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ABSTRACT. The generalized hypergeometric function was introduced by Srivastava and Daoust. In the present
paper a new integral representation is derived. Similarly new integral representations of Lauricella and Appell

function are obtained.
KEY WORDS. Lauricella, Appell, integral representations, Mellin transformation.
1991 AMS SUBJECT CLASSIFICATION CODES. 33A35, 44A30

1. INTRODUCTION.

The generalized Lauricella function of several complex variables was introduced by Srivastava and Daoust [7,8].
The only integral representation which seems to be known for this function is in terms of a Mellin-Barnes inte-
gral [6,8). From a fundamental result about Mellin transforms in n-dimensions, we obtain a new representation for
the generalized Lauricella function under suitable restrictions on the parameters. In a similar manner new integral
representations are obtained for the Lauricella functions Ff,"), Fé") and F,(,"), and consequently for the Appell func-

tions Fy, F3, and F4. From these derivations it is clear that the method does not provide representations for F,(,")

and F3.

2. THE FUNDAMENTAL THEOREM.

Although the following theorem is quite simple, nevertheless it has basic importance.

THEOREM. Let f(z)z*~! € L(0,00) and

M@0 = [ fe)ede = 1(0) . M
0
If Res; >0, j=1,2,---,n and Re(is,) = Res, then
j=1
M, [f(max{zy,---,zn}))(51, -, 80) = ./:0 ~~/:° f(max{zl,~~~,z"})gz:"ldzl coodz, = (2)
=St e ts).
5§18

Here M, represents the n-dimensional Mellin integral transformation [2].

PROOF. In fact we have

/ow .../om f(maX{=1,~8,z,.})Hz,‘"‘d"l coodzn =
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- s1+---+8
=25132 / f(z)zpt ¥a=ldg, —ls,~ Zft (814 +8n)

Thus the formula (2) is proved.

The only related results which we have found in the literature are those for the two-dimensional Laplace trans-

formation in the tables of Voelker and Doetsch [9; p. 165, (30),(32)] and in the work of Cernov [4; p. 145]. In an

analogous manner to our theorem, those results easily can be derived and extended to higher dimensions.

3. THE INTEGRAL REPRESENTATION OF THE GENERALIZED LAURICELLA FUNCTION.

The generalized hypergeometric function of Srivastava and Daoust [6] is defined by

991, 9 \ b.:d

g3 8gy " "1 8g.5

1
Ap;Cpyieee
FPP1, ,r.( P Cpai PG 'z, .’:”) =

_ ~ H‘,’_l(a;)m.+ +ma T )
= X G +m.,[1{ @)

where for absolute convergence it is sufficient that

l+q+q@~-p-p20; k=1,2,---,n.

3)

The function in (3) is a special case of the H-functions of several variables which were defined in [3,6]. The funda-

mental theorem leads to the following result which involves the G-function of Meijer [8]. Let

( | n) - _L/7+im n§=l I.(aj +3)

278 Jy_ioo [1§=1 T(bi +8)

f(@)=

.p

P ]
where Rea; > 0, j =1,2,---,p; and either p= ¢ and Rez a; < R.ezbj or ¢ < p. It is known [5] that

i=1 i=1

r[“i’:l r(aJ + 8)

, Res > 0.
11 T +5)

f(s)=

Therefore (2) becomes

z™%ds

n
[T A H A T ) | CA R
=

1T(a;+s1+- +3n) (814 -+ 8,)

P
_ 1L . Resy.--,

;-1 Gamma(b, + 5, + -+ + 5n) 81+ +8n

The representation for the generahzed Lanncella function can now be obtained as follows.

1,2,---,n, and either p = ¢ and Rzz:a, <Rez:b, or p>gq. Then
i=1 i-1
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Let p; < ¢i, i =
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Thus we have proved

Ll
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LS A (bq:ds,;“~:d";";:”""l") = (5)
LC()--

'r(b ) i 1,0 S1=n, ,bg-m,1
e bt VR b LA I +1, .. .
= aT(a) T © nio /o GeXiph (“‘“"{‘1’ st} ,.,-.,o)

n .
&, L2
'Hp.+1Fq.+1 (d: R l.z.‘t.') dty ---dt, .
i=1 LR A A

Formula (5) is valid when Rea; > n;j=1,2,---,p; pi < ¢;, i =1,2,---,n; p> q, 14+q+¢;—-p-p; 2 0;i=1,2,---,n.
[ P

(The restriction Rgaj +1> R.ez:aj is needed when p = q.)
i=1 i=1

4. INTEGRAL REPRESENTATIONS OF LAURICELLA HYPERGEOMETRIC FUNCTIONS.
Derivations similar to those in the previous section lead to representations for 3 of the Lauricella functions.

(Since in (5) p > g we do not get F ,(,") .) We introduce the operator
a-1 d
ni= (T at)
(a) Using the formula (2) we get

00 00 n e=lim,—1
./o /; exp(—max{zl,«~-,z,.})Hz“ dzy - -dz, = (6)
i=1

T(a+my+---+m,)

= s Rea>1.
(552 +ma) - (55 + ma)
Consequently, for the Lauricella function Ff‘") we have
F{ (a3by,--- baser, oo i1, o0, 20) =
= i (a)m1+ +ma (bl)"'l = (b")"‘- ™. g™ =
me, o (€)m, oo (Ca)m, M- mp! ! "
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1 n 00 o Ny n

=T H'D,/ / Hti' 1e"l’(—m&x{h.'“.tn})']:[xi'l (b, cis ziti) dty - -dt,
(a) i=1 o 0 =1 i=1
Rea> 1.
(b) From (2) we have

1 1 " et

/ / (I-max{zl,~~~,z,.})'-°Hz.~" ‘Tldry - dzg = 8)
o o =1

_ T(a+my+---+my)T(b—a+1)
Th+mi+--+my) (L +my) (2 +m,)

1+ Reb>Rea>1.



656 V.K. TUAN AND R.G. BUSCHMAN

Therefore for the Lauricella function Fp ") we get

FS) (aiby, - bascizy, - 20) =
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(c) Using the formula (2) again, we have
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Consequently, for the Lauricella hypergeometric function F((; ") , by a similar development we have the result

F (asbc1, - cni 21,0+, 20) =

I‘(a)I‘(b)H 7 [TTIER e ) K (2(max (D))

i=1
Han (ci;zit;)dty - - -diy,

i=1
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For Appell functions these read

. o _ I(c)
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1 1
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Fa(a;dier,c0;21,25) =

(19
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-{(zlt,)“"')/2 Ie-1 (2 (z,t.)‘/’)}{(z,t,)("‘“/’ Ipo (2(:,:,)‘/’)}.“14:, ,

Rea>1, Reb>0.
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