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ABSTRACT. This paper is concerned with determining all integers n, with n :> 2, such that if

R is a ring having the property that x x and 2x 0 for each x E R, then R is boolean. The

solution to the above problem extends previous results obtained by Shiue and Chao in [5] and

that of MacHale in [4].
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1. INTRODUCTION.
A ring R is called a J-ring if there exists an integer n >_ 2 such that x" x for each x E R.

It is well known that a J-ring is commutative, see [3].
Shiue and Chao showed in [5] that if R is a J-ring, where n 2q(’+) + 2’", with 1 _< q and

1 _< m, then it is the case that R is of characteristic two and, in addition, x x for each x R,
that is, R is boolean. Recently, MacHale pr6ved that if R is a ring of characteristic two and n

is a nonnegative integer such that x2"+1 x, for each x R, then R is also boolean. In this

paper, we will extend both of the above results by determining all integers n, with n _> 2, such

that if R is a ring having the property that x" x and 2x 0, for each x R, then x2 x for

each x R. It should be noted that, in a related paper, Batbedat [2] used sheaf theory to obtain

some structure theorems for a ring R satisfying a’*+1 a for each a E R. His results were used

to determine all values of n < 50 for which R is boolean.

2. A PRELIMINARY RESULT.
THEOREM 1. Let n denote an integer >_ 2. Then 2 1 n- 1 for each integer _> 2 if and

only if for each ring R such that x" x and 2x 0 for each x R implies that R is boolean.

PROOF. Suppose 2 lln- 1 for some integer _> 2. Let R denote the G’Mois field GF (2’).
If x R, with x = 0, then x2’- 1 and thus x"- 1 since 2 1In- 1. Hence x’* x. Since

0" 0, we thus have that x" x for each x R. It is well known that GF(2*) is of characteristic

2. Consequently, R GF(2*) is a ring such that x" x and 2x 0 for each x R, however R
is not boolean.
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Next assume that 2 1 n 1 for each > 2. Suppose to the contrary that there exists a

nonboolcan ring R such that x" x and 2x 0 for each x E R. Then there exists an a E R such

that a a. Consider < a >, the subring of R generated by a. First, note that < a > is finite

and commutative. Also, < a > is semi-simple since, for each x < a >, x- is idcmpotent and

the Jacobson radical of < a > does not contain non-zero idcmpotent elements. Hence, by the

Wcdderbum-Artin theorem, < a > is a direct sum of finitely many Galois fields of characteristic

2, say, < a >= GF(2t’). Clearly, 2t’ l[n- 1 for 1,2,-.-,m and thus t, for
=1

1,2,... ,m since 2- 1 n- 1 for each 2. Hence a a d this is a contradiction.

Therefore if R is a ring of characteristic two such that x x for each x R, then R is boole.

3. A SPECIAL CLASS OF MATRICES.

Let k denote an integer 2. For each such k, define the matrix M to be the matrix with

k columns whose rows are of the form [k t,k- t2,... ,k t], where each t,t,... ,t is a

non-negative integer such that t t2 t and 2tt + 2 + + 2t* 2. Furthermore,
if r [k t,, k t2,’", k t] and r’ [k t, k t,..., k t] are two rows in At, then

r is a above r’ if and only if either k t < k t or k ti k t’, for 1,2,.-. ,m and

k tm+l < k-tin+1.

The following lemma and theorem will give an inductive method for constructing the above

type of matrices.

LEMMA 2. Let k denote an integer 2. Let each of and t,t2,... ,tt denote a nonnegative

integer such that 2tt + 2t +... + 2t’ 2 t, where t t2 tk. Then t_ t.
PROOF. Clearly > ti for 1,2,...,k. om 2t +2t +... +2t* 2t, we obtMn

2t-t* + 2t-t* W W 2t*--t* + 1 2t-t*. Since 2t-t* is even, then at let one of ti tk, 1

k- 1, is zero, say, t t. Then t t which implies that t_ t since tj t_ t.
LEMMA 3. Let k denote an integer 2. If is integer, with 2 k, and if each

of t,t2,... ,tt is a nonnegative integer such that 2*t + 2t +.-. + 2 2, then ti > 0 for all

i, lSiSl.
PROOF. The proof is by induction on k. Let S denote the set such that k 6 S if and only

ilk 2and2tt +2t* +...+2* 2 implies that t, > 0for 1 l, where2 k. For

k 2, the only equation, since 2, is 2tt + 2t 2 and this implies that t t2 1. Thus

2 6 S. Let k 6 S. Next, let 2 l’ k+l d suppose t t t, 0 such that

2t t’ t’ s+ 2 +.-. + 2 ’ 2+. Now, suppose there exits a which is zero. Then either all of the t,
are zero, and thus would be even in that ce or there exists a j such that tj > 0 with t1+
and this would imply that there exists agn even number of t’s equal to zero. Hence, in either

ee, we can group the 2’s in pairs and obtain either (2 + 2) + (2 + 2) +... + (2 + 2) 2TM

or 2t + 2t +... + 2’J + (2 + 2) +... + (2 + 2) 2TM. Since 2 + 2 2, we have either

2 + 2 +.-. + 2 2TM or 2’ + 2’ +-.. + 2’ + 2 +... + 2 2TM and this gives, on dividing

both sides by 2, either 2 + 2 +-.. + 2 2 or 2", - + 2’- +-.. + 2’ -1 + 2 +.-. + 2 2.
Noe that the number of tes on the left in either equation is now k. Hence we have arrived at

a contradiction since k S implies that all of the exponents in either equation must be positive.

Therefore k + 1 S and this completes the induction artment.
COROLLARY 4. M [, 1].
PROOF. For k 2, we consider 2*t +2** 22. From Lemma 2, we have that f t2.

Thus 2*t+ 2 which implies that 1. Since f2 t, we have that 2 1. Hence M2
[- ,,, -,] [2- ,2_ ] [, ].
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THEOREM 5. Suppose M, (’)
[sij ]. Then the rows of M,+ are precisely the rows obtained

() (’) -(’) 1] andfrom the rows of Mk by replacing one entry sii by the 1 x 2 matrix [sij + 1,ii +
following tNs by a suitable rearrangement of the entries.

PROOF. First, we will show that a row obtained from the t row of M, by replacing the entry
s() () -(1 1] is, follwed by suitable rearrgement of the entries, a row in the matrix,i by + 1, + a

() s() -( -() s() .()1 follwed by rearranging the numbersMk+, that is, lsi ,.. i,j_l,ij +1,ii +1, i,i+,""
in cending order will be a row in M+. To see that this is the ce, consider, from the definition

j-

of Mt+, the sum
q=l q=j+l q=l

k k k

+ 2+-’ ,) -,: -t-,<’)
2 2+

definition of M+, we have confirmed what we stated above.

Next, we need to show that each row of M+ is obtMncd from a certain row of M by the
(+) _(+) _(+) iabove described replacement. Let ri lsi ,i ,... ,i,+ be the row of M+. Then,

from the definition of M+ and Lemma 3, 2+-’ and 1 N si N si
f=l

+) (+) -(+) Thus-(+) < -(+) -(+) k + 1i i,+ k. By Lemma 2, k + 1 i ,,+.
k+l k-1

2TM 2t+-’
q=l

k-1 k-1

we thus have that 2
=1

Hence, ter a suitable reagement of the entries, [si ,... ,,_,
(+) (+) (+) 1] () s() s()-(+)--1] will be a row in M, that is, [Sil i,-, i [sa(), ,(_), ,()ik 8

for some p and some peutation a on the set {1,2,... k}.
(+) ()-. -(+) (+)By noting that si ,( + 1 and i si,+l, we c thus conclude that ri is

obtained from thepth-rowofM by replying the entry () (). s(),() by the matrix [s,t)+l ,()+1]
d followed by a stable rearrangement of the entries.

As a result of Corollary 4 and Theorem 5, we c eily exhibit the matrices M. For

example, M2=[1,1],Ma=[1,2,2],M= 2 2 2 2
2 2 2 3 3

LEMMA 6. Let each of m, m d denote a positive integer. Then 2 2m’ rood(2 1)
if d only if m m rood t.

PROOF. Assume m m. Suppose m m rood . Then, m m + kt for some integer k 0.

Thus 2 -2’= 2’+ 2’ 2’(2 1). Now 2 2’ d so 2 2’mod(2- ).
Conversely, suppose 2 2m’ rood(2’ 1). Then 2’- 12 2m’ 2’(2-’- 1). Since god

(2- 1,2’) 1, we thus have that 2

THEOM 7. Let n 2 + 2 +..-+ 2", where k 2, and each mi is a nonnegative
integer. Also, let denote an integer 2. Then 2 ln- 1 if d only if

() _( _(tgcd(m=() +
for some and me permutation a on the set {1,2,..-,
row of M.

PROOF. Suppose there exists a row in M and a permutation a on the set {1,2,-.. ,k}
() () -() d is divisible by the integer t,t >such that gcd (m=() + si ,m=(=) + si ,... ,m=() + i
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() rood for j2. Let q denote a positive integer such that qt > k. Then m(/) qt
1,2,...,k. Hence, by Lemma 6, we have that n 1 2"-(’) +
2’-’ + 2-’ + + 2vt-s 1 rood(2 1). Now, from the definition of the matrices

M, we have that 2-’ + 2- +... + 2-’ 2. Multiplying both sidcs by 2qt- gives
() s()2q’-’)+2’-,, +...+2’-., =2q’.Hencen-l2q’-lmod(2’-l). Since 2’ -ll2q’ -l,

we thus have that 2’ 1In 1.

Next, sume 2- lJn-1, where is an integer 2. Also, suppose n 2m’ + 2’’ +...+ 2m*
_() _()where each mi is a nonnegative integer. We want to show that tlgcd(m(]) +, ,... m() +,

for some permutation a and some row of M. We will proceed by induction on k.

Suppo k 2 and n 2 +2. Let m] mmodt and m2

then 2t+2 <m,m’ _<t Then, byLemma6, n2’+2gmod(2t-1).Ifm #m2,
2*- + 2*-2 1 < 2*- + 2*- 1 2 1 and this is a contradiction since 2 12’ + 2’" 1.

Hence m m and 0 n- 1 2’t+ rood(2- 1). Thus 2’ 12+ 1 which implies
that t]m + 1. Since 1 m + 1 t, we can conclude that m + 1 t. Thus m m2 t- 1 and

conquently m+l m2+l m Omod t. Therefore f]gcd(m+l,m2+l)= gcd(m +s), m2+s22))
from the definition of M2.

roodNow suppose k > 2, n 2t+2*+...+2*, and 2*-l]n-1, where

cannot be all distinct< t- 1 We claim that the numbers mfori=l,2,--, k where0<mi_
For, suppose that they were all distinct. Then 2; +2 +... + 2 1 2*- + 2*-2 + +
2*- 1 < 2 1. Now, by Lemma 6, m m’, rood implies that 2m’ 2: rood(2 1) for

1,2,.- k Thus 9’_ 12; +2 +...+2 1 d this contradicts the above statement that
m’ m’ 22 +2 +... + 2 1 < 1. Hence there exists an e such that m m+]. For convenience,
we will sume e k- 1. Then 2m + 2m +..-+ 2m 1 2
2-t+] 1. Now, by the induction hypothesis there is a pemutation a on the set {1,2,-.. ,k-

(-]) m’ -(-])1} and a row in M_] such that tlgcd(m(]) + s] "" () + + 0 ,... ,m(_]) +
-(-) modt,.., m(_]) m(_]) modt, we thusni,-] where a(j) k- 1. Since m(]) m(])

.(-]) _(-]) _(-])see that tlgcd(m(] + oi ,.--,ma(i) + 1 + i1 ,.-- ,ma(_]) + i,-] Now recalling that
(-) (-) mod we finally obtain thatm_ m implies that m_ + +sil m + l+si1

(-]) _(-) (-]) _(-)tJgcd(ma(])+si ,--- ,m_] +l+n,1 ,m+l+sii ,"" ,ma(k-])+ni,k_] ). This completes
the proof since {m(),. , m_], m,... m(_) is a reangement of {m], m2,--- m and

s] ,-.. s,i_, 1 + i ,1 + ,i .,i+] ,... s is, on being rearranged in cending
order, a certn row of the matrix M which is obtned from the i row of M_ by replying
the j entry by the 1 2 matrix [1 + i 1 + si ])].
4. MAIN RESULT.

THEOREM 8. Let k denote an integer > 2 and let n 2TM + 2"2 +... + 2"*, where each mi

is a nonnegative integer. Also, let C denote the set such that R E C if and only if R is a ring of
characteristic two and x’* x for each x E R. Then the following two statements are equivalent.

1) Each member in C is boolean.
_(k) o(k) _(k)2) gcd(m(1) + nil ,rn(2) + oi2 ,... ,m(,) + ik 1 for each permutation a on the set

() -() o()l in M.{1,2,... ,k} and for each row [si ,ni ,"" ,ik

PROOF. Suppose each member in C is boolean. Then, by Theorem 1, there does not exist

an integer > 2 such that 2t- lln- 1. Hence, by Theorem 7, if > 2, then 9cd(mo() +
s() s() _() _()
i ,".,m(t,)+ it, for each a and each i. Thusgcd(m(])+i] ,... ,m,,(k)+it forcach
and a.

_() _()Conversely, if gcd(rn(]) + ,] ,... m() + *ik 1 for each and a, then, by Theorem 7,
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2 n- 1 for each integer _> 2. Hence, by Theorem 1, R is boolean for each R E C.
5. EXAMPLES ILLUSTRATING THEOREM 8.

LEMMA 9. Let R denote a ring and let z E R such that x x for some integer n _> 2. If

each of h and k is a positive integer such that h _= k mod (n 1), then x t’ x t’.
This result can be obtained easily by induction, see [1].
LEMMA 10. Let R denote a J-ring of characteristic two and suppose n is a positive integer

>_ 2. The following two statements are equivalent.

1) zn x for each z R.

2) x2’-1 x for each x R.
PROOF. Suppose (1) holds. Then (2) is immediate by Lemma 9. Next, suppose z2’-1 x

for each x R. Then x2" x and thus (x + x") x + x2" 0 since R is of characteristic

two. Hence x" x since a J-ring does not contain non-zero nilpotent elements.

THEOREM 11. Let R denote a ring of characteristic two. Suppose each of s and is a

positive integer with s # and gcd(s, t) 1. If x x28 x2t for each x R, then R is boolean.

PROOF. We may assume that s > 1. Then x x2s xxs-1 x2tx23-1 x2t+2s-I
x2(2t -1+28-1)-1 for each x E R. Hence, by Lemma 10, x x2t -1+28 -1

for each x fi R. Now

M2 [1,1] and gcd(t- 1 + 1,s- + 1) gcd(t,s) 1. Consequently, by Theorem 8, we have

that R is boolean.

The following examples illustrate the use of some of the preceding theorems.

EXAMPLE 1. Let R denote a ring of characteristic two such that x595 x for each x fi R.
Since 595 2(298)- 1 and x5 x for each x R is equivMcnt, by Lemma 10, to x298 x

for each x R, we can thus apply our results to x8 x. Now 298 21 + 2 + 25 + 23 Using
t4)the matrix M4 and applying Theorem 8, we obtain 9cd(1 + s

gcd(i + ,8 + 2,5 + 3,3 + 3) gcd(2,10, 8, 6)= 2 # 1. Hence n is not necessarily boolean.

EXAMPLE 2. Let rn denote a nonnegative integer. Let R denote a ring of characteristic

two and suppose x" x for each x E R, where n 2 + 2"+1 + 2’+2. Take M’ [1,2, 2]. Now
gcd(rn + 1,m + 1 + 2, rn + 2 + 2) 1,gcd(rn + 2 + 1, m + 1 + 2, m + 2) 1,and gcd(rn + 1 + 1,m +
2 + 2, rn + 2) gcd(m + 2, rn + 4). Thus, by Theorem 8, R is boolean if gcd(m + 2, m + 4) 1,
that is, if m is odd, and not necessarily boolean if rn is even.
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