Internat. J. Math. & Math. Sci. 409
VOL. 17 NO. 2 (1994) 409-412

REMARKS ON THE EXISTENCE AND DECAY OF
THE NONLINEAR BEAM EQUATION

JAIME E. MUNOZ RIVERA*

National Laboratory For Scientific Computation (LNCC)
Rua Lauro Miiller 455, Botafogo 22290-160. RJ - BRASIL
and
IM Federal University of Rio de Janeiro. BRASIL
(Received July 2, 1991 and in revised form April 19, 1993)

Abstract

We will consider a class of nonlinear beam equation and we will prove the existence and decay weak
solution
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1 Introduction
In this paper we will consider the abstract problem associated with the nonlinear beam equation.
Kug + A%+ M(||A%u||?)Au+ u, = 0 (1.1)

2(0) = v, Kuy(0) = Kuy

Where A is a selfadjoint positive definide operator in a Hilbert space % with-domain D(A) dense in H and
the embedding of D(A") into D(A?) is compact for r > s > 0. We will denote by (-,-) and || - || the inner
product and the norm of H respectively. In Pereira [3] the author proves that there exists a weak solution

u for equation (1.1) satisfying
u € L2([0,T], D(A)) Kur € L*([0,T],H)n L*([0, T}, )

in the sence
d
S (K w) + (Au, Av) + M(||A%u|?) + (ue, w) = 0 1n D'(IR*)

when the following hypothese holds
o (i) M(&)> -8, VE>0,and 0 < B < Aj; A is the first eigenvalue of A
e (ii) K is a simetric bounded operator in H such that (Kw,w)> 0 Yw € H,
and in order to obtain the exponential decay, the author considers the aditional assumption on A’

o (iii) (Kw,w) > c||w||> Yw € H,
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where ¢ > 0. In this paper we will prove that the lower bound —.3 in item (i) does not depend on the

expectral properties of the operator A. I'hat is the exist a solution u for equation (1.1) when
ME)> =3, forany fived 3€ IR (1.2)
and hypotheses (11) holds. moreover. this solution satisfies
u € C([0.+{. D(A)): Kup € C{0. 42 H); w € LE([0.+00[. H) (1.3)
Finally we prove that the energy associated to system (1.1) has exponential decay when (i) and (1i) holds,
that is, hypotheses (iii) is not necessary.
2 Existence results

In order to obtain the existence result we will use the Galerkin method and to show the exponentially
decay of the energy, we will reasoning as in Zuazua [4]. Let us denote by w, and A, the sequence of
eigenvector and eigenvalues of A and by V/, the space generated by the first m eigenvector of A. Then by
Carateodory’s theorem there exist a maximal local solution w,, . defined in [0. T}, ] satisfying for any w in

Vi the following me--system:
(K + el )ul®, w) + (Azu'"‘,w) + M(||A7u™ %) (Au™, w) + (uS w) = 0
umc(o) = Ugm = Prug; ugmc(o) = uim = Pruy

where
m

Pro =) (v,w)w, and ume= Y g7 (t)w,
=1

=1
Since ug and u; are functions of D(A) and H, the corresponding sequences ugm, u1m converge strongly in
D(A) and H respectively.

Theorem 2.1 Let us suppose that (it) and (1.2) holds, then for any ug in D(A) and u, in H, there ezists
a weak solution for system (1.1) satisfying (1.3).

Proof.- Taking w = u{"¢ in the aproximates me-system we have
%{II(K +eD)Ful||? + M(||AFu™) + [[4u™]2} + 2|2 = 0 (2.1)
Integration from 0 to ¢ < Ty, using (1.2) and identity d%HA%u"“H"’ = 2(Au™, u}**) we have
ICK + Dy 114w 4 2 [ a7 dr < e + Bl A o+ 8 [l aw(r)| 2 dr
By Gronwall’s inequality we conclude that
(u™,uf™) are bounded in L*([0,T), D(A))x L2 ([0, 400[,H) Ve > 0 and VT > 0.

Then so is
1P {J (K + eD)7ugie (17 + ) Aup 2
in L%(0,T;V,,), (by a constant which we will denote in the same way) and a function u™ satisfying
ATu™ - AFy™ strongly in C(0,T; V,,)
Pr {(K + el)ui™} — P {Kui*} strongly in C(0,T; V)

u™ — u weak in L*(0.T;V,,)



NONLINEAR BEAM EQUATION 411

Moreover u™ satisfies the following m—approximated system
(Nug.w) + (Azu"‘(f). uv) + M (||A’Fu"’(t)||2)) (Au™(t).w) + (u)" (1) w) =0
u"™(0) = ugm; P {Kuf(0)} = Pp {Nugym}
Taking wr = uf* in the above equation we have
SN Ea P+ AP 4+ ST AR )+ ) = 0 (22)
and using the same above reasoning we conclude that
ul* 1s bounded 1 L*™([0,T},H) (2.3)

u™ 1s bounded n L*¥([0.T], D(A)) (2.4)

By Lions-Aubin theorem, there exists a subsequence (which we still denoting on the same way) and a

function u satisfying
u™ — u strongly in L*°({0,T], D(Azl))

moreover we can obtain other subsequence for which we have
L om 2 L 2 .
AT (@)|]2 — AR ()] a. e.in [0,T]

From Lebesgues’s dominated convergence Theorem follows that M (||A%u’"(t)]|2) defines a Cauchy’s se-
quence in L%(0,T), then for any € > 0 there exists a positive number N such that for m, p > N we
have r

[ imaiatam @) ) - M4t u o))l do < ¢ (2.5)

Putting U = ™ — u,, with m > p and g/ = 0 for p < i < m, follows that
(K Un(t), w) + (A20(2), w) + (Ud(t),w) =
{M(142™ ) — M(1AT 0, D) } (A (2), w) + M1| AT, |?) (AU (1), w)
Taking w = U; and applying (2.3) and (2.4) we have
& (IR UIP + AP} + 0P <
c{llatum@)?) - M1}, D)) + CllAv )2

Integrating the last expression from 0, to ¢t by (2.5) and Gronwall’s inequality we conclude that u™, u}®

and K %u:" are Cauchy’s sequences. Then we have that
u™ —u strongly in C(0,T; D(A))
K%u;" — Kiu, strongly in C(0,T;H)
u — u; strongly in L%(0,T;H)

For any T > 0. By standard methods we can proof that u is a weak solution of system (1.1) (see [1]) and

the proof is now complete.

Q.E.D.
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Theorem 2.2 With the hypothesis (1) and (1) we have

IR Zue O + [[Au(n)]]? < Ce™™

Proof.- Denoting by
Em(t) = K3} |[* 4 S| A7) + [| 4w
From (2.2) we have
d - m| | 26
S Em(t) = =2llu; 1 (2.6)
Taking w: = u™ in the aproximated m—system we conclude that
d . m 50| 5 m m - m
o By = [ 4w = MO AT AT = (' ™) + (Ko™
By hypothesis (i) there exists § > 0 (§ < 1) such that f—l —1< 6. Using (u,u) < 6||Au||% + ¢(8)||wil)?
and taking ¢o = (1 — 6 — %) we obtain from (2.6) and the last identity that
d samom my|2 m(|2
A Bm(®) + e (Kul', u™)} < —eco { Il + [|4w™17} (27)

for € satisfying 2 — {||K'|| + C(6)} € > €co, where by || K|| we are denoting the norm of the operator K. On
the other hand we have that

En(t) + €(Kul, ™) < C {|Jul"||* + [| 4™} . (2.8)

Multiplying inequalities (2.7) and (2.8) by C and coe respectively and adding the inequalities result we
have p
coe g {En(t) + e(Kul*,u™)} + C{En(t) + e(Kui*,u™)} < 0.
Multiplying by e for v = % and integrating from 0 to t we get
En(t)+ e(Ku™, u™) < En(0) + € (K uom, tom) -

Since
{Em(t) + e(Ku",u™)} > 6 {||K7ul|[? + || Aun*}
for € such that 1 — ¢(6)e > 6, then we have
IR + 1 Aum () < 3 (Em(0) + €(Ktm, uom)} €™
Finally from the uniformly convergence of u™ the result follows.

Q.E.D.
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