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Let K be a nonempty closed convex subset of a reflexive Banach space E with a weakly continuous
dual mapping, and let {T;}72; be an infinite countable family of asymptotically nonexpansive
mappings with the sequence {ki,} satisfying ki, > 1 for each i = 1,2,...,n = 1,2,..,, and
limp o kin = 1 for each i = 1,2,.... In this paper, we introduce a new implicit iterative scheme
generated by {T;}72; and prove that the scheme converges strongly to a common fixed point of
{T:}%,, which solves some certain variational inequality.
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1. Introduction and preliminaries

Let E be a Banach space and let K be a nonempty closed convex subset of E. Let T : K—K be
a mapping. Then T is called nonexpansive if

ITx =Tyl < [lx - yll (1.1)

for all x,y € K. T is called asymptotically nonexpansive if there exists a sequence {k,} C
[1, 00) that converges to 1 as n—oo such that

1T = Ty | < Kl - v (12)

for all x,y € K and all n > 1. Obviously, a nonexpansive mapping is asymptotically
nonexpansive. In [1], Goebel and Kirk originally introduced the concept of asymptotically
nonexpansive mappings and proved that if E is a uniformly convex Banach space and K is
a nonempty closed convex bounded subset of E, then every asymptotically nonexpansive
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self-mapping on K has a fixed point. After that, many authors began to study the convergence
of the iterative scheme generated by asymptotically nonexpansive mappings [2-12].

In [8], the authors introduced an iterative scheme generated by a finite family of
asymptotically nonexpansive mappings:

Xn = apxn + (1 - an)TZZ”xn, n>1, (1.3)

where {a,} is a sequence in [0,1], {Ti}f\:’1 : K=K are N asymptotically nonexpansive

mappings, where K is a nonempty closed convex subset of a uniformly convex Banach
space satisfying Opial’s condition [13], and where n = [,N + r, for some integers I, > 0
and 1 < r, < N. Then the authors proved that if ﬂglF (T;) # ¢, then {x,} generated by (1.3)
strongly converges to a common fixed point of {T;}7;.

Let K be a nonempty closed convex subset of a uniformly convex Banach space E. Let
S : K—K be a nonexpansive mapping and let T : K—K be an asymptotically nonexpansive
mapping. In [10], the authors introduced the following modified Ishikawa iteration sequence
with errors with respect to S and T:

Yn = @,Sx, + b, T"x, + Cy0p,
(1.4)
Xn+1 = AnSxy + b, T"yy + cpuy, Yn>1,

where {a,}, {V,}, {c|,} are three real numbers sequences in (0,1) satisfying a,, + b, + ¢}, =
1, {a,}, {b,}, {cn} are also three real numbers sequences in (0, 1) satisfying a, + b, + ¢, = 1,
and {u,} and {v,} are given bounded sequences in K. Then the authors proved that the
sequence {x,} generated by (1.4) strongly converges to a common fixed point of S and T if
some certain conditions are satisfied.

Let K be a nonempty closed convex subset of a Banach space E and let f : K—K be a
contraction with efficient A (0 < A < 1) such that

I f(x) = F@W)| < Mlx -yl (1.5)

for all x,y € K. Shahzad and Udomene [9] studied the following implicit and explicit
iterative schemes for an asymptotically nonexpansive mapping T with the sequence {k,}
in a uniformly smooth Banach space:

t by
Xpy = <1 - k—ﬂ)f(xn) + k_nT Xn,
(1.6)

tn tn n
Xps1 = <1 - k_n>f(x") + k_nT Xn,

where {t,} is a sequence in (0, 1). They proved that the sequence {x,} converges strongly to
the unique solution of some variational inequality if the sequence {f,} satisfies some certain
conditions and the mapping T satisfies || Tx;, — x,||—0 as n—oo.

Quite recently, Ceng et al. [12] introduced the following two implicit and explicit
iterative schemes generated by a finite family of asymptotically nonexpansive mappings
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{T;}Y, with the same sequence {k,} in a reflexive Banach space with a weakly continuous
duality map:

1-t, tn
Xn = <1 - k_n>x" + k_nf(x") + k_nTrnxnr

(1.7)
1 1-t, te
Xn+l = <1 - k—>xn + k—f(xn) + k—Trnxn,

where r, = nmod N and {t,} is a sequence in [0,1]. Then they proved that if the control
sequence {t,} satisfies some certain condition and T;x,—x,—0 as n—oo foreachi=1,2,..., N,
then both schemes (1.7) strongly converge a common fixed point x* of {T;}~, which solves
the variational inequality

N
(T-f)x" J(p-x")) 20, pe(F(Ty), (1.8)
i=1

where F(T;) denotes the set of fixed points of the mapping T; for eachi=1,2,..., N.

Let E be a Banach space and let E* be the dual space of E. Given a continuous strictly
increasing function ¢ : R*—R* such that ¢(0) = 0 and lim;@(t) = oo, we associate a
(possibly multivalued) generalized duality map J,, : E—2F, defined as

Jp(x) = {x* € E*: x"(x) = [lxllo(llxIl), lx*[ = ¢ (llxI) } (1.9)

for every x € E. We call the function ¢ a gauge. If ¢(t) = t for all £ > 0, then we call ], a
normalized duality mapping and write it as J.

A Banach space E is said to have a weakly continuous generalized duality map if there
exists a continuous strictly increasing function ¢ : R*—R* such that ¢(0) = 0, lim;—.¢(t) = oo,
and J, is single valued and sequentially continuous from E with the weak topology to E*
with the weak” topology. For instance, every IP-space (1 < p < o) has a weakly continuous
generalized duality map for ¢(t) = t#1.

For each t > 0, let ®(t) = ff)(p(x)dx. The following property may be seen in many
literatures.

Property 1.1. Let E be a real Banach space and let J, be the duality map associated with the
gauge ¢. Then for all x, y € E and j(x +y) € J,(x + y) one holds

O([lx +yll) <@(lIxl) + (y,j(x + ). (1.10)
One also holds
e+ ylI* < llxll* + 2(y, j(x + ) (1.11)

forall x,y € Eand j(x +y) € J(x +y).



4 Fixed Point Theory and Applications

Lemma 1.2 (see [14]). Let E be a Banach space satisfying a weakly continuous duality map and let K
be a nonempty closed convex subset of E. Let T : K—K be an asymptotically nonexpansive mapping
with fixed point. Then I — T is demiclosed at zero.

2. Strong convergence results

In this section, let E be a reflexive Banach space with a weakly continuous duality map J,,
where ¢ is a gauge and let K be a nonempty closed convex subset of E. Let {T;}2; : K—K be
an infinite countable family of asymptotically nonexpansive mappings such that

| T7% = Ty || < kinllx = yll 2.1)

for all x, y € K, where the sequence {k;,} C [1, o) and lim, ki, =1 foreachi=1,2,....
Foreachn=1,2,...,letb), =sup{ki, | i=1,2,...} and assume

sup (b, |n=1,2,...} <oo,

limb), = b < co. 22)
Taking b, = max{b,, b} foreachn =1,2,..., obviously, we have
limb, =b>1,
n—o (2.3)
b =sup{b,|n=1,2,...} <oo.
Moreover, the following inequality
(7% = Ty || < bullx - yll (2.4)

holds forall x,y € K and eachi=1,2....
Take an integer r > 1 arbitrarily. For each n > 1, define the mapping S,; : K—K by

Sni = T(n—l)rﬂ' (25)

foreachi=1,2,...,r, thatis,

511 = Tlr-'-/ Slr = TrrS21 = TT+1/” -1521‘ = TZrl- (26)
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Foreachi =1,2,...,r, let {a,} C (0,1) be a sequence real numbers. For each n > 1,
define the mapping W, of K into itself by

Wy = Uy = @y ST U1 + (1= )1, (2.7)

where

U,= anlszl + (1 - Dcnl)I,
U, = an2522un1 + (1 - anZ)I/

(2.8)

Up1 = lxnr—lszr_lunr—Q + (1 - anr—l)I-

We call W,, a W-mapping generated by Sy1,Su, ..., Sur and a1, 2, . .., dpy.
Let f : K—K be a A-contraction with 0 < A < 1/b". Take a sequence of real
numbers{t,} C [0, b] such that

. b(1-bA)
= ————— > . .
nlg{)\otn 0, t,< A n>1 (2.9)

Note that since A < 1/b"", one has 0 < b(1 —b,1) /(1 — 1)b}, < b. Therefore, the sequence {t,}
can be taken easily to satisfy the condition (2.9), for example, t,, = (1/n)(b(1-b,A)/(1-1)b},).
Then, we introduce an implicit iterative scheme

b b-t t
Xp = <1 - ﬁ)xn + Tl" (Wax,) + %ann, n>1. (2.10)
b, by by,

By using the following lemmas, we will prove that the implicit scheme (2.10) is well defined.

Lemma 2.1. Let {T;}2; : K—K be an infinite countable family of asymptotically nonexpansive
mappings with the sequences {ki,} and let W, be a W-mapping generated by (2.7) for each n =
1,2,....If N2 F(T;) # ¢, then N2, F(T;) C F(Wy,) foreachn=1,2,....

Proof. The conclusion is obtained directly from the definition of W,,. O

Lemma 2.2. Let {T;}Z; : K—K with the sequences {ki,} and let W,, be the W-mapping generated
by (2.7) foreachn = 1,2, .... Then one holds

[Wax = Wayl| < brllx -yl (211)

foralln>1andall x,y € K.
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Proof. For any x,y € K all n > 1, we first see (noting that b, > 1)

I = Uy | = | SEy + (1= @) = (@Sl + (1= @)Dy
<am||Shyx = Spyll + (1 - am)llx -y
nl ”T(r;—l)rﬂx - T(T;l—l)r+1y” + (1 - anl) ”x - y”

< amkp-nyrinllx =yl + (1 - am)llx -yl

< ambyllx =yl + (1 - au)llx -yl
< anlbn”x - ]/” + (1 - “nl)bn“x - ]/||

= bullx -y,
(2.12)
[Unax = Unay || = || (@2 Syl + (1= @) 1)x = (22U + (1= am) Dy ||
< “n2||522un1x - SZzunly” + (1 - an2) ||.X' - y”
= “n2||T(r;—1)r+2un1x - T(nn—1)r+zun1y|| + (1= an)llx - yll
< anZk(n—l)r+2n||un1x - unly” + (1 - anZ)”x - ]/||
< ‘anbn”unlx - unly” + (1 - ‘XnZ) ”x - y”
< “n2b121||x - y” + (1 - anl)bi”x - ]/||
=bllx -yl
Similarly, for eachi=3,...,r — 1, we have
”unix - uni]/” < b;”x - y” (2~13)
Hence,
(|[Wax =Wy || = || (@nSpUnra + (1 = an ) 1) x = (@ Sy + (1 — )|
S anr”SZrunr—lx - Szrunrfly” + (1 - anr)”x - 3/|| (214)
<byllx -yl
This completes the proof. O

Now we prove that the implicit scheme (2.10) is well defined. Since 0 < t, < b(1 -
br 1)/ (1 - A)bl, we obtain

b b-t, ty
0<1- b b A+b—n <1 (2.15)
Hence, the mapping
b b-t, th
x—Tx: (1 e )x + o f(Wyx) + WW,,x (2.16)
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is a contraction on K. In fact, to see this, taking any x, y € K, by Lemma 2.2 we have

T =Tyl = || (1- 57 ) G- )+ o (FOW) = FWa)) + 25 Wax = W)

b —t,)Ab], th .,
< (1= o -l + S -y - )

b b-t, ty
- (gl

<llx =yl

(2.17)

which implies that the implicit scheme (2.10) is well defined.
For the implicit scheme (2.10), we have strong convergence as follows.

Theorem 2.3. Assume (2.9), F(T) = 0%, F(T;) # ¢ and limy, .o, ||x, — T;x,|| = 0 foreachi =1,2,....
Then {x,} converges strongly to a common fixed point x € F(T), where x solves the variational
inequality

(I-f)x,J(p-x)) 20, peF). (2.18)

Proof. First, we prove that {x,} is bounded. By using Property 1.1, Lemmas 2.1, 2.2, for any
z € F(T), we have (noting 0 <1 -b/b,"t + ((b—t,)/bn)A + t, /by < 1)

o 21 = (1 %) (v -2) + ”b;" (F(Wara) - £(2) + %(ann _2)

_ 2
() - 2)

2

(157 (o2 # St W) = £2) 5 (W = 2)

(£ =2,k =2)
b b-t, ty 2
<[ (1 5 ) o= 2l Sl W) - F W)+ W - W
2Ot (1@ -2 (xa-2)
b b-t,)\A t, 2(b .
< (1- 5 O Y 2P <bm (@) -2 2))
b b-t,)A t, .
< (1- g+ T 2l 2 @) - 2 - 2)
2(b
= (L) = 2+ 2 ) - 2 ),

(2.19)
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where

2 my - s, (2.20)

It follows from (2.19) that

2(b - )

||xn - z”2 < le <f(z) -z,j(xp - 2)). (2.21)

Since lim,,_ b, = b, lim,_t,, = 0, we have

lim 27t o 1 222
n—w br+1 1=A\br" ( : )

Hence, {x,} is bounded.

Now we prove that {x,} strongly converges to a common fixed point x € F(T). To see
this, we assume that x is a weak limit point of {x, } and a subsequence {x,, } of {x,} converges
weakly to x. Then by the assumption of the theorem and Lemma 1.2, we have x € F(T;) for
everyi=12,....In (2.21), replacing x, with x,, and z with x, respectively, and then taking
the limit as j—oo, we obtain by the weak continuity of the duality map J

lim|[x,, — x|| = 0. (2.23)
j—oo

Therefore, x,,—x. We further show that x solves the variational inequality
(I-f)x,J(p-x)) 20, peF(). (2.24)

To see this result, taking any p € F(T), then by using Property 1.1, Lemmas 2.1 and 2.2 we
compute

O([|xn - pll)

b b - tn ti’l b _ tn
) cI)(H <1 - br+1 ) (xn _P) ’ le (xn - P) - F(W"x" _P) + br+1 (f(wnxn) - xn)

@ H( br+l> P) toAa br+1 (W Xn =
< (1- g vt )0 -pl) + 2

)

<

)+ S (W) = =)

V)~ Sy (),
(2.25)
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which implies that

r+l _
<xn - f(ann)/ ](p (xn - P)> < %@(Hxn - p”) (226)

Now in (2.26), replacing x, with X and noting lim,_...b, = b and lim,_,.t, = 0, we obtain

(x = fC0, Jp(x =p)) = lim (o, = f (Way ;). Jy (o, =)
br+1 _ 1)tn]- (2.27)

< limsupni)_—tq)(”xnj -rl) =0,
nj

]

which implies that x is a solution to (2.24).

Finally, we prove that the sequence {x,} strongly converges to x. It suffices to prove
that the variational inequality (2.24) can have only one solution. To see this, assuming that
both u € F(T) and v € F(T) are solutions to (2.24), we have

(I-fuJu-0)) <0,

(2.28)
(I-fo, J(v-u))<0.
Adding them yields

(I =fru-(I-flo, J(u-v)) <0. (2.29)

However, since f is a A-contraction, we have that
A-Vu-o|* < (T - fHu-I - f)o,J(u-0)), (2.30)
which implies that # = v. This completes the proof. O
Remark 2.4. In Theorem 2.3, the condition that lim,_||Tix, — x,|| = 0 for each i = 1,2,...

is necessary (see [9, 12]). This theorem shows that if for each n = 1,2,..., the supremum
of the sequence {k;,}, that is, sup{ki, | i = 1,2,...}, is finite and the limit of the sequence
sup {kin | i=1,2,...};2; exists, then by choosing the contraction constant A and the control
sequence {t,} we can obtain the common fixed point of {T;};.

Corollary 2.5. Let {T;} N, K—K be a finite family of asymptotically nonexpansive mappings with the
sequences {ki,} and let W, be a W-mapping generated by T1, Ty, ..., Tn and ap, any, ..., ayN for
eachn=1,2,....Let the sequence {t,} C [0,1] and satisfy t, < (1-kNX)/(1-1)kX and t,—0, where
k, = max{kiy, kon, ..., knn} foreachn =1,2,.... Assume that k = sup{k, |n=1,2,...} < oo. Let
f be a contraction with M(0 < A < 1/kN). Consider the implicit iterative scheme

1 1-t t
X, = <1 - e )xn + k%ff(w"x") + W”Hwnxn. (2.31)
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If {T,~}fz1 satisfy the condition ﬁ{ZlP(Ti) #¢ and T;x, — x,—0 as n—oo for each i = 1,2,...,N,
then {x,} converges strongly to a common fixed point x € NN, F(T;), where x solves the variational
inequality

N
(U-fx,Jp-x)) >0, pe(F(T). (2.32)
i=1
Proof. In Theorem 2.3, take b, = k,,, b = lim, ..k, =1, b' = k, and r = N. Then, this corollary
can obtained directly from Theorem 2.3. O
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