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ABSTRACT. In this paper we find closed form solutions of some Riccati equations.
Attention is restricted to the scalar as opposed to the matrix case. However, the

ones considered have important applications to mathematics and the sciences, mostly

in the form of the linear second-order ordinary differential equations which are solved

herewith.
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1. INTRODUCTION.

The equations investigated here have a long, full history that extends well over
two and a half centuries. They are closely related to second order linear equations,
for example, which have an interesting history in their own right.

Attention will be focused on systems of equations and the use of various trans-
formations of Bicklund type. There will generally be available unknown functions which
will be able to specify to suit our purposes. Afterwards, we must solve to determine
functions of a different type. We must carefully distinguish the two classes of func-
tions.

2. THE RICCATI EQUATION.

First consider the linear second order differential equation
z" = Az' + Bz (2.1)

and note that if the function w is defined by

z' = w2z (2.2
we get the Riccati equation
wh + w2 - AW-B=0 (2.3)
for w. On the other hand (and in the opposite direction) the substitution
y=5, aso0 (2.4)
in the Riccati equation
y' =y> + A, A£0 (a trivial exception) (2.5)

leads to the second order linear equation

1
v = %r v' + Av =0 (2.6)
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for wv.

There is thus seen to be an equivalence of sorts between the two kinds of equa-
tions.

We proceed now to the solution of (2.5). That (2.3) is subsumed in the process

is readily shown by making the substitution

v = Pw (2.7)
with
P' = AP (2.8)
Consider the system
y' = fu+ gv
(2.9)
y =u

for unknown functions u and v where we may choose functions f and g at our
convenience.

From (2.5) we have

£ +V f2+4gv-4A ]' _ (f+2gv) + £V fi+4gv-4A
2 = 2

(2.10)
Now the Bernoulli equation
y' = Ry2 + Sy (2.11)

is solved by quadratures for arbitrary functions R and S. We propose to bring
(2.9), or at least to derive such an equation.
Let
v=w?+Bw+C (2.12)
for a new unknown, w. Once again, B,C will serve as convenient parameters. Choose
B so that the radicand in (2.10) will be a perfect square in w, that is we impose
the condition:

(4gB)% - 4(4g) (4gC + £ - 4A) =0, g £ 0. (2.13)

Further we require that then the w-free inside the parenthesis on the left in (2.10) be
a constant, a; and that the w-free term on the right be zero. This will give us the

following Bernoulli equation for w:
(Ygw)' =gw? + (g8t £/glw=0 (2.14)

Interpreting the conditions imposed we have

£tV £244gC-4A _ a (£2+2gC) + £ V £2+4gC-4A
p) ca 2

(2.15)

From the second of these we have

T £V £2 4 4gC - 4A = £2 4+ 2gC (2.16)

whence squaring

s, A#0 (2.17)
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Then from the first equation

c=23_*% A
g s (2.18)
1+ —
oy
2
f =3_;A_ (2.19)
/2K +a

It may need to be said that a 1is the only constant here, A can be any non-zero
function. Every Riccati equation can be cast in this form by suitable changes of
variables.

3. METHOD OF SOLUTION.

Select a to be a non-zero constant and g to be any non-zero function. Solve
for C and f from equations (2.18) and (2.19).

Solve (2.13) for B then solve (2.14) for w. Now (2.12) yields v. With f,g
and v the equation (2.9) becomes a linear first order differential equation to solve
for vy.

4. AN ALTERNATIVE DEVELOPMENT.

1. Define u in terms of v by u?

+ A = fu + gv (2.20)
2. Assume that equation (2.10) holds, then u is a solution of (2.5) regardless

of the functions f,g.
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