)
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for all h € Herm(V') and v,w € V. As defined above, C5(P,Herm(V)) is the set of equi-
variant mappings from P into Herm(V).

We may now think of the standard metric employed in particle interaction theories as
the map § € Cg(P,Herm(V')) which is defined by §(p) = k = k3 (the constant hermitian
metric on V) for all points p € P.

The standard hermitian metric on V induces a metric k on the set of hermitian metrics
Herm(V) in the following manner. For r,s € Herm(V'), we have

k(r,s) = KTK™r s 5, (3.3)

where r = r,ze? - €% and s = s ze? - €b. Henceforth, we will dispense with the above nota-
tion and write s = s 5. We make the observation that if 0,p € Cg(P,Herm(V)), the quan-
tity k (p(p),o(p)) is constant along the fibers of P, and hence projects down to a function
on the base manifold M.

Let ¢ € Co(P,V*), where we write ¢(p) = @a(p)e”. In this paper, we will consider
perturbations of the standard metric field of the form

P =Pa = kg — Patpy, (3.4)

where ¢ is a positive real parameter. Using the observation above for p € Cg(P,Herm(V)),
we define a smooth function called the action density, L(p)(n(p)) = k(p(p),p(p)).

For a perturbation of the form given in (3.4), a straightforward computation shows
that

k(p.p) = nc* = 2c%k(,9) + (k(9,9))”. (3.5)

Here k = k%, where k"zkbz = §9, is also used to denote the hermitian metric on V* in-
duced by the metric on V. Using the notation k(¢,¢) = || (pllz, we may rewrite (3.5) as

K(psp) = nc* —2E2[lgl2 + @l *. (3.6)

Equation (3.6) is precisely of the form of action density that appears in the standard
theory of electroweak interaction (see [2, 11, 13]).

For an open set with compact closure U C M and some p € Cg(P,Herm(V)), we de-
fine the action of p over U as

Av(p) = jUL<p>(n(p>)dm, (3.7)

where dm is the volume form on the space-time manifold M (see [2]).

If we consider minimizing this action over all elements p € Cs(P,Herm(V)) of the
form p = p; = ¢k — Pagp, we will say that p is stationary relative to the action density
L if for all U € M (as above) and for all 0 € Cg(P,Herm(V')) with projected support in
U, we have

d ~
aAU(P+t0)|t=0 =0. (3.8)
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A straightforward calculation shows that p is a stationary point if [|$[|> = 2. We call the
choice of such a minimizing element p a vacuum point, and the set {g - p | ¢ € G} a vac-
uum orbit. Furthermore, this reduces the symmetry group G to the unbroken subgroup
given by

H={geGlg-p=p} (3.9)

Next if we define S*(V*) = {v € V* : ||v]|2 = ¢%}, we can summarize our result as fol-
lows. The equivariant hermitian fields that are stationary relative to the action density L
are of the form given in (3.4) above with the added restriction that ¢ is a smoothly vary-
ing S?(V*)-valued function on U C M. This action density selects a new hermitian form
at each point in our bundle P. For this hermitian form on the internal space, we have
vectors ¥ = Ag such that

ply,y) =0. (3.10)

Hence, we see that the geometry of the internal space is not the standard hermitian ge-
ometry of a static space, rather it contains some form of internal “null” vectors which
correspond to the choice of the vacuum.

4. Dynamics of the internal hermitian form

In the standard theory of electroweak interaction, the Higgs field is a dynamic element
of the theory. The Lagrangian sector that provides the field equations for this particle is
made up of two parts. One of these is essentially (3.6) above and the other is given by

L(g,w) = (nk)(D“¢,D9p), (4.1)

where (7k) is the concatenation of the metric k chosen for the internal space V and the
Minkowski metric # (here D” is the covariant derivative with respect to a connection w
on P).

A natural analog for our discussion would be to have a Lagrangian sector given by

L' (p,w) = (k) (D“p, Dp). (4.2)

For the Lagrangian density given in (3.6) and (4.2), we find (following [2]) that the field
equation for p is given by

0“Dp+p =0. (4.3)

In (4.3), 6¢ is the covariant codifferential defined by 8¢ = *D“*, where % is the unique
extension of the lift of the star operator to the horizontal subspaces of P that vanishes
on vertical vectors (see [2]). For p of the form given in (3.4), we may rewrite the field
equations in terms of ¢ as

8“D® (@agp) + Pagp = —C*k . (4.4)
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Equation (4.4) reveals that the previously defined constant hermitian acts as a source
term for the field equations that ¢ must satisfy.
As a specific example, we return to the standard model case where G = SU(2) x U(1)

and V=C>= {[2],1/1,1/2 S (C} with standard hermitian form & = ,;. An element of

G is a pair (_‘Xgé) € SU(2) and ¢ € U(1), where the action of G on V is given by
(( _aB g) , eig) [3; ] = [:Hi(_“ggf ;2,2)) ] In this case, we consider the basis for the Lie algebra of

G given by {~/—17x}, where

(1 0 (0 1 (0 =1 (1 0
n={o 1) "7{1 o) "7 y=1 o ) B7lo )
(4.5)

For a choice of vacuum p, in the standard theory (working over Minkowski space time)
with a local section s: U C M — P, we may write

Cc

2
p(s(m)) = (0 8) (4.6)

by choosing our section so that ¢(s(m)) = [0 c] € C*", where c is a real parameter. Ex-
pressing the field ¢’ as a perturbation from the vacuum, we may write using the transpose
for the dual vectors ¢’ (s(m)) = [0 c+¢&(m)] € C*". This gives us a perturbation from the
vacuum for the internal metric as

N 0
P ‘(o c2—||c+£|2>' (4.7)

Expressing the covariant derivative of the perturbation from the vacuum in local co-
ordinates, we have

~ ~ V -1 ~
Dyp' = 0up" + 7gA!’j[Tk,p 1 (4.8)

where [a,b] = ab — ba is the induced action of the Lie algebra on the hermitian form on
the internal space.
For our choice of perturbation, we have from (4.2) that

L' (p,w) = (k) (D*p,D%p)
=4lc+ell*n* (dullc+elldyllc+ell) (4.9)

1> 4 LAl A2 42
+58 le+ell*n* (A A, + ALAT).

So after expanding the field as a perturbation from the vacuum, we can recognize two
massive vector bosons corresponding to the fields A and A with masses given by m =
gc2. The two other vector bosons remain massless and there is no predicted scalar boson
or Higgs field.
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We note that unlike the standard theory of electroweak interactions, we have no need
for the concept of a Weinberg angle to decouple the electromagnetic field from the Higgs
field. This leaves us with the question of the identification of the Lie algebra generator
of the photon field. Notice that because we are working with G ¢ U(V,k) and we have
chosen to work with perturbations of the form given in (3.4), we have a vacuum subgroup
given by

H=-{geGlg-p-pl-1igeGlg-p=gh (4.10)

This subgroup is H = {e¥V"10Q. ¢ = ¢} = {(37‘?9 0 ),eﬁe} = U(1) and this is the

/10

subgroup of the Lie subalgebra generated by Q = 7y — 75.

5. Conclusions

In this paper, we have shown that the formalism of spontaneous symmetry breaking may
be modeled as the choice of a special type of hermitian form on the internal space of the
theory. An action density which measures the norm of the hermitian form is similar to
the one employed by the Higgs mechanism. This new hermitian form defines an “internal
geometry” that has internal “null” vectors. These internal “null” vectors correspond to the
choices of vacuum points for the theory.

This dynamic choice of the internal metric makes the Yang-Mills theory look more like
the general relativity theory of Einstein by making both the metric and the connection in
the Yang-Mills theory dynamic elements of the theory.

In addition, we have demonstrated for the standard model of electroweak interactions
based on the gauge group G = SU(2) x U(1) that using a Lagrangian procedure with
Lagrangian given by

L(p) +L (p,w) = k(p,p) + (k) (D*p, Dp), (5.1)

we can obtain a symmetry-breaking phenomena and massive vector bosons similar to the
predictions of the standard theory.

It is of interest to note that others have used hermitian forms with similar structure
to the ones employed in this paper. In [3], the author describes canonical metrics on
holomorphic bundles in which there is a global section. The results here yield the same
functionals that arise in the Yang-Mills theory. Metrics generated by scalar fields, using
techniques like those given above, have also been used in quark bag models (see [6]).

One shortcoming of this work is that it does not include Lagrangian terms for the
leptons; we hope to examine this feature of the theory in future work.
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