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ABSTRACT. Qualitative behavior of second order nonlinear differential equations
with variable coefficients is studied. It includes properties such as positivity,
number of zeroes, oscillatory behavior, boundedness and monotonicity of the

solutions.

1. INTRODUCTION.

Second order nonlinear differential equations of the form
$(t) + p(e)y(t) + q(t)y"(t) = 0 a.1

where n is an integer > 2, occur in many physical problems, such as the mass-
spring systems and satellite (see Ames [1], Mclachlan [2] and Struble [3]) and
nuclear energy distribution (see Canosa and Cole [4, 5]).

In this work, qualitative behavior of real-valued solutions of (1.1) is
studied. With certain conditions on the coefficients p(t) and q(t), and n,

properties such as positivity, number of zeroes, boundedness and monotonicity
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are obtained. It would be assumed that the coefficients and their derivatives
are continuous real-valued functions on the interval of interest. The work is
divided into four parts; the first part deals with the case of p(t) < 0 and
q(t) < 0, the second part with the case of p(t) < 0 and q(t) > O, the third
part with p(t) > 0 and q(t) < O and the fourth part with p(t) > 0 and q(t) > O.
Papers in the past, Skidmore [6], Abramovich [7], Rankin [8], and Grimmer and
Patula [9] have studied behavior of second order linear differential equatioms.
Nonlinear differential equations have been investigated in Chen [10] and Chen,
Yeh and Yu [11], the former is on oscillatory behavior of bounded solutions and
the latter on asymptotic behavior of solutions. The results here are of a
different nature and are independent of theirs.

2. CASE OF p(t) < 0 AND q(t) < O.

THEOREM 2.1. If (1) p(t) <0, t >0, (2) q() <0, t>0 and (3) n
is odd, then either y(t) > 0, t > 0 or y(t) < 0, t > 0. The graph is concave
upward for y > 0, and concave downward for y < O.

PROOF. Equation (1.1) can be written in the form
5+ (p(t) + a(e)y™ Dy = 0. (2.1)
Let z(t) be real-valued and satisfy the linear equation
z + p(t)z = 0. (2.2)

By a theorem in Hartman [12, p. 346-347], z(t) has no zero. Since n -1 is
even and q(t) < 0, we have

p(t) + q()y"! < p(v)

and by Sturm First Comparison Theorem, z(t) has at least a zero on (0,«), if y
has a zero on (0,»), a contradiction.

The concavity of the graph follows from (1.1) written in the form



NONLINEAR DIFFERENTIAL EQUATIONS

§ = -p(t)y - q(t)y".

The case of n being even is considered in the following theorem.
THEOREM 2.2. If (1) p(t) <0, t >0, (2) q(t) <0, t >0 and (3) n
is even, then y(t) < 0, for all t > 0.

PROOF. Since q(t) < 0 and n is even, we have
F + p(t)y + a(t)y” < ¥ + p(t)y,

therefore

0 <y + p(t)y

and by Bellman and Kalaba [13, p. 67], y(t) < 0 for all t > O.

3. CASE OF p(t) < 0 AND q(t) > 0.

THEOREM 3.1. If (1) p(t) <0, t >0, (2) q(t) >0, t >0 and (3) n
is even, then y(t) > 0, for all t > O.

PROOF. METHOP 1. If in (1.1), we let y(t) = -z(t), then the equation be-
comes

-% - p(t)z + q(t) (-1)"2" = 0,

since n is even,

2+ p(t)z - q(t)z® =0

and by Theorem 2.2, z(t) < 0 for all t > 0. Therefore y(t) > 0 for all t > 0.
METHOD 2. Since q(t) > 0 and n is even, we have
¥+ p(t)y < ¥ + p(t)y + qa(v)y",

therefore

y +p(t)y <0

and by Bellman and Kalaba [13, p. 67], y(t) > O for all t > O.
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4, CASE OF p(t) > 0 AND q(t) < O.

If n is odd, the following two theorems on the number of zeroes of the
solution can be obtained.

THEOREM 4.1. If (1) p(t) >0, a <t <b, (2) q(t) <0, a<t<band
(3) n is odd, then a necessary condition for y to have two zeroes on (a, b] is

that

b

4
J p(t)dt > +—— .
a

PROOF. Equation (1.1) can be written in the form

§+ (@) + a)y™ Dy = 0.

Let z(t) be real-valued and satisfy the linear equation

zZ + p(t)z = 0.
Since q(t) < 0 and (n - 1) is even,

n-1

p(t) + q(t)y < p(t)

and by Hartman [12], z(t) has at least two zeroes on (a, b) if y(t) has two
zeroes on (a, b]. By Lyapunov Theorem in Hartman [12, p. 346], a necessary
condition for z(t) to have two zeroes on [a, b] is that

b

4
J p(t)dt > 5 -3 "
a

THEOREM 4.2. If (1) p(t) >0, 0<t<T, (2) q(t) <0,0<t<T,

(3) n is odd, (4) y(t) has N zeroes on (0,T], then

T
N<Z (T f p(t)de) T + 1.
0
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PROOF. As in the proof of Theorem 4.1, it can be shown that if z(t) has
M zeroces on (0,T), then N < M. But by Hartman [12, p. 346-347],
T

(T J p(0)dt)t + 1
0

M <

=

and the conclusion follows.

In the next two theorems, n is assumed to be even.

THEOREM 4.3. If (1) p(t) >0, t >0, (2) q(t) <0, t>0 and (3) n
is even, then y(t) < 0, for t > 0.

PROOF. Since q(t) < 0 and n is even,

¥+ p(t)y + q(&)y" < § + p(b)y,
therefore,

0<¥ + p(t)y

and by Bellman and Kalaba [13, p. 67], y(t) < 0, for all t > 0.

If in addition to the hypotheses of Theorem 4.3, we assume that &(0) >0,
then y is negative and monotonic increasing.

THEOREM 4.4. If (1) y(0) >0, (2) p(t) >0, t >0, (3) q(t) <O,
t >0and (4) n is even, then y is montonic increasing.

PROOF. Integration of (1.1) from O to t leads to

t t
y(t) - y(0) + J p(s)yds + J q(s)y" ds = 0.
0 0

Since p > 0 and y < 0 by Theorem 4.3, q < 0 and n is even,
t t
ﬂn-§w)>ﬂn-§m)+JMwws+j«w¢da
0 0
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therefore,
y(t) - y(0) > 0,
y(t) > y(0) >0

and so y is monotonic increasing.

5. CASE OF p(t) > 0 AND q(t) > O.

For p(t) > 0, q(t) > O and n odd, the following theorems on the oscillatory
behavior and boundedness of the solutions can be obtained.

THEOREM 5.1. (1) If p(t) >0, t >0, (2) q(t) >0, t >0, (3) nis
odd and (4) z(t) is a real-valued solution to z + p(t) z = 0, then y(t)
oscillates more rapidly than z(t), for t > O.

PROOF. Equation (1.1l) can be written in the form

§+ () + a®y™ Hy = 0.
Let z(t) be a real-valued solution to
zZ+p(t)z=0
which has been widely discussed. Since q(t) >0 and (an - 1) is even,

p(t) < p(t) + q(e)y™

and the conclusion follows from comparison theorems in Hartman and Sanchez [12,
14].

THEOREM 5.2. If (1) p(t) >0, p(t) >0, t >0, (2) q(t) >0, q(t) >0,
t >0, (3) n is odd and (4) y has successive extrema at t1s ty, t) < to,
then Iy(tz)] j_]y(tl)l. (The amplitudes of oscillations do not grow.)

PROOF. The proof is by contradiction, so assume that Iy(tl)l < |y(t2)|.

Multiplication of (1.1) by } leads to

¥y + p(t)yy + a(t)y"y = 0. (5.1)
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Integrating (5.1) from t = tl to t =t,, we get

t )
f p(t)yy dt + J a(t)y"y dt = 0.
t Y
Since
5 t

J p(t)yy dt =% (P(ty)y%(ty) - p(r)y%(t)) - J p(t)y? dt)

Y t

and

t

J a®y% dat = —= @t)y™ e,y - aey™ ey - J a(v)y

Y

(5.2) becomes

p(£)y2(ty) = p(EY2(E)) + —2— q(t,)y™"

ty )
. 2 . +1
= J p(0)y? dt + —f5 J q(t)y™ " dt
Y Y

<Y () - p(e)) + g Y e (atty) - ate))),

therefore

P(t)) 2 (ty) - ¥y2(£))) < o7 ae ™) - y

< 0, since q(tl) >0 and (n + 1) is even,

which is a contradiction since the left hand side is positive.

THEOREM 5.3. If (1) p(t) > 1, p(t) <0, t > 0,

and (3) n is odd, then y(t) is bounded for all t.

(5.2)

dt),

(t) - =—2= at)y™ )

(2) q(t) >0, q(t) <0
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PROOF. Multiplication of (1.1) by & and integration of the resulting

equation from 0 to t lead to

t t
V&>+MnyRo-fﬁ@»2®+nilqanﬁRw-nilj&ww“%s=m
0 0
where C is a constant,
therefore
t t
wa@u)+niluo¢*a»-Jﬁ@wza-nilja@»“‘u-c-}%n.
0 0

Since p > 1, q > 0, n is odd, p < 0 and q < 0, it follows that

y2(t) < C, for all t
and so y is bounded.
THEOREM 5.4. If (1) p(t) >0, p(t) >0, t >0, (2) q(t) >0,
q(t) <0, t>0, and (3) n is odd, then y(t) is bounded for all t.
PROOF. As in Theorem 5.3, equation (1.1) is multiplied by y and the
resulting equation integrated from O to t, giving,
t t

(o-niljéwwﬁlu-0+fé@»2®-
0 0

nt+l

() + p(®)Y2(6) + =2 a(®)y

Since q > 0, (n + 1) is even and i <o,

t
p(t)y?(t) < C + J p(s)y? ds
)

t

s0 p©y2(®) < [of + [ peery? 2 ao
0
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and by Gronwall's inequality,Hartman [12, p. 24]

t

[c] exp J B(s) ds

2
P(D)Y2(t) B
0

| A

= |c| B2
p(0) °
therefore
a0l
ye(t) 5-;?67 or all t.

In the next theorem, (1.1) is assumed to have constant coefficients Py
and qo.

THEOREM 5.5. If (1) Py > 0, (2) 9y > 0 and (3) n is odd, then y is

oscillatory.

PROOF. The equation is
. n
y+ pytqy =0.

By linearization in McLachlan [12, p. 106],
ytay=0,

where

27
=1 n_.n
a—"AJ(poAsine+q0A sin" 6) sin6 do,
0

where A is a constant.

Since Py > 0, qy > 0 and n is odd, the integrand in

n+l

-1 gin

2m
=1 2
a == J (p0 sin“ 6 + 9 A 0)de
0

is positive, so a > O.
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By Theorem 5.4, y is bounded. The fact that

and y is bounded imply that y is oscillatory, see Hartman [12, p. 354].

In the next two theorems, n is assumed to be even.

THEOREM 5.6. If (1) p(t) >0, t >0, (2) q(t) >0, t >0 and (3) n
is even, then y(t) > 0, for t > O.

PROOF. The equation is

¥+ p(t)y + q(t)y” = 0.
Let y(t) = -z(t), then

-z - p(t)z + (-1)"q(t) 2" = 0.
Since n is even,

F+p(t)z - q(t)z" =0

and by Theorem 4.3, z < 0. Therefore y(t) >0 for t > 0.
If in addition to the hypotheses of Theorem 5.6, we assume that §(0) <o,
then y is positive and monotonic decreasing.
THEOREM 5.7. If (1) y(0) <0, (2) p(t) >0, t >0, (3) q(t) >0,
t >0 and (4) n is even, then y is monotonic decreasing.
PROOF. Integration of (1.1) from O to t leads to
t t

y(t) - y(0) + J p(s)y ds + J q(s)t™ ds = 0.
0 0

Since p > 0 and y > 0 by Theorem 5.6, q > 0 and n is even,
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y(t) - y(0) < 0,

y(t) < y(@) <0

and y is monotonic decreasing.

10.

11.

12.
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