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In [1] E.M.E. Zayed and S.F.M. Ibrahim consider the fourth order eigenvalue problem

(Ku")" —(Pu'Y +qu = MAu, 7€ |a,b]
M u@)=(Pu)a) = (Ku")(@)=0
(Ku™)(b) — (Pu)(b) = —Au(b),

where IK,P and ¢ are assumed to be continuous real valued functions on [a,b] with
K(z) > 0, P(z) > 0,q(z) > 0. They introduce a linear operator A in the Hilbert
space H = L?*([a,b]) x € such that A is an eigenvalue of (1) and u a corresponding
eigenfunction if and only if A is an eigenvalue of A and (u,u(b)) a corresponding
eigenvector. Then the authors assert (see Remark 3.2) that A has a sequence of positive
eigenvalues \; with A\; = +o0o as i — +oo and that the set of the orthonormalized
eigenvectors form a complete orthonormal system in H.

Since problems of the form (1.1) occur in connection with technical problems (e.g. the
description of motions of helicopter blades) we want to point out, that the assertions
of the paper [1] cannot be true, since they contradict well-known classical results. We
demonstrate this by considering the case K(z) =1, where the problem (1) reduces to

v - (PYY+qy = My
(2) yla) = (Py)a) = y"(a)=0
y"(b) — (Py')(b) = —Ay(b).

This is a problem with separated boundary conditions (see [2]). In the case of -
independent boundary conditions formula (28 b) p. 94 in [2] shows, that there exists
a sequence of eigenvalues with the only accumulation point —oo, since we have three
conditions in a and one condition in b. It can easily be verified, that the same result
remains valid, if we have the A-dependent boundary condition of the given form at . For
the proof we set A = p*,So = {p | 0 < arg p < I} and consider for (z,p) € [a,b] x S,
the asymptotic estimates ([2], p. 49)

3) g8 = (puw;)ker == +0(:—J)], i=1,...,4; £k=0,1,2,3

for a suitable fundamental system y, = yi(z,p) of the differential equation in (2) where
wy =—1, WQ=i, w3=—i, wy =1.

By plugging (3) into the boundary-expressions we obtain
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u9(0) = () 1+ 0G)L, k=0,1,2
(4) y"(8) — P(b)yi(b) + Auu(b) = (p* — P(B)pwi + (pwi)®)er -1 + O(3)]
= ptert=2)1 4+ O(3)]
Thex;foxl')e the characteristic determinant of (2) can be estimated asymptotically for
P € 50 by

epwi(b—a)  gpwar(b—a) ows(b-a) gpws(b-a)

1 1 1 1 1
= 7 !
A(p) = P(a)p"| we ws we |1HO( p)]
wi w} w3 wj
4 1
(5) =p' Y e -1 4+ 0(;)] with ¢; # 0.
=1

To the representation (5) of A we can apply the same considerations as in the proof of
(28b) in [2], p. 94, obtaining the asymptotic distribution of the eigenvalues Ay = p} of
(2) by the simplified formula .

(6) o= f’;e%ku + 0(%)] ke N,

implying the assertion that —oo is the only accumulation point of the sequence {A.}.
(This formula is a special case of Lemma 1 in [3] a), p. 265.)
Hence we can state:

Lemma 1.3: The eigenvalue problem (2) has a countable set of eigenvalues with the only
accumulation point - co. Almost all eigenvalues have multiplicity 1.

There is a second point to be clearified. Zayed and Ibrahim have defined the operator
A , whose spectrum is identical with the set of eigenvalues of (1), but for their discussion
they make the additional assumption (5) p. 343:

K'(b)u(b) — K(b)u'(b) = 0.
Consequently they consider the restriction B of A to the subspace D(B) := {(y,y(b)) €

D(A)|K'(b)y(b) — K(b)y'(b) = 0} . With respect to our example (2) this restriction B
describes the eigenvalue problem

W - (PY)+q = Ny

@) y(@) = Py(a) = y"(a)=0
vi(b) — (Py)b) = -xy(b)
y'(b) = 0.

Obviously every eigenvalue of (2’) is also an eigenvalue of (2) and thus —oo is the only pos-
sible accumulation point. On the other hand it is easily verified, that for every eigenvalue
A and for the corresponding eigenfunction y of (2’) we get the equation

M ly(@)Pdz + [y} = [(ly"(2) + P(2)ly' (<) + a(2)ly(z))dz,

so that (2’) may have only positive eigenvalues. Hence (2’) has at most a finite set
of eigenvalues (of finite multiplicity) and therefore the system of eigenvectors of the
operator B never can form a complete orthonormal set in H, since dim H = +oo.
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We note that (1) is a normal but irregular (not almost regular) eigenvalue problem (in the
sense of [4]). Concerning the expansion of arbitrary functions into a uniformly convergent
series in terms of eigenfunctions of irregular eigenvalue problems we refer to the works
of Ward, Khromov or Eberhard, cited in [2] and of Freiling [3] where it is shown that
uniformly convergent expansions in terms of eigenfunctions can only be obtained for a very
small class of infinitely differentiable functions. Additional results on irregular problems
with separated boundary conditions can be found in the papers cited in [3].
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