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We introduce the notion of a generalized iterated function system (GIFS), which is a finite family
of functions fi : X" — X, where (X, d) is a metric space and m € N. In case that (X, d) is a compact
metric space and the functions fj are contractions, using some fixed point theorems for contractions
from X™ to X, we prove the existence of the attractor of such a GIFS and its continuous dependence
in the fi's.
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1. Introduction

We start with a short presentation of the notion of an iterated function system (IFS), one of the
most common and most general ways to generate fractals. This will serve as a framework for
our generalization of an iterated function system.

Then, we introduce the notion of a GIFS, which is a finite family of functions fi : X™ — X,
where (X, d) is a metric space and m € N. In case that (X, d) is a compact metric space and the
functions fi are contractions, using some fixed point theorems for contractions from X™ to X,
we prove the existence of the attractor of such a GIFS and its continuous dependence in the
fk'S.

IFSs were introduced in their present form by Hutchinson (see [1]) and popularized
by Barnsley (see [2]). In the last period, IFSs have attracted much attention being used from
researchers who work on autoregressive time series, engineer sciences, physics, and so forth.
For applications of IFSs in image processing theory, in the theory of stochastic growth models,
and in the theory of random dynamical systems, one can consult [3-5].

There is a current effort to extend Hutchinson’s classical framework for fractals to more
general spaces and infinite IFSs.
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Let us mention some papers containing results on this direction.

Results concerning infinite iterated function systems have been obtained for the case
when the attractor is compact (see, e.g., [6] where the case of a countable iterated function
system on a compact metric space is considered). In [7], we provide a general framework
where attractors are nonempty closed and bounded subsets of topologically complete metric
spaces and where the IFSs may be infinite, in contrast with the classical theory (see [2]), where
only attractors that are compact metric spaces and IFSs that are finite are considered.

Gwozdz-Lukawska and Jachymski [8] discuss the Hutchinson-Barnsley theory for
infinite iterated function systems.

Lozinski et al. [9] introduce the notion of quantum iterated function systems (QIFSs)
which is designed to describe certain problems of nonunitary quantum dynamics.

Kédenmaki [10] constructs a thermodynamical formalism for very general iterated
function systems.

Lesniak [11] presents a multivalued approach of infinite iterated function systems.

2. Preliminaries

Notations. Let (X, dx) and (Y, dy) be two metric spaces.
As usual, C(X,Y) denotes the set of continuous functions from X to Y, and d : C(X,Y) x
C(X,Y) = R: =R, U {0}, defined by

a(f,g) = sup dy (f(x),g(x)), 2.1)

is the generalized metric on C(X,Y).
For a sequence (f,), of elements of C(X,Y) and f € C(X,Y), f, 5 f denotes the
. . u-c . u
pointwise convergence, f, — f denotes the uniform convergence on compact sets, and f,, — f
denotes the uniform convergence, that is, the convergence in the generalized metric d.

Definition 2.1. Let(X, d) be a complete metric space and let m € N. For a function f : X" =
xiL, X — X, the number

inf{c:d(f(x1,...,%m), f(Y1,---, Ym))

(2.2)
S Cmax{d(xlryl)/---rd(xm/ym)}/ Vxlr---/xm/]/lz---/]/m e X}
which is the same as
sup {d(f(x1,...,%m), f (Y1, Ym)) s max (d(x1,y1),...,d(Xm, Ym)) }, (2.3)
where the sup is taken over x1, ..., X, Y1,. .., Ym € X such that
max {d(x1,y1),...,d(Xm, Ym)} >0, (2.4)

is denoted by Lip(f) and is called the Lipschitz constant of f.

A function f : X™— X is called a Lipschitz function if Lip(f) < oo and a Lipschitz
contraction if Lip(f) < 1.

A function f : X" — X is said to be a contraction if

A(f (.. xm), f(y1,. . ym)) <max{d(x1,y1),...,d(Xm, Ym)}, (2.5)

for every x1,x2,..., Xm, Y1,Y2,- .., Ym € X, such that x; # y; for somei € {1,2,...,n}.
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LCon,,(X) denotes the set

(f: X" — X:Lip(f) <1) (2.6)

and Con,,(X) denotes the set
{f:X™ — X f is a contraction}. (2.7)

Remark 2.2. 1t is obvious that
LCon,,(X) C Con,,(X). (2.8)

Notations. P(X) denotes the family of all subsets of a given set X and p*(X) denotes the set
PX)\ {2}

For a subset A of P(X), by A* wemean A\ {&} .

Given a metric space (X,d), K(X) denotes the set of compact subsets of X and B(X)
denotes the set of closed bounded subsets of X.

Remark 2.3. Tt is obvious that
K(X) CB(X) € P(X). (29)

Definition 2.4. For a metric space (X, d), one considers on [*(X) the generalized Hausdorff-
Pompeiu pseudometric h : 0*(X) x P*(X) — [0, +oo] defined by

h(A,B) = max (d(A, B),d(B, A))

(2.10)
=inf{r € [0,00] : ACB(B,r), BCB(A,1)},
where
B(A,r)={xeX:d(x,A) <r},
(2.11)
d(A,B) =supd(x,B) = sup(infd(x,y)).
X€A xeA \VEB

Remark 2.5. The Hausdorff-Pompeiu pseudometric is a metric on B*(X) and, in particular, on
K*(X).

Remark 2.6. The metric spaces (B*(X), h) and (X*(X), h) are complete, provided that (X, d) is
a complete metric space (see [2, 7, 12]). Moreover, (X*(X), h) is compact, provided that (X, d)
is a compact metric space (see [2]).

The following proposition gives the important properties of the Hausdorff-Pompeiu
pseudometric (see [2, 13]).

Proposition 2.7. Let (X, dx) and (Y, dy) be two metric spaces. Then

(i) if H and K are two nonempty subsets of X, then

h(H,K) = h(H,K); (2.12)
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(ii) if (H;);er and (K;);ep are two families of nonempty subsets of X, then
h<UHi, UK,> < sup h(Hi,Ki),' (213)
el iel iel
(iii) if H and K are two nonempty subsets of X and f : X — X is a Lipschitz function, then

h(f(K), f(H)) < Lip(f)h(K, H). (2.14)

Definition 2.8. Let (X, d) be a complete metric space and let m € N. A generalized iterated
function system (in short a GIFS) on X of order m, denoted by S = (X, (f),_1;), consists of a
finite family of functions (fk)sznr fr: X™— X such that fi,..., f, € Con,(X).

Definition 2.9. Let f : X™— X be a continuous function. The function Fy : £*(X)" — X*(X)
defined by

Fp(Ky, Ky, ..., Ky) = f(Ky x Ky x -+ x Ky, 215)
={f(x1,x2,..., %) 1 x; €Kj, Vj€{1,...,m}}
is called the set function associated to the function f.
Definition 2.10. Given S = (X, (f);15) @ generalized iterated function system on X of order
m, the function Fs : X*(X)™ — X*(X) defined by
Fs(K1,Ky,...,Ky) = prk (K1, K, ..., Kmy) (2.16)
=1

is called the set function associated to S.

Lemma 2.11. For a sequence (f,),, of elements of C(X™,X) and f € C(X™, X) such that f, = f and
for Kq,Ky, ..., Ky € X*(X), one has

fa(Kix Ky x - x Kp) — f(Kq x Ky % -+ x Kp) (2.17)
in (K*(X), h).
Proof. Indeed, the conclusion follows from the below inequality:
h(fu(Kyx - x Kp), f(Ki %+ x Ky))
< sup  d(fu(xt,..,xm), f(X1,., X)),

x1€K7,...,x;m €Ky,

(2.18)

which is valid for all n € N. O

Proposition 2.12. Let (X, dx) and (Y, dy) be two metric spaces and let f,, f € C(X,Y) be such that
sup,,,,Lip(fx) < +ooand f, 25 f on a dense set in X.
Then

Lip(f) <supLip(fa), fu—> f. (2.19)

n>1
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Proof. Set M := sup,,.,Lip(f,).

Let us consider A = {x € X | fm(x)— f(x)}, whichis a dense set in X, let K be a compact
setin X, and let € > 0.

Since f is uniformly continuous on K, there exists 6 € (0,¢/3(M+1)) such thatif x,y € K
and dx(x,y) < 6, then

€
dy (f(x), f(y)) < 3- (2.20)
Since K is compact, there exist x1, x2, ..., x, € K such that
" o}
- i,= ). .
K C Q3<x1,2> (2.21)

Taking into account the fact that A is dense in X, we can choose y1, 1y, ..., Yy, € A such
that y; € B(x1,6/2),...,yn € B(x,,6/2).

Since, for all i € {1,...,n}, limy— o fm(yi) = f(yi), there exists m, € N such that for
every m € N, m > m,, we have

dy (fm(yi), f(yi)) < § (2.22)

foreveryie {1,...,n}.
For x € K, there existsi € {1,...,n}, such that x € B(x;,6/2) and therefore

dx (x,yi) <dx(x,x;) +dx(xi,yi) < g + ; <6, (2.23)
)
dy (f(yi), f(x)) < g (2.24)
Hence, for m > m,, we have

dy (fm(x), f (%)) < Ay (fm(x), fn(yi)) + Ay (fm (i), £ (i) + Ay (f (9:), f ()

£ €
< Mdx (x,y;) + 3t3 (2.25)
£ 2¢
<Me———+—=—<e¢
SMaarsn v 3 <¢
Consequently, as x was arbitrarily chosen in K, we infer that f, = f on K, so
fn 25 f. (2.26)
The inequality Lip(f) < sup,,.,Lip(f») is obvious. O

From Lemma 2.11 and Proposition 2.12, using Proposition 2.7(ii) we obtain the follow-
ing lemma.

Lemma 2.13. Let (X, dx) be a complete metric space, let m € N, let S; = (X, ( f,i) k-T7), Where j € N*,
and let S = (X, (fi)y-1;) be generalized iterated function systems of order m, such that, for all k €

{1,...,n}, f,’( 5 fk on a dense subset of X™.
Then, for every K1, Ky, ..., Ky € X*(X),

F5],(K1,K2,...,Km) ﬁFg(Kl,Kz,...,Km), (227)
in (K*(X), h).
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3. The existence of the attractor of a GIFs for contractions

In this section, m is a natural number, (X, d) is a compact metric space, and S = (X, (fk)_1;)
is a generalized iterated function system on X of order m.

First, we prove that Fs : £*(X)™ — KX*(X) is a contraction (Proposition 3.1), then, using
some results concerning the fixed points of contractions from X™ to X (Theorem 3.4), we prove
the existence of the attractor of S (Theorem 3.5) and its continuous dependence in the fi’s
(Theorem 3.7).

The following proposition is crucial.

Proposition 3.1. Fs : X*(X)™ — X*(X) is a contraction.
Proof. By Proposition 2.7, we have

h(Fs(Ky1,Ky, ..., Ky),Fs(Hy, Ha, ..., Hy))

k=1

=h <:Li)ji:(1<1 X Ky X+ x F(n1)rlfjji:(f1i x Hy x -+« % Ii;”):)
k=1

= h<Uka (K1, Kz, ..., Kin), | JFf, (Hy, Hy, . ..,Hm)> 3.1

k=1 k=1

<max {h(fi(Kix--+xKp), fi(H1 %+ xHp)), ..., h(fu(K1 x -+ x Ky,),

fulHyx o< H))
<max {h(Hi1,K1),...,h(Hm Kun)},

forall Ky,...,K,,,Hy,...,H,, € X*(X).

It remains to prove that the above inequality is strict.

Let Ky,Ky,..., Ky, H1,Hy,...,H, € KX*(X) be fixed such that K;# H; for some i €
{1,2,...,m}.

Since

h(Fs(Ku,...,Ku), Fs(Hy, ..., Hy))

= max (d(Fs(Ky, ..., Kp), Fs(Fy, ..., Hp)), d(Fs(Hi, ..., Hy), Fs(K1, .., Kn))),

(3.2)
we can suppose, by using symmetry arguments, that
h(Fs(Ki,..., K), Fs(Hy, .., Hp)) = d(Fs(Ky,... Kin) Fs(Hi, oo Hi)), o (33)
that is,
h<Ufk(I<1 x-ox Ke), | fie (% - Hm)>
k=1 k=1
(34)

= £i<:£i{j}:(1<1 X oee X F(n1),£i£fl;(fii X oor X Ii}n)j).
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Let us note that for every Ky, Ko,..., K, € KX*(X), since fi,...,f, are continuous
functions, Fs(K1, K>, ..., Ky) = Ui fj(K1, Ky, ..., K,y,) is a compact set.

Since for all Ky,K>,..., Ky, Hi,Hy,...,H, € K*(X), the product topological space
{1,2,...,n} x (x;’ilK]-), where {1,2,...,n} is endowed with the discrete topology, is compact
and the function ¢ : {1,2,...,n} x (x;'ilK]-) — 1R, given by

t(k/ X1, X2, /xm) = d(fk (x1/x2/ e /xm)/FS(Hll HZ/ e /Hm))r (35)
is continuous and

d(Fs(K1,Ky,...,Ky),Fs(Hi, Ha, ..., Hy))

= d<Ufj(K1/K2/"°/Km)/P5(H1/H2/"'1Hm)>
k=1

(3.6)
= sup {d(fj(xl,xz,...,xm),Fg(Hl,Hz,...,Hm))}
(j,x1,xz,...,xm)e{1,2,...,n}><(><;”:1K]~)
= sup {t(k,x1,%2,...,%m),Fs(H1,Ha,...,Hn))},
(]',x1,xz,...,xm)e{1,2,.4.,n}><(><;":11<]~)
it follows that there exist k € {1,2,...,n}, x1 € Ky, x; € Ky,...,and x,, € K,;, such that
d(fE(El,...,Em),FS(Hl,...,Hm)) =d(Fs(Ky,...,Ky),Fs(Hi,...,Hpy)) 57
=h(Fs(Ki,...,Kn),Fs(Hi,...,Hy)).
Let us also note that since for all k € {1,...,n}, the function t; : Hx — R, given by
te(y) = d(xx, y), (3.8)

is continuous, Hj is a compact set, and d (X, Hi) = inf{d(xk, y) : vy € Hi}, it follows that there
exists v, € Hj such that

d(Xx,Yy) = d(Xk, H), (3.9)
thus
d(xx, ;) = d(xx, Hx) < d(Kk, Hx) < h(Ky, Hi). (3.10)
Now we are able to prove that
h(Fs(K1,Ky,...,Kp),Fs(Hy, Hy, ..., Hy)) < max {h(Hy, K1), ..., h(Hn, Ky)},  (3.11)

forall Ky,Ky,..., K, Hi,H>, ..., Hy, € X*(X) such that K; # H; for some i € {1,2,...,m}.
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Indeed, we have
h(FS(Kl,Kz,...,Km),Fg(Hl,Hz,...,Hm))
= d(f;(?l,fz,...,Em),P_g(Hl,Hz,...,Hm))
= d<fk(flf?z,~~,?m)/ U fe(Hi x Hy x -+ x Hm)> (3.12)
k=1

=inf {d(fr(X1,---, %m), fk(1,-..,ym)) 1 k€{1,2,...,n}, y1 € Hi,...,Yym € Hp}
<d(fe(xu - Xm), g V)

If ¢y =y, forallk € {1,2,...,n}, then
h(Fs(K1,K3,...,Ky),Fs(Hi, Ha, ..., Hp)) =0, (3.13)

so the above claim is true.
Otherwise, we have

h(Fs(Ky,Ky,...,Ky), Fs(Hy, Hy, ..., Hp)) <d(fe(X1 - Xm), fr(Yys - Y))
<max {d(x1,Y), -, d(Xm Y,) }
=max {d(X1, H1),...,d(Xm, Hp)} (3.14)
<max {d(Ky,Hi),...,d(Ku, Hy)}
<max {h(Ky, H1),...,h(Km,Hp)},

for all Ky, Ko,..., K, Hi,Hy, ..., H, € K*(X) such that K; # H; for some i € {1,2,...,m}. [
Let us recall the following result.

Theorem 3.2. For a contraction f : X — X, there exists a unique a € X such that f(a) = a.
For every xy € X, the sequence (xi);»o, defined by

X1 = f(Xk), (3.15)

forall k € N, is convergent to a.
Moreover, if fi : X— X, where j € N, are contractions having the fixed points a;, such that

fj = f onadense subset of X, then

lima; = a. (3.16)

jooo
Let us mention that the first part of Theorem 3.2 is due to Edelstein (see [14]).

Theorem 3.3. Let f : X — X be a function having the property that there exists p € N* such that fP]
is a contraction.

Then there exists a unique a € X such that f(a) = a and, for any xo € X, the sequence (xx)yso
defined by xi.1 = f(x) is convergent to a.
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Proof. 1t is clear that f[P] has a unique fixed point a € X and, for every yy € X, the sequence
(Yk) o1 defined by v = fIP)(yy) is convergent to a.

In particular for y({ = f[f] (x0), where xg € X and j € {0,1,...,p — 1}, the sequence
(y,]; = fl+il(xy)) >0 18 convergent to a.

It follows that the sequence (xi);-o, defined by xy,1 = f(xx), is convergent to a.

Since every fixed point of f is a fixed point of fIP], it follows that « is the unique fixed
point of f. O

Theorem 3.4. Given a contraction f : X — X, there exists a unique a € X such that
fla,a,..., ) =a (3.17)
For every xo, x1, ..., xm-1 € X, the sequence (xx)ysq defined by
Xkem = f (Xkewm—1, Xkem—2, - - -, Xk), (3.18)

forall k € N, is convergent to a.
Moreover, if for every j € N, f; : X" — X is a contraction and a; is the unique point of X having
the property that

f]'(lXj,LIj,...,lX]') Za]', (319)
then
lima; =a, (3.20)
jooo

provided that f; 25 f on a dense subset of X".

Proof. Let g : X — X and g; : X — X be the functions defined by

g(x) = f(x,x,...,x),

(3.21)
gi(x) = fi(x,x,...,x),
for every x € X.
Then g and g; are contractions.
It follows, using Theorem 3.2, that there exist unique a € X and a; € X such that
a=g(a)=flaa... «a),
aj=g(a;) = f(aj, ..., ap), (3.22)

lima; = a.

J—
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The function h : X — X™, given by

h(x()/ xl/ e /xm—l) = (xlerI . '/xmflrf(x()/ xl/ .. -/xm—1>)

(3.23)
= (X1, X2, .., X1, Xm),
for all xq, x1,..., xm-1 € X, fulfills the conditions of Theorem 3.3 (taking p = m).
Therefore, there exists (f1, f2, ..., fm) € X™ such that
h(Bi,Por-- s Pm) = (Br B2 Pm), (3.24)
SO
Pr=Pr=-=Pu=fP1r,Po - Pm)- (3.25)
Hence,
ﬂ1=ﬁ2="'=ﬁm=a‘ (326)
Then,
lim R4 (x0, X1, .., Xme1) = Hm (X, X141, -+, Xpame1)
[ [ (3.27)
= (a/a/‘--/a)/
so we conclude our claim. O

Using Proposition 3.1, Theorem 3.4, and Lemma 2.13, we obtain the following two
results.

Theorem 3.5. Given a generalized iterated function system of order mS = (X, (fk) 1), there exists
a unique A(S) € K*(X) such that

Fs(A(S), A(S),...,A(8)) = A(S). (3.28)
Moreover, for any Ho, Hy, ..., Hy, 1 € K*(X), the sequence (Hy,) 5o, defined by
Hyym=Fs (Hn+m—1/ Huysm—2,---, Hn)/ (3'29)

forall n € N, is convergent to A(S).

Definition 3.6. Let m be a fixed natural number, let (X, d) be a compact metric space, and let
S = (X, (fK)x=1n) be a generalized iterated function system on X of order m .
The unique set A(S) given by the previous theorem is called the attractor of the GIFS S.

Theorem 3.7. If S = (X, (fi)_15) and S; = (X, (f,{)kzﬁ), where j € N, are GIFS of order m such
that, for every k € {1,2,...,n}, f,i =N fi on a dense set in X™, then

A(S)) — A(S). (330)
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