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ABSTRACT. We obtain that certain second order differential equations have discontinuous

solutions which behaves asymptotically as straight lines.
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1. INTRODUCTION.

Many applied problems in physics, biology, economics, etc., are submitted to noncontinuous
perturbations. Biological systems such as heart beats, blood flows, pulse frequency modulated
systems and models for biological neural nets exhibit an impulsive behavior. This justify the
increasing interest on the differential equations with impulse action.

We wish to study the second order impulsive differential equation

vt = fLy,y' (1), t#tt2a>0 (Py)
 Ay(t) = 91 (L y(1),¥' (@), t=t; (Py)
AY'(t) = g5(t, (1), ' (1)), t=1 (P3)
y(tg) =ypa<ty<t (Py)
where
Ay(ty) = (") - u(ty)
and

v= {ti}?": 1CI=la00), t;< t; 4 100 as i—oo.
We assume the following basic hypotheses
(F) f:1xC2%—C a continuous function such that
[F(typyg) | M@y ] + A5 lygl. (1.1)

(G) g;:vxC—Cl(i =1,2) are two continuous functions such that

Loty yg) | <1O(Lyy | + lyg)i=1,2. (1.2)
(1) A(s) = sA((s) + Ag(s) € Ly (D), 7(ty) = tpro(ty) + 71(8) € ;.
We will demonstrate that for every ¢, >a >0, any solution y of problem (P) is defined on all

of [tg,00) and as t—oo, it satisfies

y(2) = 81+ 0(A(2)) + (65 + O(A(1)))2 (1.3)
and
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y'(1) = 89+ 0(A(1)), (1.4)
where 6,(i = 1,2) are constants and
o0
A= [Taadse Y . (1.5)
t tkE (1.00)

Furthermore, under the stronger condition
(I') 22 (), s2g(s) € Ly( D) tFralty): tymy (1) € .

the relation

y(t) = &) + 8ot + 0(A (1)), t—o00 (1.6)
holds, where
Al(t)=/°° sAs)ds+ Y ta(ty). (1.7
t t; € (1,00)

In this way, we extend the classical Ghizzetti's Theorem [2] for ordinary differential
equations (see [5] to [9]) to problem (P).

Let I, =1-v and C}H(I)={u€C(I,)/u(t{ )=u(t;) and u(t;") exist i=1,2,---}. As usual,
u(t;") and u(t;*) denote the left and right limit of u(t) as t—t;.

Next, we establish without proof (see [1], [3]) a Gronwall’s inequality.

LEMMA 1. Let be 0 <u,AeC,t ([tgy00)), 7:v—[0,00) and ¢ > 0. The inequality

ut)<c+ /:0 Mo)u(s)ds + Y v(tp)u(ty), t >ty
)

(tgot
implies
t
u(t) < cezp /t Ms)ds+ 3 (ty) |
0 ()
where
Soatpy= Y Aty
(ig:t) 1} € (g1 1)

2. MAIN RESULTS.

We will prove the following results:

THEOREM 1. Under conditions (F), (G), and (I), for every t,>a >0 any solution y of
problem (P) is defined on all of [t),c0) and it satisfies formulae (1.3) and (1.4).

THEOREM 2. Under conditions (F), (G), and (I), there exist nonoscillatory solutions y of
problem (P).

THEOREM 3. Under conditions (F), (G), and (I’), the conclusion of Theorem 1 is true and
formula (1.6) holds. Moreover, there exists solutions y of problem (P) satisfying (1.6) with ;0
(i=1,2).

PROOF OF THEOREM 1. Let

y = A(t) + B(t)t (2.1)
under the condition
AW+ B@)t=0fort#1¢,. (2.2)
Then
y'(t) = B(1) (2.3)
and hence N
B'(t)=f(t), for t # ¢, (2.4)

where f(t) = f(t,y(t),4'(1)). Solving equations (2.1)-(2.4) we get for ¢ # L.
A(t) = A(ty) - f:o sf(s)ds

B(t) = B(tg) + j:of(a)ds. (2.5)
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For the impulse effect, from
Ay=AA=A(Bt)= AA+tAB

we get
AA+tAB= §l
AB = 3,,
where
3;(t) = g;(t, (1), ¥'(1)).
So

DA =G0 th(t), t=t
AB = jy(t) t=1
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(2.6)

Next, we consider the impulsive integral system (2.5)-(2.6). It is equivalent to the system

AW = Ay - ['sFdetr T l01Guutpv ) - syt vt v ()
% 1 € (tgt)

B =B+ [FaMs+ T oty ultpv(ty)
10 lk € (to,t)
From (2.1), (2.3) and the hypotheses with v(s) = s~ 1| A(s)| + | B(s)| we get

[ £(8,u(8),4"(8)) | < Ay(s) [ w(s) | +Ao(s) [ ¥'(s) |
<A ()15~ LA(s) + B(s) | +2g(s) | B(s)| < (sM1(5) + Agl(s))u(s)

and
191y ' () < v T A@L) + 4 B(L) | + | B(tg) |} < 1y, (8)e(2),
[99(t,u(t), ' (1) | < tprg(tp)u(ty).
Now, from (2.7) and (2.9) we obtain for t > ¢,

A A(t -
LAOL TN, [ 417010+ T <y < ¢ Ht) - 430080

t
<t At |+ [ o)+ dgMules + T4 < 1y < Nt +tpratp)(ey)
t
Similarly, from (2.8) and (2.9) we get
1B < 1Bt + [ @hy(e)+d@to)ds+ T tymaltyucey)
tg,t
Adding (2.10) to (2.11) we get 0 Co)

o(t) < o(tg) + ] ‘2,\(.)v(.)d.+ PRI
t (toyt)
where A(s) = sA;(s) + Ay(2), 7(8) = s79(s) + 71(s)- From Lemma 1, we obtain

o(0) < W) g (1 +21(eg)-exp(2 [ 'Naa)e > )
Y

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Since A € Ly, 7 € ¢{(v) we get that v is bounded and hence both ¢~ 1 4(t), B(t) are also bounded.
From (2.9) we get that f(s,y(s),y'(s)) € Ly([a,00)) and 91t (L), ¥ (1)), 99(t, w(t) y'(t)) € ¢ Then,

from (2.8), B converges, i.e.,
B(t) = 65+ o(1) as t—oo

and by (2.8
. y (28) B(t) = 65+ 0(A(t))
where 00
At) = / e +( t'zo:o)-y(tk).

On the other hand, the functions of t
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/' (- |f(s |ds.md§:

lo (t()v )

|9,(tk) |[(i=12)

are increasing and bounded since feLl;ji(tk)ell(i=l,2). Then they converge as t—oo.

Therefore the functions

9,(%) (i=12)

/t (t=9) f(s) ds and Z

to (tOt )
converge as t—oo. So, by (2.7) and (2.8), we get

—5) -

A(t) ( 0) Hs)ds

+B(t) = —L + B(ty) + /
t

l
+Z(t it + Z(: t) 92(‘k)

Then ¢~ 1A(t) + B(t) converges at t—oo and hence ¢t~ 1A(t) converges also, i.e.,
A(t) = (6; +o(D)L.

PROOF OF THEOREMS 2 AND 3. From the proof of Theorem 1, we get that
t~lyt)=t=1A(t)+ B(t)and y' = B converge as t—oo. Furthermore
lim 4t—)=tlin$o v'(t) (2.12)

t—o00

Let '(¢)) = y; # 0. Then there exists T large enough so that

| [ Tedst ¥ sl < luyi = 1Bg)|
(T,00)
Thus (2.8) implies that tim,_,  B(t) = lim;_,  y'(t) # 0 and Theorem 2 follows from (2.12).
Finally, Theorem 3 follows at once from

'O =t( [ Fods+ 3y oriaty)
t (v )

© . -
< /t sf(s)ds + E(t,oo)tkh(tk)_'o as t—oo
because of condition (I') implies sf(s)€ L; and t,dy(t;) €¢;. In this case, by (2.7) A itself
converges as t—oo and in the same way as it was proved previously we can demonstrate that

there exist 4 so that A(c0) #0, i.e., in formula (1.6), é; can be taken nonzero in this case.

REFERENCES
1. BAINOV, D.; LAKSHMIKANTHAM, V. & SIMEONOV, P., Theory of Impulsive
Differential System, World Scientific, 1989.

2. GHIZZETTI, A., Un teorema sul comportamento asintotico degli integrali delle equazion:
differenziali lineari omegenee, Rend. Mat. ¢ Appl. 8 (5) (1949), 28-42.

3. PINTO, M., Impulsive integral inequalities of Bihari-Type, Libertas Math XII (1992), 57-70.
4. PINTO, M., Second order impulsive differential equations, submitted.

5. KONG, Q., Asymptotic behavior of a class of nonlinear differential equations of n-th order,
Proc. Amer. Math. Soc. 103 (1988), 831-838.

6. KREITH, K., Extremal solutions for a class of nonlinear differential equations, Proc. Amer.
Math. Soc. 79 (1980), 415-421.

7. TONG, J., The asymptotic behavior of a class of nonlinear differential equations of second
order, Proc. Amer. Math. Soc. 84 (1982), 235-236.

8. PINTO, M., Continuation, nonoscillation and asymptotic formulae of solutions of second
order nonlinear differential equations, Nonlinear Analysis T.M.A. 16 (1991), 981-995.

9. PINTO, M., Integral inequalities of Bihari-Type and applications, Funck. Ekvac. 33 (1990),
387-403.



