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ABSTRACT. Nonlinear convection in a porous medium and rotating about vertical axis is
studied in this paper. An upper bound to the heat flux is calculated by the method initiated first
by Howard (6] for the case of infinite Prandt] number.

For T, < 0(1), the rotational effect is not significant. For 0(1) < T, < 0(v/R logR), the
Nusselt number decreases with increasing T, for a given Rayleigh number R. The flow has
always a finite number of modes, but with increasing T, in this region, the number of modes
decreases. The functional dependence of the Nusselt number on R and T, is found to have
discontinuities as the number of modes N* reduces to N*—1. For 0(vR logR) < T, < O0(R),
the Nusselt number is proportional to % (log -11%) The stabilizing effect of rotation is so strong
that the optimal solution has left with only one horizontal mode. For T, = O(R), the Nusselt
number becomes 0(1) and the convection is inhibited entirely by rotation for T, > # R.

KEY WORDS AND PHRASES. Convection, rotation, nonlinear, porous medium, nonlinear
convection.
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1. INTRODUCTION AND DISCUSSION.

This is a study about nonlinear convecting fluid in a porous medium. We shall study the
influence of Coriolis force on the heat transfer in turbulent convection of a porous layer of fluid
using the upper bound calculation initiated first by Howard [6]. The fluid is assumed to have an
infinite Darcy-Prandtl number and is bounded by two horizontal planes. As a mathematical
model, we consider the Darcy-Oberbeck-Boussinesq equations (hereafter called DOB) for which a
convenient reference is Lapwood [7]. The DOB equations differ from the usual Boussinesq
equations for convection in an ordinary fluid layer (Chandrasekhar [4]) only as the viscous term
V 2u is replaced by — ,%, where «, is the Darcy-permeability coefficient. The velocity u is
defined according to Darcy’s law as an average over the microscale of the porous medium.

Through experimental observation, we find that Darcy’s law is not expected to be valid
above a certain value of the seepage velocity. A universal characterization of this certain value
has not yet been obtained. However, the results obtained by Gupta and Joseph [5] of an
asymptotic analysis (R—o0) using DOB equations for the non-rotating system are in qualitative
agreement with the result of the well known dimensional argument relating the Nusselt number
to the Rayleigh number and also with the experimental datas [5].
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We therefore follow Busse and Joseph [1] and Gupta and Joseph [5] and assume that DOB
equations hold in turbulent regime. We hope that the analysis of the present problem based on
the DOB equations also gives a qualitative picture of the high Rayleigh number convection in a
rotating porous medium.

Malkus (8] suggested that the actual heat transferred by the realized solution is the
maximum possible. Here to produce a solvable problem, we used the strengthened form of the
Malkus principle: the heat transport which actually occurs for large Rayleigh number may be
almost as large as the maximum obtainable using the two so-called power integrals which are
derived from the governing equations or some differential constraints which are more restrictive
than these power integrals. Now regardless of the validity of the Malkus principle, the maximum
heat flux subject to these power integrals or differential constraints gives an upper bound on the
heat transport which actually occurs in the real world and is certainly of interest. It happened
that this upper bound has some agreement with the actual heat transport and in the case of
infinite Prandtl number turbulent convection (Chan [2]) has a very good agreement with the
experimental observation. Thus the Malkus principle perhaps has some similarity with physical
reality, and we find it appropriate to use this method for the study of the present subject. Note
that we cannot expect any close relationship between the maximizing fields of velocity and
temperature to those which actually occur. For example, real convection is time dependent,
whereas time disappears completely from our maximizing problem. The Darcy-Prandtl number,
which is very large in practice, is taken to be infinity in the present problem. The fact that the
Darcy-Prandtl number is very large for natural materials means that thermally driven motion in
porous material will ordinarily be very slow motion compared to the corresponding one in
ordinary fluid layer.

The main purpose of studying the present problem is to develop a simple variational method
to obtain at least some qualitative results from the maximizing nonlinear convecting fluid in a
rotating porous medium, to compare the qualitative multi modal results of the present study
with the corresponding one in ordinary convection (Chan [3]) which gave a rather unexpected
behavior of the horizontal modes, and to develop a mathematical model for a possible application
in fluid mechanics.

Chan [3], considered the corresponding problem in ordinary convection with free-free
boundaries and found that for T, < O(R), the flow is essentially non-rotating and there is only
one single mode in the system. However, for 0(R) < T, < 0(R*/®), the fluid has finitely many
modes, though the total number of modes increases as T, increases in this region, and for
O(R*/?) < T, < 0(R*?) the maximizing flow has infinitely many modes. But, heat flux decreases
in O(R) < T, < O(R%?) as T, increases for a given R. This behavior of the ordinary maximizing
flow has been discussed in detail by Chan, although he also feels that if the effect of a rotational
constraint is to suppress convection, the stronger the rotation, the more it will tend to suppress
small eddies, and therefore the less number of modes allowed. But he noted that this
contradiction to his asymptotic result can be easily resolved by saying that the number of modes
is allowed to increase indefinitely in its effort to remove the rotational constraint, although the
heat flux is still less than its non-rotating value. In our present problem with a porous layer of
fluid, we find that for T, <« 0(1), the stabilizing effect of rotation is so weak that the fluid acts as
in the non-rotating system. There are essentially infinitely many modes associated with small
scales of motion (or eddies). The Nusselt number increases as the Rayleigh number increases.

Gupta and Joseph [5] used a less formal method to find multi-wave number solutions in non-
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rotating system and obtained the same qualitative results to the leading order terms. However,
in their result for the Nusselt number, they obtained a different proportionality constant from
ours. One reason for this difference is that they did not use a formal multiple-boundary layer
method to solve the problem and similar to Chan [2] they obtained the Euler equations after they
simplified the expression (2.11) below by using (5.10) and (5.21). For 0(1) « T, < O(R), the
external constraint (rotation) tends to stabilize the flow. As T, increases in this range, the
rotation tends to suppress the small eddies and therefore the number of modes decreases. The
flow has always a finite number of modes. The Nusselt number drops sharply at certain values of
T, in which the number of modes N* reduces to N* —1, except for N* =2 in which the
functional dependence of the Nusselt number on R and T, is continuous. The heat flux is always
less than its non-rotating value in the entire range 0(1) < T, < O(R). The qualitative picture of
the modes in a porous medium is therefore different from the case in which we have an ordinary
fluid.

Porous medium probably was important to present this difference, although one may expect
that our qualitative results should also hold in ordinary convection.

In section 2, the basic equations are derived. The instability analysis as was needed partly
for the latter sections is done briefly in section 3, and finally the boundary layer analysis for a
single and for many modes is done in sections 4 and 5 respectively.

2. FORMULATION OF THE PROBLEM.

We consider a horizontally infinite layer of fluid of depth d, bounded above and below. The
upper and lower surfaces are maintained at temperatures T and Ty + AT respectively. The
fluid is rotating about the vertical with angular velocity Q. It is convenient to use non-
dimensional variables in which length, velocities, time, and temperature are scaled respectively
by d,%, d?z, and AT. Here K is the thermal diffusivity. Then, absorbing the centrifugal force
into the pressure term, and with the usual DOB equations that the density variations are taken

into account only in the buoyancy term, the basic equations are:

B{:ii—’t‘+g-Vy_}+%(I_{xy)= ~ VP+RTK —u, 2.1)
V.u =0, (2.2)
dI* 4y . VT = Vo, (2.3)

ovroce Av

Here u = (u,v,w) is the velocity vector, T* is the temperaturc crcess Sver To, T is the deviation
of T* from its horizontal average T *, and P is the deviation of the modified pressure from the

-1 _

hydrostatic value appropriate to T *, also K is the unit vector in j-direction, B~'= %2? is the
Prandtl-Darcy number, E = Q'I’(.—l is the Ekman number, R = gik—;ré—T is the Rayleigh number,
where K is the Darcy-permeability coefficient, g is the acceleration due to gravity, and « is the
coefficient of thermal expansion. The equations (2.1)-(2.3) differ from the Boussinesq equations
for convection in an ordinary fluid layer only in so far as the term V2 u is replaced by —u.
The upper bound method assumes that the flow is statistically steady in time and homogeneous
in horizontal planes, and various functions describing the flow exist and are bounded.

Following previous workers, we rewrite the following power integrals:

<|u|®>=R<WT>, (2.4)

dT::W-l— <WT >,

I
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<WT> + <WT>?— <WT?> =< |VT|?>, (2.5)

which are derived from (2.1)-(2.3) [1]. Bar denotes horizontal averages, and angle brackets
denote a further vertical averaging over the whole layer. It follows that the Nusselt number N,

which measures the ratio of the actual heat transfer to that achieved simply by conduction, is

N=1+ <WT>. (2.6)

Although (2.4) was used in place of (2.1) by Busse and Joseph [1], we shall not use it here, but
rather follow Gupta and Joseph (5] in using (2.1) in the linear form

% (K xu)= - VP+RTK ~u, 2.7)

which is obtained by setting B = 0 in (2.1). The physically appropriate value B = 0 follows from
extraordinarily small values of the permeability coefficient K, in porous material: in sand,
K, =0 (1078 cm? in very porous fiber met@.ls K, =0(10"%) cm?.

We shall be concerned with the problem of maximizing N =1+ < WT > subject to the
constraints (2.2), (2.5), and (2.7). Eliminating P,u, and v while introducing the vertical

component of vorticity x = g—z - d—;, we obtain

V- RV’T+E3—- (2.8)
_X+%%w=o, (2.9)

where V2= 9%/0z% + 0*/3y®. We shall scale our dependent variables again so that

-y 1 1
w=<WT> R 2W,0=<WT> 2R’TZ 2<WT> 7R 2 Ex. (2.10)
This converts the problem to the one of maximizing
1-R'<|V8|*>
N-1=<WT> = — .
< > <> (2.11)
subject to the integral constraint
<wd>-1=0 (2.12)
and the differential equation constraints
Vi- Vvie+T,Z =0, 4=z (T, = 4/E). (2.13)
Boundary conditions are
w=0=V¥=0atz=0,1. (2.19)

Here V%0 = 0 arises as a natural boundary condition.

Euler equations for the maximization problem are obtained by introducing the Lagrange
constant multiplier ); multiplier functions ¢'(z,y,z), and P'(z,y,z), and maximizing the
functional G where

G=N-1422<wh—1> +2 <¢(Viw- VB+T, ) 12< P(-Z +92)>.

The equations obtained by considering variations of §,w and Z are respectively

}Qv’o Vig+(N =11 —wh) w+ dw =0, (2.15)
V-9 (N-1)1-wB)6+r0 =0, (2.16)
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_p_ Tazr (2.17)

where we defined (A, P,q) = < (1-W8)?> (), P'.q"). We thus have to solve (2.13) and (2.15)-
(2.17). Also it can be easily shown that %S A <1 and so must always be an 0(1) quantity. We
may eliminate, P, ¢ between (2.15)-(2.17) to obtain:

: d’ VH+(1- N—" - ?V‘_ V=0, (21
We thelgazsuglza dZ )[(N ) +(1 w0+ )ﬂ] 1 w0+ ) ( 8)
w= n Y (2)¢n(z,y).0 = ),:139.,(2 )Balz.y).Z = %I Z , (2)8a(2, ) (2.19)

where ¢, can be solution of the equation

V§¢n(z, y) = _a31¢n(17 y) (220)

for some horizontal wave number «,. Functions with different wave numbers are naturally

orthogonal, and we shall choose to make the functions orthonormal, so that

¢"¢m = 6""" (2’21)
This separation of variables leads us to the system of nonlinear ordinary differential equations.
d*_ 3 2 dZn _

( 4 a,,)w,, +a28,+T, 42—, (2.22)
dw, 5

o= Z . (2.23)

[(d—z—a2)+T d—z] —l—(-‘ﬁ—az)o +[1—G§+—)‘——]w (2.24)

d:* " 2d22]|(N-1)R\dz2 ") ™" N-1]""

-aﬁ[l—m+w-)*_-f]9,,=0.

We shall solve (2.22) - (2.24) in Sections 4 and 5 using boundary layer approximation.
3. LINEAR ANALYSIS.

The classical results of linear instability in an ordinary fluid (Chandrasekhar [4]) are well
known. The present section is a brief extension in a porous layer. Considering an infinite
horizontal layer of fluid with the governing equations (2.1) - (2.3) in which a steady adverse
temperature gradient is maintained and let there be no motion in the initial stage. We assume
then that the initial state be slightly perturbed. Let u denote the velocity in the perturbed state
and the altered temperature be T, + 6, where T, is the initial temperature. Ignoring terms of the

second and higher orders in the perturbations, we obtain:

B%—’;——VP+ROI_{—Q +Zu XK, (3.1)
%=w+ v 26, (3.2)
V- =0. (3.3)

By taking the curl of (3.1) and the curl of the curl of (3.1) and considering their vertical

components respectively, we obtain:

0Z _ _7 20w

dw)_ w2, 20Z
BVZ(W)_RV% vio-$9Z, (3.5)

z
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where w and Z are the vertical components of velocity and vorticity respectively. To find the
solutions of (3.2) and (3.4) - (3.5) with the boundary conditions
w=0=V¥%=0 at z=0,1, (3.6)

we assume the functions, w, 8, Z are in the form

(0,8,Z) = [W(2). H(2), Z(2)] exp [tz + apy) + o], 3.7

where a = /a + o} is the wave number of the disturbance and o is a constant. Using (3.7) in
(3.2), (3.4) - (3.6), and set o = 0 (marginal state of instability), we obtain
(D*—a*)H+W =0,Z =% DW,(D* -’ )W +% DZ +a’R H =0, (3.8)
where D = j—z Eliminating H and Z, we obtain
(D* - o*)(D? - a* + T ,D*)W = Ra’W. (3.9)
(3.9) has to be solved subject to the boundary conditions

W=DW =0at z=0,1. (3.10)

The proper solution for W is
W =ASinnnz, (3.11)

where n is an integer and A is a constant. Using (3.11) in (3.9), we find the lowest value of R

occurs when n = 1. Thus
R= # [(x® + @?) (7 + a® + 7*Ta)]. (3.12)

R attains its minimum R, = n*(1+ /T+1,)* when a = 7*\/T+ T, As T,—00, we obtain the
asymptotic forms
R, - 7T, o — /T, (3.13)

We now consider the case when o # 0, assumed o is pure imaginary and seek the conditions
for such solutions to exist (We assume also that B #0 and T, #0). We then find from (3.2),
(3.4) - (3.7) that an overstability cannot occur if

3-2/2 3+2v2
ﬂ'zTa < B < TT"‘. (314)

For the particular cases B =0 or T, = 0, it can be easily shown that overstability never occurs.
We shall consider the nonlinear analysis in the next section. The Rayleigh number R and
the Nusselt number N are supposed to be large and the solutions will be obtained for different
ranges of T, in (R,T,) plane.
4. SINGLE WAVE NUMBER SOLUTION.
(a) T,=0.
The solution for this case is of course that of Gupta and Joseph. The wave number q, is
supposed to be large, as can be justified a posterior. We have to solve the following equations

and boundary conditions:

2
(fz—,— af) w; + a2, =0, (4.1)
dw, =
??1 = Z 1 (42)

(ﬁ_ag){m(ﬁg_ag)o,+[1_J+NA__I}91}- A[1-F+ghqlo =0 @43
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_ 4%

T dz?

wy =6, =0 at z2=0,1. (4.4)
We shall obtain the solutions for w,,6,, and 7, by considering three distinct regions; the
interior, the intermediate layer, and the inner layer.

In the interior we assume z is 0(1). Then (4.1) - (4.3) reduce to the following equations:

2
dw, —af

w; =6, —d';=21» W01+(1_w101)(w1+01)=0' (4.5)

We then assume that o? <« NR as R, N and o, go to infinity. Thus, we get the following
results;

w=0,=1Z,=0. (4.6)

Near each surface and adjacent to the interior, there are intermediate layers of thickness 0(a; !).

Defining an appropriate variables { = a,z for the lower of these layers (the upper layer is

similar), the governing equations are

2 = d
(di{—f-—l)w,+01 =0, wo, =1, Z, =a,—é‘?. (4.7)
The governing equation for w, is
J?
d_?zl"“’l"‘w%:ow (4.8)

and we should require w,—1 as {—oo. We also require w;—0 as {—0, and the asymptotic form

of w; as £€—0 is readily found to be

1
w = V2 (log F, (49)
and similarly

8, ~ 715 ' ‘(zog %)‘%, Z,~V32 a,(log %)% (4.10)

There has to be one further layer in which 6, is brought to its zero boundary value. We suppose
that this inner layer is of thickness € < a; ', and define as the appropriate independent variable

n = z/e. We first determine the matching conditions as —oo. We define

w=Co,, 6,=C-'9, Z,=LZ, (4.11)

where &,,8,, and Z, are order one quantities. We have also assumed that w,; ~ 0(1) in this

region, then
1 1
Co,(n—o0) > V2 € (loy %)’ =v2 ajen (109 a}gﬁ)f

= 1
LZ,(p—o0) >~ 2 al(log ﬁﬁ)i’

which give
1 1
C=v2ae (Iog %)7, L=2 al(log #)ﬁ, (4.12)
Dy(n—00) 1, By(n—00) ™", Zy(n—o0) > 1. (413)

The governing equations (3.1) - (3.3) therefore reduce to

&% 5 _do @ _ 5015
= 5= Frae o = @h-Da 1
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which predicts that the thickness of the inner layer that must satisfy the equation

2NRe'a? (Iog ol )= 1. (4.15)
The solutions are:
Sy=n Z,=1, 5.=%n fé.e‘%"z' (1-:’)‘*4:. (4-16)
For the constraint (2.11), we calculate the approximate expressions for

<|V8|*> = <a? 0¥+(‘%)2> ~al+ C,<(dgo—) >,
<(1—wh)?> ~2 <(1-3,8,)*>. Using these expressions, (4.12), and (4.15) in (2.11), we
obtain .
Reot+——L — 1= 15 (1-78)dn=2771%3/4) ~ 1.062 (4.17)
ale*(log o)
(Gupta and Joseph [3]).
From (4.15) and (4.17), we obtain

N % (})4/3 ( )1/3 (Ra})' (1 - a}/R)*/? (Iog %)1/3, (4.18)
e~ (313 (Rad) " (1 - al/R) "2 (log &) (4.19)

Then if N is maximized with respect to a,, maximum value is
N~ (%)‘/3 (%)5/3 (3)1/3 R*P (log R)'?, (4.20)

attained when
o, = (R/5)'2.

® T,<01)

Rotational effects do not become significant for T, < 0(1) but can initially be regarded as
small perturbations to the previous solution. Our previous solution for Z ; shows that the term
djz—' in (2.23) first becomes significant in the intermediate layer when T, becomes 0(1). Hence

rotational effects are unimportant so long as T, < 0(1).

() T.=0(1)
The governing equations and boundary conditions are
(f—; al)w,+a, 0,+T, %Z—l— (4.21)
-1, (422)

2 2 2
[t o) o (o) o (1 )

=at(1-w 6+ 521) 0, (823)
w,=6,= ‘fioz—Oatz—Ol (4.24)

We shall consider the same regions and use the same notation and assumptions as in (a). In the
interior (4.21) - (4.23) reduce to (4.5) and the solutions (4.6) are then obtained.
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In the intermediate layer, the governing equations become

(dég? ) w, +0,+T, dd‘g’z‘ =0, (4.25)
dv, -
ay _(E =2 1 Wi 01 = (426)
The equation for w; is d*w
(14T wy =0, (4.27)
and we require w;—1 as é—00 and w,—0 as {—=0. The asymptotic form of w, as {0 is
2 ( 1\
wy = J2 € (log —)i, (4.28)
and similarly ' 1+7T, ¢
1+T, ,_ S R, 1
ﬂ:d_?_glgmaz,Zﬁ”%%ﬁmOW%y (4.29)
In the inner layer we obtain easily the following results
1 1
C = [ e (log a%)ﬁ L=\ o (Iog a%)f (4.30)
d (4.13), (4.14), and (4.16) are obtained easily. Clearly the expressions for € and N are
Nx(14T,) 13 (%)( )"“ (Ra?)'/3 (1 - o?/R)? (%,)“’” (Iog %)"3, (4.31)
1/3 2-1/3 2/p\=1/3 1/3 R\-/3
e~ (3I)'° (Ra}) (1-ai/R) 1+7T,) " |log a; (4.32)
Then if N is maximized with respect to a,, the maximum value is
- 24/3 1 5/3 l 1/3 1 1/3 2/3 1/3
N~ ( I) (-5-) 1 (1—+—T-) R (log R) (4.33)
attained when
o, = (R/5)'/2 (4.34)

@ 0(1)<T,<0[VRIogR]

The governing equations are (4.21) - (4.23) with boundary conditions (4.24). We shall
obtain the solutions for wy,8;, and Z, by considering three distinct regions: the interior, the
intermediate layer, and the inner layer. In the interior, we assume z is 0(1). Then (4.21) - (4.23)
reduce to the following equations

T dZ
—w 46, = dzl =0, (4.35)
dw;
a4z - =27, (N ) 01 (wy 6 —1)(w; +6y). (4.36)
We define
- 1Y _ = e 4 f4_am
Wy Aw1,01=i91,Z,=KZ1, 4.37)\

where & 1,'; 1, and ?1 are order one quantities.
the regions, o} < NR, and 0(1) < T, < 0(e?). Then (4.35) - (4.36) reduce to

~ do

=0,0,0,=1, dz

-7 ,A=K=1.

Thus, we get the following results:

We have also assumed that w8, ~ 0(1) in all

(4.38)
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=9,=17,=0 (4.39)
In the intermediate layer of thickness §, = (T,—‘;’, we define the layer variable to be £ where
€ =:/5,, %«6, <1, (4.40)
and define
w, =B &b =§6.Z,=KZ, (4.41)
where [b,,b,. and Z | are order one quantities, then
B &,(é—00) =1, K,Z,(£—00) = 0. (4.42)
The governing equations reduce to
—w, 48, +ddZ€' -0, ‘%“2— 2, o0, =1. (4.43)
We also obtain
B=1K, = 77.- (4.44)
The asymptotic solutions as {—oco are
O ~V2E (Iog E) 0, =wy Z, (Iog f) (4.45)

In the inner layer of thickness ¢ < a;"!, we define the appropriate variable layer as n = z/e. We

first determine the matching conditions as n—oo. We define

w; =Cidy, 8, = é 0,Z2,=1L3Z2, (4.46)
where al,i, and Z, are order on quantities. Then
- 1 ]
Cwl(r)—boo) ~ \/i ¢ (log %) = \/i (2313 ,7 (log r\/{;—;}‘

\/_al(

LZ (n—o0) ~ (109 £> log Wéﬁ)ﬁ

T, a6 (log aﬁle'zﬁ L= ‘/7—2:; a, (Iog %-;)%. (4.47)

@y(n—00) = 1, By(n—00) = §, Zy(n—00) 1. (4.48)

which give

The governing equations (4.21) - (4.32) therefore reduce to

dZ do d0
=052 s =05 s

which predicts that the thickness of the inner layer must satisfy the equation

2NReole! (Iog %IT;) =T, (4.50)

The solutions are the same as the inner layer solutions in previous cases. For the constraint
(2.11), we calculate the approximate expressions for

2 = \2
<(1-wh)?> ~2 <(1-&,8,)?>. Using these expressions, (4.47), and (4.50) into (2.11), we
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obtain IT,
R~al+ , (4.51)
ea? (Iog a,ea)
where I is defined in (4.17). From (4.50) and (4.51), we obtain
61Ta 1/3( Ql) 1/3 T Rz -1/3
[pas (W) 1- —E Iog 1 , (452)
/3 4/3 2\1/3
~ a3 (1)/3 ( Rad)' ( 01) R
N=~@I)" (3) (T— 1-%)" (tos 723 (4.53)
The maximizing value of N is attained when ,
1/3 ( R2\1/3 (1\5/3
N~ @D)8 (3) (%) (%) (4)*3 (log R)'3, (4.54)
1
a, = (R/5). (4.55)
(4.54), our assumptions € < Ot%’ and 0(1) € T, < 0(c?) give
0(1) « T, < 0(v/R log R). (4.56)

The Nusselt number has the same form as (4.33) in both ranges T, < 0(1) and (4.56). We note
also that rotation acts to decrease N over its non-rotating value for fixed and large values of R.

() O(VRlog R) < T, < XR).

The governing equations are (4.21) - (4.23) with boundary conditions (4.24).

We shall obtain the solutions for w,,8,, and Z, by considering two distinct regions, the
interior and the inner layer.

In the interior we expect w,8, = 1. Then (4.21) - (4.23) reduce to the following equations:

2
( ’i,—l)w,w, =0, %’w—l Z,, (4.57)
wb =1, (4.58)
Where we defined K = (1 + T,)/c?. (4.59)

Thus we get the following asymptotic results near z = 0:
1 _ 1
wy ™~ \/% z (Iog %)5, Z,~ \/% (log %)5,6‘l ~ w% (4.60)

There has to be an inner layer in which 01 is brought to its zero boundary value. We suppose
that this inner layer is of thickness a; ! <« € < 1, and define as the appropriate independent
variable z, = z/e. We first determine the matching conditions as z,—00. We define

w,=Ca, 6,=%8,Z,=12, (4.61)

where ©,,8, and Z, are order one quantities. We have also assumed that w0, ~ 0(1) in this

co o2 o (100 LY
@y(zy—00) ~ i €2\ log e P
Lz ~ 2 (1og L-F

1(21—00) =~ K \'%9ezx [

region, then

which give
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c= B (tog LP.L = /2 (1og L. (4.62)

By(5—00) = 2, B,(z,—00) > L, Z,(2,00) > 1. (4.63)

The governing equations (4.21) - (4.23) therefore reduce to

o~ 2~ —_ — -~
dw, Ta d Wy ~ Q‘ 0 + (1 - wlol)al = 0, (464)

HETy @ @ =% NRe

which predicts that the thickness of the inner layer must satisfy the equation

2N Re(logl)= Kok, (4.65)
Assuming a,e < /T, we obtain (4.66)
0, =z,/(1+23). (4.67)
We now calculate the appropriate expressions
SERZIEES 2"16 o B deg, (4.68a)
<(1—whP> ~2 [*(1-3,8,) dz,. (4.68b)
where °
[o8dzy =% [ (1-5,8,)dz, =T. (4.69)
0 4 4
Using (4.68) - (4.70) in (2.11) and with (4.65), we obtain
T -1
exEp (log 75—) : (4.70)
N~L R (zog £ (4.71)

The expressions for N and ¢ are both independent of the wave number a,. Now from our

previous assumptions € < 1,a,6 € 1, and (4.66), we obtain

7}% log (TI‘Z:) <y <L WR: log (7}‘2:)7 T, < O(R). (4.72)

The range of the validity of the solutions for this case is limited to

0(vVR log R) < T, < O(R). (4.73)

The functional dependence of the Nusselt number on R and T, is continuous, and is equal to vR
as T,—0(V/R log R) in both ranges (4.56) and (4.73). As T,—0(R), the Nusselt number is no
longer large and it approaches value one. However, by the result obtained in Section 3, the fluid
is stable for R < 7T,

5. MULTI WAVES SOLUTIONS:

a.  Rotational effects are unimportant [T, < 0(1)}

The boundary layer structure for this case is essentially that of the non-rotating case (Gupta
and Joseph [5]) to the leading order terms.

We shall consider three regions for each mode; the interior, the intermediate layer, and the
inner layer. We coincide the interior of the a, mode with the extent of the inner layer of the
a,_, mode. The coupling among the different modes occurs only between the nth and the
(n — 1)th mode and only in the (n — 1)th mode. We define a‘—” as the thickness of the intermediate
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layer in the nth mode and 4, as the thickness of the inner layer in the same mode. We also

define

60 =1, (5.1)
and assume
a,—, 8, 1 K n ;< 8, _, as R—oo. (5.2)
In the interior of the a,, mode, we define
Wn = An w n (Cn— l)wgn = ;41— 0 n(Cn—l)*Zn = I\'n 2 n ((n— l)' (53)
where @ ,, ) m 2 o are order one quantities and (,_,; = . is the boundary layer variable for

the (n — 1)th mode. The basic equations (2.22) - (2.23) then become
1~ T,K, dZ,

—ZU,,+A—3‘ ] nt e T d(,,_,zo' (5.4)
- A, d"f’_ﬂ =6, K,Z,, (5.5)
which suggest that n-1
Kb, 1= A, (5.6)
—m,,+1;27,\+a2§%“'_1 a%f—f;:& (5.7)
Assuming
T, < 0(1) (5.8)
and using (5.2), we obtain
T,<a?é2_,, (5.9)
and so (5.7) gives
A, =1, ¥,=0, (5.10)
In the intermediate layer of the a, mode, we define
= Bobnla): bn =g Oul&a) 2= LZA(E,), (5.11)

where &,,,8,,, %, are order one quantities and £, = a,z is the intermediate layer variable for the

nth mode. Since there is no coupling between the modes in this layer; the equation (2.24) gives

—&.8,=0, (5.12)
provided we assume
ol < NRBZ. (5.13)

The equations (2.22) - (2.23) in this layer become

42 T,L, dZ,
(d_sz‘ 1) 51t o, O, - (5:14)
dw,, _ P
o, Bn d—En = Ln Z", (515)
which suggest that
L,=a,B,. (5.16)

Using (5.8) and (5.16) in (5.14) - (5.15), we obtain

(-‘1—22——1>a;,,+é,,=0, (5.17)
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do, s
T =2n (5.18)
B,=1. (5.19)

The form of the solutions to (5.12), (5.17) - (5.18) as £,—0 can be found, after imposing the
requirement that w,—0, to be

On V26, (log f..)i 9, I.}‘ 5, ~ (log L )7 (5.20)
An expression for 1 —F w, 8, in various regions is needed for discussing the inner layer. It is

0 for z~0(a;")
1-Tw. 0, = _ - (5.21)
1- On((u)on(Cn) - m n+ l((n)o n+ l((n) fOl' 2 0(6n)

In the inner layer of the a,, mode, we define
W= Co@u(Cal 0= 8.Ca), Z0=M.Z,(C), (5.22)

where @ ,,,’5 ,,,E . are order one quantities and (, =f— is the inner layer variable of the nth
n
mode. Matching conditions are

Cnan(Cn_’oo) ~ \/5 ananCn (IOg m]z")i

13 1 1 1 \-3
&7 0neamo0) = s o (lo9 agr)

M, Z.(Gmo0) = VE o (log ;,—g—()f

which give
1
C.=V2 b, (log ﬁ_)f (5.23a)

M,=V3a, (log ﬁ)% (5.23b)

Bl(a—00) 2 (y B,(Ca—00) Ay Z,(Cpr00) > 1. (5.23¢)

e

The governing equations (2.22) - (2.24) then become

&6, _ 5 _d0,

el =T (5.24a,b)

z ‘fi(T+2NR 03,64 (1og L) (1-8,0, - 0 8 4a) =0.

~

In this layer, we should also consider the functions @ ,, ;1,8 ,, ., and we have

2
%41y

“NR 6 ,,+l+(1—5,,3,,—25"+l 0 n+l)mn+l =0,

dN n+1 — Z =fér . (5-258,1))

C” n+ lvaj
Assuming the total number of the horizontal wave numbers is N*, then for n # N*, () ne1 #0,
and (5.24b) - (5.25a) give

2
‘ZC", +2adad,, 68 (tog ) 2, =0, (5.26)
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which suggest that

2alal,, 8 (Iog 015 )= a, (5.27)

n“n

where a = 0(1) is a constant, and will be determined later. Thus (5.26) reduces to

a8,
satisfying the boundary condition
8,,(0) = 0. (5.29)

For n# N* then as [} n+1 decreases to zero, () . must merge with 1 —3,8, =0 which is the
leading order term of (5.24b).
Now (5.24a) gives

Gn=Cn' anl n=1,~~,N*. (530)
Using the transformation 5,, =a' g ¢,=a""* yand (5.29) in (5.28), we obtain
d%g
SZ4n=0, 5.31)
d712 n (
g(0) = 0, and merging with g(n) = ,1—7 (5.32)
For n = N*§ n+1 =0 and (5.25a,b) always satisfied, (5.24) then suggests that
4 2 1 -
2N R64.al, (Iog a 5N~) =a,, (5.33)

where @, = 0(1) is a constant, and will be determined later. Thus (5.24b) reduces to
PN

0\ ~
—-tay (1= (e ye) (=0, (5.34)
dCN.
satisfying the boundary conditions
8,=(0) =0, 8 yu(ye—00) = C;lv" (5.35)

Using the transformation (. = al’,,‘/4 and §N. =al/* f in (5.34) - (5.35), we obtain

f%’: +(1=nfin=0, (5.36)
£(0) =0 and f(co) ~ %
The solution to (5.36) is
f)=4n oAt (1)1t (5.37)

To evaluate the expression (2.11), we write the expression <1V 61?2 > and < (1 —wf)? > to the

leading order terms as:
*

N ~ 912
<|VoI*> ~ Y 2a§-%<9§> +%
1 g?,(logﬁ)

'(gY'l<(l_<nan_’§3l+l)2>’

n

<(1-whp> ~2

e

where we define

~

6n:gn/anv <’53.> 2%, 0N‘+IEO'
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Using these expressions in (2.11), we obtain

N* a1
1 2901 _72 a, <48
1- 20} §oz} <Fh> + S
NN R Z1:|: a"_] Og l/gn):| ON‘
- Nta,. o~ .
2 ; T A< (-8, -T2,

(5.38)

Q)

N*

Q

To maximize N with respect to the wave numbers a,, we must first determine a,, and g,, and in

order to determine them, it is appropriate to write

<|V8|?> ~0(R).

Hence 1
alg._1~Ra,_,, an:Rgi(logm) n=1,-.-,N* (5.39)
Now since gﬂ L = g — l & - - - <1, it follows that
aye.
N x gg_. (5.40)
Solving (5.39), we obtain
1-l.z3-n+1 n=1 1 }-akK-n
a,=b, R 2 II (log y;)s , (5.41)
K=1
3n 1 n-1 n—=1 1 _1.3}\' -1
g3 (Iog ?T.)1 H (log y;) 6" =R 2 (5.42)

where we define l'I =1 and b, is a constant independent of R to be determined later. We note
that another consta.nt factor can be included in the right hand side of (5.42), but since it changes
the inner layer thickness by a constant factor which can be shown to be of no consequence, can
be eliminated there. Using (5.41) - (5.42), we have

a2 g2=l=02571, R,

n n -n-
a, = bR, a—-‘b 1 p-1+43~ H (l"gyli(')_sk 1‘
ilogy—) K=1

where we define b, = 1.

Let us now define
N* — ~
—}:(b,,<0£?> +282b,_,7'<62>)
Ky = N* — — (5.43)

2% byl gy @< (-G -Fh>

Then

. N .
-N K-N"-1
Nyo =K .R'"3 I 1 (log &F - (5.44)

Fixing N*, the N max can be obtained if we maximize K .. Now from (5.27), (5.33), (5.44),
and (5.41) - (5.42), we obtain

a=2b3|+l bn—zv

a; =2 K. b2
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7 21\ 21\ v -1
~ (%) 2, ,,)-1
6, z(—b:l> 9 Cn =(T+l) Z.

Using (5.45) in (5.43) and the fact that LK rl— (a8, we obtain

Thus

(5.45)

N*-1 b
1-b2 ZI: [b,,(zb,,+, T3¢ (—,,) > 48 (2, 0" 2<(1—ng)>}-bN.(2KN.b§3)3/“<(‘—:{,)2>
Wt <(1-nf)?> (2K ybgd) =M (5.46)

f;{(‘;—g) +% (1- ny)}fn =3p f(;‘“[(%%) +(1- nf)’}dn =1, (5.47)

then (5.46) becomes:

N*

Defining:

21K b1 =168 2 (2b w1/b) 2 b2 (5.48)

Maximizing K .. with respect to b, gives us the followmg relations
\/i b =38 b:;/z by 3/2~

(B34 o/BF = 3(82/bu_ )% 2<n < N~ 1 (5.49)

V2 188 b2 b2 = 2%/ 1 K31
Solving (5.49), we obtain
b2 23V -1)=1,

1 -n 1-3~" n
by yy = 3242 +1)(3£/?) B3 1<n < NF -1 (5.50)

Thus
K..—9-1/3 (})4/3(18ﬂ)4/3 32A,~_1:.+3_N'+1 (
N* T

g

_a—-N% - N%)
)’“ 3 p22-3 (5.51a)

*

N v
Ny-=Ky RV ] (log ﬁ)”‘ N (5.51b)

Using (5.42), we can rewrite (5.51b) in the following form

* * - -N* - - N*
Ny.=2- 1/3( ) (18B)/3 32N _ 133+3—N +1(_§/_ﬂ'2')2(1 3 )(2.3,\, _q)-2+3 N
(5.52)
R (log REC-2T") (%)%(1_3—»:-) 3mHeNT 14T

Choosing N* such that N n+ > N, for all i # N*, keeping R large but fixed and assuming N* will

be large and treat it as a continuous variable, we obtain

N*= 503 (log log R + log 2), (5.53)
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and we finally obtain the expression for N as

N:(%)Ua(}_i)zla (%)3_u/12& (5.54)

where I =1.062 ([5]) and 38 = 29(-] (6)'/* (see appendix for morc detail of the numerical values of
B). The solution (5.54) has the same functional dependence on R as in the non-rotational
problem to the leading order terms.

b.  Rotation is important [0(1) < T, < O(VR log R)].

The boundary layer structure in this region is similar to the one discussed in case (a). We
consider three regions for each mode, the interior, the intermediate layer, and the inner layer.
We define “a‘T’iﬁ as the thickness of the intermediate layer in the nth mode and §é, as the thickness

of the inner layer in the same mode. We also define (5.1) and assume

VT

a,—00, §,_; < o, < 6,_, as R—o0 (5.55)

In the interior of the o, mode, we define (5.3), where & ,,,'5 ,_,? . are order one quantities
and (,_, = ﬁ is the boundary layer variable for the (n —1)th mode. The basic equations
(2.22) - (2.23) then become (5.4) - (5.5) which suggest (5.6) - (5.7). Using (5.55), we obtain
(5.10).

In the intermediate layer of the a, mode, we define (5.11), where &,,,5,,,2,, are order one
quantities and ¢, = z//T,/a,, is the intermediate layer variable for the nth mode. Since there is
no coupling between the modes in this layer, the equation (2.24) gives (5.12), if we assume (5.13).

We also assume that

&< 1,‘/? <1 (5.56)
The equations (2.22) - (2.23) in this layer become
o 41§ LaVTe 42, _
_wn+§£0"+ a.B. K_O, (5.57a)
o,B, ‘;‘Z" — VT L2, (5.5Tb)

which suggest that
L,=0,B,/VT, (5.58)
Using (5.58) in (5.57), we obtain

—o, 48, + %% =0, %‘? -2, (5.59)
B,=1. (5.59b)

The form of the solutions to (5.12) and (5.59a) as §,—0 can be found, after imposing the
requirement that w,—0, to be (5.20). The appropriate expression for 1 - % w, 6, is

0 for z ~ 0(\/T,/a,)

1-Pwb,= ~ ~
1- Gn (Cn) 0" (Cu) -w n+l((n) L n+1 (Cn) fOl‘ zx 0(613)

where &,,,0,, are the solutions in the inner layer.

In the inner layer of the a, mode, we define (5.22), where &,,8,,Z, are order one quantities
and ¢, = z/6, is the inner layer variable of the nth mode. Matching conditions yield
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C, T— a,é (log c\rﬂ; (5.60a)

1
M, = 72_ a, (Iog ;/?)’ (5.60b)
Bn((a—00) 2 (o B,(Cu—00) = ci‘ Z(Cpmr00) =~ 1. (5.60¢)

The governing equations (2.22) - (2.24) then reduce to

=0 =2 (5.61a)
T, ‘fig" + ZNRQZ 62 (IOg ——;/7;;) (1- O,ﬁ" - n+1/bl nt I)G}n =0. (561b)

In this layer, one should also consider the functions & ,, 1,’5 n+1 and we have

021 0 i A NRU =00, =B 10 s ) g1 =0, (5.62a)
d~"+1_~ _N
= 2oy T,=6,. (5.62b)

Assuming the total number of the modes in N*, then for n # N*, ) ns1 #0and (5.61b) - (5.62a)

then give

T, ‘figz +2alal,, &} (log ;/"7;:_") @,=0, (5.63)
which suggests that
202 62 (Iog ;/"7;5) al,,=aT, (5.64)

where a = 0(1) is a constant and will be determined later. Thus (5.63) reduces to a form like
(5.28) satisfying the boundary condition (5.29). For n # N* then as ) n+1 decreases to zero, 8,
must merge with 1 —&, 8, =0 which is the leading order term of (5.61b). Now (5.61a) gives
(5.30) and using the transformation 8, =a'/*g, ¢, =a~'/*  and (5.30) in (5.28), we obtain
(5.31) - (5.32). Forn= N*,'b' nt1 =0 and (5.62a,b) always satisfied. (5.61b) then suggests that

2N R ad}. 5N. (Iog ﬁv‘)= a; T, (5.65)
where a; = 0(1) is a constant and will be determined later. Thus (5.61b) reduces to a form like
(5.34) satisfying (5.35). Using the transformation £y. =a, '/*n, 8. =a}/*f in (5.34) - (5.35),
we get (5.36).

To evaluate the expression (2.11), we write the expressions < | V8|%> and < (1 —wf)? >

to the leading order terms as:

N* ~ ~
<|Vo|?> >~y 2a3,(g,:—:‘l<03,> +—Tﬁ"—<6’,?>
! 9?'("’9 g..a)

where we define

Using these expressions in (2.11), we have
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1_1 1{;[202 gn—l<,§2>+ Taan <0'2
n n
R 4 Ty g5 (log VT,/g,) N
23 (-0, 0,-F1, 00> )
1

To determine a,, and g,. we again require

i g1 ~Ra,_,, anT..:Rgi( ‘{,Z:)n=1,--~,N* (5.67)

Now since 3* < g" L &« -+ « 1, we obtain

Qpe
Solving (5.67), we obtain
_lg-n+1  _ n+ly n—=1 K-n
a,=b, R 7° 7A=Y (Iog . )53 (5.69)
K
n-1n—1 /T, _1.3K 1 n _1
i (1og =)™ I (109717) RS A (5.69b)

where again we deﬁne“lt':l1 =1 and b,, is a constant independent of R and T,. Using (5.69a,b), we

have
a In-1=0p_ lbnbnllR

aT. =b, ¢ (1og Y2 R,

-ny

P P
gn=bi'a, R7IFITITI

where we define b, = 1.

Now using (5.55) and (5.69a,b), we find that for sufficiently small | T, —0(1)| we now have
infinitely many modes. However as T, increases in the range 0(1) < T, < 0(VR log R), the
number of modes decreases. In particular, for 0(R'/%) < T, < 0(v/R log R) we have only two
modes namely a; and a,. Let us now define

*
1- ) (b, < 87> +202 571, <P2>)
Ky = ——t ' (5.70)
¥ o g, 72
2 ; b 7y a—"<(1—(,,0 -62,..7>

*

where N* is the total number of modes and can be easily determined for a given T, in the range
0(1) « T, < 0(VR log R), by the inequality

VT, IN* -1
ey < N1 (5.71)

Then

-la- 3= N N® (

Nt K-N*-1
Ny=KyR-2"T; log )‘ (5.72)

Now from (5.64) - (5.65), (5.69a,b), and (5.72), we get the relations (5.45). Using these relations
into (5.70) we can easily obtain the expressions (5.46) - (5.51a). Using (5.69b), we can rewrite
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(5.72) in the following form:

IES

_1 o4 s 1B3,3- N4 3= N . -N"
Ny-=273173(188) RIS SN (\/ﬁ)z(l 3 )(2.3,V e N

N* L.g-h K-N"-1
H [log _—Rl:’“ 3_,‘,]T
K=1| 173"

c.  Strongly rotating system [0(vR log R) < T, < O(R)].
From the preceding section, it is clear that as T,—0(V/R log R), the number of the preferred

g3 N pode-TY
a

2 1/3
modes approaches one and the Nusselt number has the functional dependence (R—lo‘qfﬂ) It is

a

then expected that in the case of strongly rotating system, we have only one mode, at least, for
the limiting case of T,—0(v/R log R). Single wave number analysis (section 4.e) clearly has
shown that the inner layer thickness is independent of the wave number to the leading order
terms. Thus there is no hope to decrease the order of this thin layer by allowing more modes.

Therefore there is not a multiboundary layer structure for this case that exists.

APPENDIX
We compute 3 by solving
d’g  _
Satisfying ¢(0) =0 and g = ,—17 as 71—00 (A-2)

(A-1) and boundary condition g(0) = 0 give

g(n)=An-Lo® (A-3)
We must now find a value n* at which (A-3) and the boundary conditions for n—oo, together

with their first derivatives, are continuous, i.e.,

g(n) = \_é__fi n—gnifor0<n< (6)f (A-4)
for n>(6)* (A-5)

1
n
00 2 vi

and so
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