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ABSTRACT. Consider the neutral delay differential equation
L2 — POzt — D]+ QW26 — 8) = 0,6 > 1, (%)

Where P,QEC([t,,o=],R*), 7€ (0,o0)and § € R*. We obtain several sufficient
conditions for the oscillation of all solutions of Eq. (%) without the restriction

JTQ(s)ds = oo,
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1. INTRODUCTION.
In this paper we consider the first order neutral delay differential equation

22) — POz — 9 + QW2 — o) = 0,61, @

where
T € (0,00),06 € R* and P,Q € C([t,,0),R") 2
Our aim in this paper is to establish some sufficient conditions for the oscillation
of all solutions of Eq. (1) which does not require that

[Tawis = = @
The oscillatory behavior of Eq. (1) has been investigated by many authors,see

for example[1—27] and [4—7]. For a recent survey,we can see [ 3]. The most of the
papers in the literature,however,concern the equation (1) under the hypothesis(3).
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Moreover, (3) is also a sufficient condition for the oscillation of Eq. (1) with P(t)=
1. Therefore ,Chuanxi and Ladas put forward the following open problem in [1].

OPEN PROBLEM A[1].Is condition (3) a necessary condition for the oscilla-
tion of all solutions of Eq. (1)with P(#)=17?

Recently, Yu, Wang and Chuanxi [6] answered the above problem and proved
the following result in [6].

THEOREM B [6]. Assume that(2)holds with P(z)=1. Suppose also

f:sQ(s) fQ(r)dz]ds . @

Then every solution of Eq. (1)oscillates.

Clearly,condition(4)is better than(3). Therefore,the answer to open problem A
is negative.

In [8],Zhang and Yu prove the following theorem

THEOREM C [8]. Assume that(2)holds with P(¢)=1. Then every bounded so-
lution of Eq. (1)oscillates if and only if

fstds — oo ()

In this paper we will establish several further oscillation results for Eq. (1)
when condition (3) does not satisfy,that is, when Q(z) is“integrally small”. This is
done by using Lemmas 1 and 2 given in section 2. These lemmas are interesting in
their own right.

In the sequel,for the sake of convenience,we define

Ho() = f’Q(s)ds

Let p=max{r,d}. By a solution of Eq. (1)we mean a function r&€C([¢,—p,o0],R),
for some ¢;=>t,,such that 2(¢) —P()x(t—7) is continuously differentiable on [¢,
o) and satisfies Eq. (1) for t=¢,.

Assume that(2)holds,t,=>t, and let ¢€ C([¢t,—p,,],R) be a given initial func-
tion. Then we can easily see by the method of steps that Eq.'(1) has a unique solu-
tion € C([t,—p»°0),R)such that

z(@) = @) fort, — p <t <ty

As is customary,a solution of Eq. (1) is said to oscillate if it has arbitrarily

large zeros. Otherwise,the solution is called nonoscillatory.

2. TWO IMPORTANT LEMMAS
At first,we assume
(Y,) There exists a ¢t* =>t, such that
P +it) <1 fori=0,1,2, )
and

(Y;) There exists a nonnegative integer k such that the functions

Ho(®) = fstH.._l(s)ds, mo= 1,2,k (8)
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exist and
FsQ(s)H‘(s)ds — oo (9

The main results in this section are Lemmas 1 and 2 which enable us to estab-
lish some new type of oscillation criteria for Eq. (1).

LEMMA 1. Assume that (2) and (Y,) hold. Suppose also that Q(¢) is not iden-
tically zero on any half infinite interval[T,00),T=¢,. Let z(¢) be an eventually posi-
tive solution of the differential inequality

‘%[I(z) — PWzt — D]+ QWz¢ — ) <0 (10)

and set
y@®) =zx@) — POz — 7). an
Then we have eventually
y@) > 0. a2)
PROOF. Let ¢,=>¢, be such that
z(t—p) >0 fort>1t,
where p=max{r,0}. Then by (10)and (11) we have
YY) <—QWx@t — &) K0 fort =1,
which implies that y(z) is nonincreasing on [¢,,90). Hence,if (12)does not hold,then
eventually
y(@) <O0.
Therefore,there exist ¢,>>t, and a>>0 such that
y)<L—a fort>t,
That is,
@) <—a+PW)x@t—1) fort=t, 13
Now choose a positive integer n* such that t* +n»"r=t,. Then by (Y;) and (13) we
get
@ + '+ jo)<—ja+ 2@ +n"1)
- — 00 as ] — 0o
which contradicts the positivity of x(¢). And this proof is complete.
REMARK 1.Lemma 1 is an improvement of Lemma 1 in [2] since the condition
Q) =q>0 for t=t, is relaxed.
LEMMA 2. Assume that (2) and (Y,) hold and that

P =1 fort=t, 14

Let x(z) be an eventually positive solution of inequality (10) and let y(¢) be defined
by(11). Then eventually

y@®) <. a1s

PROOF. From(1)we have eventually
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YW <— QW — ) <K0
Therefore,if (15)does not hold,then eventually

y@) >0

(16)

an

In this case,we note that z(¢)>z(t—1) eventually. This implies that there exist M
>0 and t,=t, such that x(t—p)=M for t=>¢t,,where p=max{r,8}. Then by(16),it

follows that
¥ @) <— MQ@), fort =1y,

and so
(1) > MrQ(s)ds — MH,@), for t >1,,

which,together with (11) and(14),yields

@) = x@ — 1) + MH,@) fort =1,
. t—i
Let m(2) denote the greatest integer part of —rl Then we have

z@®) = M[H,@) + Hy(t — 1) 4 = + H(t — (m(@) — 1)1)]
+ @ —m@)r)
>M[Ho(t) + Ho(t —T) i Ho(t — (mQ@) — l)T)]v
fort>=1t, + .

Using the fact that H,(2) is decreasing,we get
@) > MmQ@)H,@),fort >t +t
Substituting this into (16),we obtain

¥y @) <— MQWm@t — HH(t — &)
<— Mm@t — HQWH,(t) ,fort>=t, + 1+

By noting that ¢/m(t—8)—>t as t—>o0o,we see that

Mm@ — HQWH () M
tQ@)YH,(8)

ast—» oo,

18

a9
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It follows that there exists £,>¢,+7+6 such that
M
Mm(t — OHQW)YH, () = 7 tQWH, (), fort > 1t,
and so
, M
y @) <— 7QWH (1) sfor t >t,. (20)

If £=0, then a contradiction can be easily derived by directlly integrating (20).
Therefore,it suffices to show that another contradiction is also derived in the case %
7#0. Indeed, by directly integrating(20) from t=t, to oo, we find

v =2
which,together with(11)and(14),yields
@)=zt — 1) + g—fH,(t),for t=>t, (@29

. . t—t
Now,if we let m(¢) denote the greatest integer part of Tz,then

2(@) = FLHNO + Hy(t =0 + = + H ¢ — (m(®) — DD)]
+ 2(t — m(®)D)
> X0 + Hie =0 + = + H¢ — @ — DO,
fort>=t,+r

Also as H,(¢) is nonincreasing,it-follows that
20 > EnH® for t> 1+
By a diret substitution ,we get

y @& <— lzifma — OQWH, ¢ — &

<-Yne - HewH®, for 1>t + 7+ 8

1 .
From the fact that m(zt—¢) /t—>; as t—>oo,we see that there exists ¢;>t,+7+3d such

that

m(—8) = fort>=t,

t
2t
Hence

M

~ 7

¥y @< QWH, (), fort>=1t,
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which implies
M
y@) = i H,(@t),for t >1t,.

This,together with(11)and(14),implies

2D > 2t —1) + %Hz(t).for t>1, (22)

Thus,by using induction,we can get,for some sufficiently large z;+,,
, M
y @) <— WIQO)H.O) yfor t = tyy,

which,together with (Y,),yields

y(t) >— o0 ast—> oo,
which contradicts the hypothesis that y(¢) is eventually positive. Therefore, (15)
holds and the proof is complete.

3. MAIN RESULTS

In this section we will apply the lemmas in section 2 to establish several new os-
cillation criteria for Eq. (1) without (3). The following Theorem 1 is an immediete
corollary of Lemmas 1 and 2,which contains theorem 1 in[6 Jas a special case when
=0.

THEOREM 1. Assume that (2) and (Y;) hold with P(z)=1. Then every solu-
tion of Eq. (1) oscillates.

EXAMPLE 1. Consider the neutral delay differential equation

(%[x(t) —z@t—0)]+ tl—,:t(t - =0 (23)
Where 1<<a<<2. Since

k43
lxml_m T‘F—Z— =2>a
it follows that there exists a least positive integer & such that
2k + 3
kt2=°
Since
1 1

H.@) =

(@—1D@2a—3)((m + Da— @m + 1)) =FDe=ain>
m = 0,1, ’k
exist, we find that (Y;)holds. Therefore,by Theorem 1,every solution of Eq. (23)

oscillates. But, condition (4) is not satisfied when %<a<2. On the other hand, by

Theorem C,we see that Eq. (23) has a bounded nonoscillatory solution if and only if

a>2. Now we do not know how to handle the case a=2. Therefore,it remains an

open problem to determine the oscillation of all solutions of Eq. (23) with a=2.
THEOREM 2. Assume that (2),(Y,) and (Y;)hold. Suppose also that
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Pt —»MNQW =Qt—1) fort=t,+p (24)
Then every solution of Eq. (1)oscillates.
PROOF. Otherwise,Eq. (1)has an eventually positive solution (). Let y(z) be
defined by (11). Then by Lemma 1 we have for some ¢,=>t,,
y(@) >0 fort>1t
By direct substitution one can see that
Yy @) =—QWxt — N <KL 0, fort=t,+ 6
which,together with(11)and(24),implies
Y@ =—QW [yt —NH+Pet—Nr@t—8—1)]
<—QWyt—0) —QUt—1t)x(t —8 —1)
=—QWyt =N +y ¢t—0)fort=t,++
That is,
V@O =y t—+QWyt—H<KL0,fort =t +6+r 25
By Lemma 1 and 2,we see that (Y;) implies that(25)has no eventually positive solu-
tions. This is a contradiction and so the proof is complete.
The following result is an immediate corollary of Theorem 2.
COROLLARY 1. Assume that (2) and (24) hold and that
0OSPWKL] fort=, (26)
Suppose also that Q(¢) is not identically zero on any half interval [T,o0],T >t,.
Then every solution of Eq. (1) oscillates.
This is because (24) and (26) imply
QW =Qt—1),fort=t,+p
which,together with the fact that Q(¢) is not identically zero eventually,yields

I:Q(s)ds = oo,

Thus, (Y;) holds. Therefore,by Theorem 2,every solution of Eq. (1)oscillates.
THEOREM 3. Assume that (2),(Y;) and (14) hold. Suppose also that
PG —HQW<QGt—1) fort=t,+1+4 6 @n
Then every solution of Eq. (1)oscillates.
PROOF. Otherwise,Eq. (1) has an eventually positive solution x(z). Now we
set y(¢) as in(11). Then by Lemma 2 we have for some t,>>¢,,
y@) <0,fort>=1, (28)
Clearly,by (11) and (27) we have

Y@ =—QWzxt — &
=— QW[ —H+Pt—Nx@t—86—1)]
=—QWyt—08) - Q¢ —1)x@t—0—1)
=—QWyt—N+y t—o)fort=t,+1t+ ¢

which implies that —y(#) is a positive solution of the inequality
2 @) =2t —1)+QW=zt —H <O

Thus, by directly using Lemma 1 and 2, we may obtain a contradiction and so the
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proof of this theorem is complete.
EXAMPLE 2. The neutral delay differential equation
d t+1 1
gi[x(t)— : z(t—l)]+y—?4(t D=0,t>=1 29

satisfies the conditions of Theorem 3. Therefore every solution of Eq. (29) oscil-

lates.
The following theorem can be easily proved by directly appling Lemma 1 and 2.
THEOREM 4. Assume that(2),(Y;) —(Y;) and(14) hold. Then every solution
of Eq. (1) oscillates.
EXAMPLE 3. The neutral delay differential equation

Lo — @ + szt — 2] + 22 = 0,6 > 1

satisfies the all hypotheses of Theorem 4 when a<<2. Therefore,every solution of
this equation oscillates when a<<2.
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