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1. Introduction

Let E be a real Banach space, let C be a nonempty closed convex subset of E, and let T : C — E
be a mapping. Recall that T is nonexpansive if

ITx - Tyl < llx-yll VxyeC. (1.1)

We denote by F(T) the set of fixed points of T, that is, F(T) = {x € C : x = Tx}. A mapping T is
said to be quasi-nonexpansive if F(T) # @ and

ITx -yl <llx-yl| VxeC, yeFT). (1.2)

It is easy to see that if T is nonexpansive with F(T) # @, then it is quasi-nonexpansive. There
are many methods for approximating fixed points of a quasi-nonexpansive mapping. In 1953,
Mann [1] introduced the iteration as follows: a sequence {x,} is defined by

X1 = Xy + (1= ay) Ty, (1.3)
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where the initial guess element xo € C is arbitrary and {a,} is a real sequence in [0,1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results was proved by Reich [2]. In an infinite-dimensional Hilbert
space, Mann iteration can yield only weak convergence (see [3, 4]). Attempts to modify the
Mann iteration method (1.3) so that strong convergence is guaranteed have recently been
made. Nakajo and Takahashi [5] proposed the following modification of Mann iteration
method (1.3) for a nonexpansive mapping T from C into itself in a Hilbert space:

xp € C is arbitrary,

Yn = nxn + (1 —ay)Txy,

Co={z€C:lyn—z| < [lxn-z|]}, (1.4)
Qu={zeC:{(xy—zx-x,) >0},

xn+1=PCnﬂan0/ 7’1=0,1,2,...,
where Pk denotes the metric projection from a Hilbert space H onto a closed convex subset
K of H and prove that the sequence {x,} converges strongly to Prr)xo. A projection onto
intersection of two halfspaces is computed by solving a linear system of two equations with
two unknowns (see [6, Section 3]).

Recently, Su and Qin [7] modified iteration (1.4), so-called the monotone CQ method for
nonexpansive mapping, as follows:

xp € C is arbitrary,

Yn = anxn + (1 —ay)Txy,

Co={zeC: [lyn-2] < [lxo—=]),

Qo =C, (1.5)
Co={z€Co1 N Quor: flym = zl| < [l2en = 21},
On={2z€Cp1NQpui1:(xy—2z,x—x,) >0},

xn+1:PC,,ﬁQ,,x0/ n:O/1/2/"'/
and prove that the sequence {x,} converges strongly to Pr)xo.
We now recall some definitions concerning relatively quasi-nonexpansive mappings and
what have been proved until now. Let E be a real smooth Banach space with norm || - || and

let E* be the dual of E. Denote by (-, -) the pairing between E and E*. The normalized duality
mapping | from E to E* is defined by

Jx={f€E:(x,f) = |xI? = IfI?}, wherex€E. (1.6)

The reader is directed to [8] (and its review [9]), where the properties on the duality mapping
and several related topics are presented. The function ¢ : E x E — R is defined by

$(x,y) = IxI* - 2(x, Jy) +lyl* Vx,y € E. 1.7)
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Let T be a mapping from C into E. A point p in C is said to be an asymptotic fixed point of T
[10] if C contains a sequence {x,} which converges weakly to p and lim, .., (x, —Tx,) = 0. The
set of asymptotic fixed points of T is denoted by F(T). We say that the mapping T is relatively
nonexpansive if the following conditions are satisfied:

(R1) K(T) # &;
(R2) ¢(p, Tx) < p(p, x) foreach x € C, p € F(T);
(R3) E(T) = F(T).

If T satisfies (R1) and (R2), then T is called relatively quasi-nonexpansive.

Several articles have appeared providing method for approximating fixed points of
relatively quasi-nonexpansive mappings [11-16]. Matsushita and Takahashi [12] introduced
the following iteration: a sequence {x,} defined by

Xnpsl = H]_l (“n]xn + (1 - an)]Txn)r (1.8)
C

where the initial guess element xy € C is arbitrary, {a,} is a real sequence in [0,1], T is a
relatively nonexpansive mapping, and Ilc denotes the generalized projection from E onto a
closed convex subset C of E. They prove that the sequence {x,} converges weakly to a fixed
point of T. Moreover, Matsushita and Takahashi [13] proposed the following modification of
iteration (1.8):

xo € C is arbitrary,
Yn =] (an]xn+ (1 - an)JTxy),
Cu={z€C:¢(z,yn) <P(z,xa)}, (1.9)

Qu={z€C:(xy—z,x—x,) >0},

Xn+1 = | | X0, n:0/1/2/"'1
CuNQn

and prove that the sequence {x,} converges strongly to ITgr)xo.

Recently, Kohsaka and Takahashi [11] extended iteration (1.8) to obtain a weak
convergence theorem for common fixed points of a finite family of relatively nonexpansive
mapping {T;};Z; by the following iteration:

X =] [J7 <iwn,i(an,i]xn +(1- an,i)]Tixn)>, n=1,2,..., (1.10)
C

i=1

where a,,; C [0,1] and w,; C [0,1] with >}",;w,; = 1foralln € N.

Employing the ideas of Su and Qin [7], and of Aoyama et al. [17], we modify iterations
(1.5), (1.8)—(1.10) to obtain strong convergence theorems for common fixed points of countable
relatively quasi-nonexpansive mappings in a Banach space. Consequently, we obtain strong
convergence theorems for quasi-nonexpansive mappings in a Hilbert space without using
demiclosedness principle. Moreover, we introduce a new certain condition for an infinite
family of mappings which is inspired by Aoyama et al. [17], and we also show how to generate
a corresponding sequence of mappings satisfying our condition.
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2. Preliminaries

Throughout the paper, let E be a real Banach space. We say that E is strictly convex if the
following implication holds for x, y € E:

. X +
Ixll = Iyl =1, x#y imply HTy <1, 2.1)

It is also said to be uniformly convex if for any € > 0, there exists 6 > 0 such that

. X +
Il =yl =1, llx-yl > e imply ||TyH <1-6 (22)

It is known that if E is uniformly convex Banach space, then E is reflexive and strictly convex.
A Banach space E is said to be smooth if

x +ty|| - ||x
i 1 Y1 = Il

t—0 t (23)

exists for each x,y € S(E) := {x € E : ||x|]| = 1}. In this case, the norm of E is said to be
Gateaux differentiable. The space E is said to have uniformly Gateaux differentiable norm if for each
y € S(E), the limit (2.3) is attained uniformly for x € S(E). The norm of E is said to be Fréchet
differentiable if for each x € S(E), the limit (2.3) is attained uniformly for y € S(E). The norm
of E is said to be uniformly Fréchet differentiable (and E is said to be uniformly smooth) if the limit
(2.3) is attained uniformly for x, y € S(E).

We also know the following properties (see, e.g., [18] for details).

(a) E (E*, resp.) is uniformly convex if and only if E* (E, resp.) is uniformly smooth.

(b) J(x)# @ for each x € E.

(c) If E is reflexive, then ] is a mapping of E onto E*.

(d) If E is strictly convex, then J(x) N J(y) = @ for all x # y.

(e) If E is smooth, then ] is single valued.

(f) If E has a Fréchet differentiable norm, then J is norm to norm continuous.

(g) If E is uniformly smooth, then J is uniformly norm to norm continuous on each
bounded subset of E.

(h) If E is a Hilbert space, then J is the identity operator.

Let E be a smooth Banach space. The function ¢ : E x E — R is defined by
¢(x,y) = IxIP* - 2(x, Jy) + lyl*> Vx,y € E. (2.4)

It is obvious from the definition of the function ¢ that

(llxll = Iyl < g, v) < (llxll + yl)* Vx,y € E. (2.5)

Moreover, we know the following results.
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Lemma 2.1 (see [13, Remark 2.1]). Let E be a strictly convex and smooth Banach space, then
¢(x,y) =0ifand only if x = y.

Lemma 2.2 (see [11, Lemma 2.5]). Let E be a uniformly convex and smooth Banach space and let
r > 0. Then there exists a continuous, strictly increasing, and convex function g : [0,2r] — [0,00)
such that g(0) = 0 and

gllx - yll) < dp(x,y) (2.6)
forallx,y € B,={z€E:|z|| <r}.

Let C be a nonempty closed convex subset of E. Suppose that E is reflexive, strictly
convex, and smooth. It is known that [19] for any x € E, there exists a unique point x* € C
such that

$(x'2) = min 9y, ). 27)
ye

Following Alber [20], we denote such an x* by I'lcx. The mapping I'lc is called the generalized
projection from E onto C. It is easy to see that in a Hilbert space, the mapping I'lc coincides with
the metric projection Pc. Concerning the generalized projection, the following are well known.

Lemma 2.3 (see [19, Proposition 4]). Let C be a nonempty closed convex subset of a smooth Banach
space E and let x € E. Then

=[x (x"-y Jx-Jx*)>0 foreachyeC. (2.8)
c

Lemma 2.4 (see [19, Proposition 5]). Let E be a reflexive, strictly convex, and smooth Banach space,
let C be a nonempty closed convex subset of E, and let x € E. Then

¢<y, Hx> + ¢<Hx,x> <Py, x) foreach y € C. (2.9)
c c

Dealing with the generalized projection from E onto the fixed point set of a relatively
quasi-nonexpansive mapping, we get the following result.

Lemma 2.5. Let E be a strictly convex and smooth Banach space, let C be a nonempty closed convex
subset of E, and let T be a relatively quasi-nonexpansive mapping from C into E. Then F(T) is closed
and convex.

Proof. The proof of [13, Proposition 2.4] does not invoke condition (R3) at all. So the conclusion
holds for relatively quasi-nonexpansive mappings as well. O

Let C be a subset of a Banach space E and let {T,,} be a family of mappings from C into
E. For a subset B of C, we say that

(i) ({T}, B) satisfies condition AKTT if

Z sup {||Twnz — Tuz|| : z € B} < o0; (2.10)

n=1
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(ii) ({T}, B) satisfies condition *AKTT if

i sup {||JTws1z = JTuz|| : z € B} < c0. (2.11)

n=1

Aoyama et al. [17, Lemma 3.2] prove the following result which is very useful in our main
result.

Lemma 2.6. Let C be a nonempty subset of a Banach space E and let {T,} be a sequence of mappings
from C into E. Let B be a subset of C with ({Tn}, B) satisfying condition AKTT, then there exists a
mapping T : B — E such that

Tx = limT,x Vx€B (2.12)

n—coo

and lim,, _, o, sup{||1~"z -Tuz||: z€ B} =0.
Inspired by the preceding lemma, we have the following result.

Lemma 2.7. Let E be a reflexive and strictly convex Banach space whose norm is Fréchet differentiable,
let C be a nonempty subset of E, and let {T,,} be a sequence of mappings from C into E. Let B be a subset
of C with ({T,,}, B) satisfying condition *AKTT, then there exists a mapping T : B — E such that

Tx = limT,x VYx€B (2.13)

n—coo

and lim,,qoosup{H]Tz—]TnzH :z€ B} =0.

Proof. For x € B, we show that {JT,x} is a Cauchy sequence in E*. Let € > 0. By the condition
*AKTT of ({T,}, B), there exists [y € N such that

i sup{||JTpnz - JTaz| : z € B} <e. (2.14)

n:lo
In particular, if k > [ > Iy, then

k-1
|JTix = JTix|| < D’ sup {||JTui1z = JTyz|| : z € B}

n=l

- (2.15)
<> sup{||JTuaz - JTuz|| : z€ B} <e.

n:lo

Hence, {JT,x} is a Cauchy sequence in E*. It follows then that lim,,_, ., JT,x exists for all x € B.
Moreover, it is noted that the convergence is uniform on B. Since E is reflexive and strictly
convex, J is bijective and we can define a mapping T from B into E such that

Tx =] ( lim ]Tnx) Vx € B. (2.16)

n— oo
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Since E has a Fréchet differentiable norm, J is norm-to-norm continuous and hence
Tx=]" ]( lim Tnx> = limT,x Vx € B. (2.17)
n— oo n—oo
This completes the proof. O

Combining Lemmas 2.6 and 2.7, we obtain a crucial tool for our main result.

Lemma 2.8. Let E be a reflexive and strictly convex Banach space whose norm is Fréchet differentiable,
let C be a nonempty subset of E, and let {T,,} be a sequence of mappings from C into E. Suppose that
for each bounded subset B of C, the ordered pair ({T,}, B) satisfies either condition AKTT or condition
*AKTT. Then there exists a mapping T : C — E such that

Tx=I1lmT,x VxeC. (2.18)

Proof. To see that T is well defined, we suppose that ({T,}, {x}) satisfies condition AKTT
and condition *AKTT. Then, by Lemmas 2.6 and 2.7, there exist T and T such that Tx =
lim,, _, o, Ty = Tx. O

Lemma 2.9 (see [11, Lemma 3.2]). Let E be a reflexive, strictly convex, and smooth Banach space, let
z € E, and let {t;};2; C (0,1) with >.["1t; = 1. If {x;}}"; is a finite sequence in E such that

¢<Z/ J! <§1 ti]xi>> = Zml:ti(i)(zrxi), (2.19)

Lemma 2.10. Let E be a strictly convex Banach space and let {t,} C (0,1) with Yo" t, = 1. If {x,,} is
a sequence in E such that 35 t,x, and 350 t,||x,||> converge, and

[ee] 2 [ee]
Z toxu|l = Z tn || xn
n=1 n=1

then x1 = Xy -+ = Xyp,.

2 (2.20)

then {x,} is a constant sequence.

Proof. Suppose that x; # x; for some i, j € N. Then, by the strict convexity of E,
2

h ) tj ) i n2 ]j 2
H_ti”jxﬁ—ti”jx] el =l (221)
It follows that
t.
nXn = (t’+t])<ﬁx’ t+t ]> thn
n#i,j
el S bl
BT .
+t7 ti+ ) n#i,jn n .
o (e e e 2
<o) (g Il s ) + Sl
[oe)
= > ||
n=1

This is a contradiction. O



8 Fixed Point Theory and Applications

3. Main results

In this section, we establish strong convergence theorem for finding common fixed points of a
countable family of relatively quasi-nonexpansive mappings in a Banach space.

This theorem generalizes a recent theorem by Su et al. [21, Theorem 3.1]. It is noted that
relative quasi-nonexpansiveness considered in the paper and hemirelative nonexpansiveness
of [21] are the same. We do prefer the former name because in a Hilbert space setting, relatively
quasi-nonexpansive mappings are just quasi-nonexpansive.

Recall that an operator T in a Banach space is closed if x, — x and Tx,, — y, then Tx = y.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let {T,} be a sequence of relatively quasi-nonexpansive mappings
from C into E such that (\,_,F(T,) is nonempty and let {x,} be a sequence in C defined as follows:

X0 € C/ C—l = Q—l = C,

Yn = ]_1 (‘xn]xn + (1 - ‘xn)]Tnxn)/

Cn={z2€Cr1NQu1:¢(z,yn) < P(z,xn)}, (31)
Qn= {Z €Cr1NQpr: <xn -z, Jxo —]xn> > 0},

Xp+l = 1_[ x9, n=0,12,...,
CaNQn
where {ay) is a sequence in [0,1) with limsup, _a, < 1. Suppose that for each bounded subset
B of C, the ordered pair ({T,}, B) satisfies either condition AKTT or condition *AKTT. Let T be the
mapping from C into E defined by Tz = limy_...T,z for all z € C and suppose that T is closed and
F(T) = NyeoF(Ty). Then {x,} converges strongly to ITg)xo.

Proof. We first note that each C, and Q, are closed and convex. This follows since ¢(z,y,) <
¢(z, x,) is equivalent to

2(z, Jotn = Jyn) < [l2all” = |l (3.2)
It is clear that ;2 F(T,) € C = C.; N Q_1. Next, we show that

(F(T.) cCanQ, YneNU{0}. (3.3)

n=0

Suppose that (2 F(T,,) € Cx1 N Qk_1 for some k € NU {0}. Let p € N2, F(T,). Then
¢(p,yx) = d(p, " (arJxic + (1 - ) JTixi))

= lIpl® = 2(p, ax T + (1 - ag) J Ty ) + | Joek + (1 — ) J T ||
< lIpIP = 2a(p, Jxi) = 2(1 = @) (p, JTixi) + x| x| + (1 = k) || T |
= ai (Pl = 2(p, Jxe) + lxe]®) + (1 = k) (llpl2 = 2(p, JTix) + | Texe[|*) - (34)
= arp(p, xi) + (1 - ) p(p, Trexi)
< ard(p, xi) + (1 - ax)p(p, xi)
= ¢ (p, xi)-
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This implies that ;- F(T,) C Ck. From x =I1c,  ng, , X0 and by Lemma 2.3, we have
(xk—z,Jxo— Jxx) >0 for each z € Cxq N Q. (3.5)

In particular,

(xk—p, Jxo—Jxk) >0 forevery p € ﬂF(Tn) (3.6)
n=0

and hence ;2 F(T,) C Q. It follows that

ﬁF(Tn) C Cr N Qk. (3.7)

n=0

By induction, (3.3) holds. This implies that {x,} is well defined. It follows from the definition
of Q, and Lemma 2.3 that x,, = I'l, x¢. Since x,+1 = Ilc,n,X0 € Qn, we have

(20, %0) < P(xna1,x0) YneNU{0}. (3.8)

Therefore, ¢(x,, xo) is nondecreasing. Using x, = I1g, xg and Lemma 2.4, we have

¢ (xn, x0) = ¢(T1g,x0, x0) < §(p,x0) — p(p, xn) < P(p, x0) (39)

for all p € N2 F(T,) for all n € NU {0}. Therefore, ¢(x,, xo) is bounded. So

lim ¢ (xx,, x0) exists. (3.10)
n—oo

In particular, by (2.5), the sequence {(||x,| - llxol)?} is bounded. This implies that {x,} is
bounded. Noticing again that x, = Ilg,x, and for any positive integer k, we have x,.x €
Qnik-1 C Qpn. By Lemma 2.4,

¢ (Xnik, Xp) = ¢<xn+k, on> < ¢ (Xpak, x0) - ¢<on,xo> = ¢ (Xnsk, X0) — (X, X0).
o) Q

(3.11)

Using Lemma 2.2, we have, for m, n with m > n,

8[|xm = xall) < ¢ (xm, %) < P(xm, %0) = P(3n, %0), (3.12)

where g : [0,00) — [0, o0) is a continuous, strictly increasing, and convex function with g(0) =
0. Then the properties of the function g yield that {x,} is a Cauchy sequence in C, so there
exists w € C such that x, — w. In view of x,,,1 = Ilc,n0, X0 € C, and the definition of C,, we
also have

¢ (%1, Yn) < P(xni1,x,) YneNU{0}. (3.13)
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It follows that

Jijrgo¢(xn+1,yn) = rlli_r&(ﬁ(xm,xn) =0.
By using Lemma 2.2, we obtain

B [0t~y = i [xr ]| = 0.

Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim ||]xn+1 - ]yn” = lim ||Ixn+1 - ]xn” =0.
n—oo n—oo

On the other hand, we have, for each n € NU {0},

7261 = Tyl = | Jone1 = (@nJxn + (1 = ) JTuxn) |
= ” (1 - a") (]x"+1 - ]Tnxn) —an (]xn - ]xn+l) ”
> (1 - an)”]xn-ﬂ - ITnxn” - lxn”]xn - Ixn+1||/

and hence

an
1-a,

||]xn+l - ]Tnxn” < ||]xn+1 - ]]/n” +

1-a,
From (3.16) and limsup,, _, a, <1, we obtain
Tim || Jtnen = J T = 0.

Since J™! is uniformly norm-to-norm continuous on bounded sets, we have

i [|x60 = Ty || = Tim (|77 (Jtuen) = J7 (Tt || = 0.
It follows from (3.15) that

60 = Tl < 16 = e+ 1ot = T | — 0
and so
1112130||]xn — JTuxu|| = 0.

Case 1. ({T,}, {x,}) satisfies condition AKTT. We apply Lemma 2.6 to get

ll2¢n = Tocal < | = Tacta || + | Toxn = T

< ||%n = Tuxn || + sup{ || Twz - Tz|| : z € {x4}} — 0.

”]xn - ]xn+1||-

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Case 2. ({T,}, {xn}) satisfies condition *AKTT. It follows from Lemma 2.7 that

“]xn _]Txn” < ”]xn _]Tnxn” + ”]Tnxn _]Txn”

(3.24)
< |\ Jxn = JTuxa|| + sup{||JTuz - JTz| : z € {x,}} — 0.
Hence,
lim [l = T = lim (117 (0) - 1 (T | = 0. (325
From both cases, we obtain

lim [Joc, = Ty || = 0. (3.26)

Since T is closed and x,, — w, we have w € F(T). Furthermore, by (3.9),
¢(w,x0) = nhf;,d)(x"'xo) <¢(p,x0) VpeF(T). (3.27)
Hence, w = I'lgr)xo. O

Corollary 3.2 (see [21, Theorem 3.1]). Let E be a uniformly convex and uniformly smooth Banach
space and let C be a nonempty closed convex subset of E. Let T be a closed relatively quasi-nonexpansive
mapping from C into E such that F(T') is nonempty and let {x,} be a sequence in C defined as follows:

xpeC, C1=0Q1=C,

Yo =T (@) X0+ (1 - an) JTxn),

Ci={z€Cn1NQu1:9(z,yn) <P(z,xu)}, (3.28)
Qu={z€Cp1NQur1:(xy—2z Jxo - Jxn) >0},

Xn+1 = | | Xo, n:0/1/2/”‘/
Cann

where {ay} is a sequence in [0,1) with limsup, , a, <1. Then {x,} converges strongly to I'g(r)xo.

Remark 3.3. If, in Theorem 3.1, T, is continuous for each n € N, then the mapping T is
continuous and closed.

In our main theorem, we assume that for each bounded subset B of C, the ordered pair
({T,.}, B) satisfies either condition AKTT or condition *AKTT. As in [17], we can generate
a sequence {T,} of relatively quasi-nonexpansive mappings satisfying such an assumption
by using convex combination of a given sequence {Si} of relatively quasi-nonexpansive
mappings with a nonempty common fixed point set.
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Let {BX} be a family of positive real numbers with indices n,k € NU {0} with k < n such
that

(i) >0 Bk =1foreveryn e NU{0};
(ii) limy, — o B = B* > 0 for every k € NU {0}; and

(ifl) X520 Shoo | BE,1 — BRI < oo.

Let E be a uniformly convex and uniformly smooth Banach space and let C be a nonempty
closed convex subset of E. For a sequence {Si}-; of continuous relatively quasi-nonexpansive
mappings with a common fixed point and Sy is the identity mapping, we define a sequence
{T} of mappings from C into E by

Tox =] <Z Jis ]Skx> (3.29)
k=0
for x € C and n € NU {0}. We note that

AF(S) ¢ (JE(S) CE(T,) ¥neNU (o). (3.30)
k=0 k=0

Forn e NU {0}, let p € N{_oF(Sk). Then

¢(p, Tux) = ¢ <p, J! <k§;) B~ ]Skx>>

2

IR - z<p, zﬁsfskx> |3 psx
k=0 k=0

n n (3.31)
<lIpl? -2 Bs(p, ISkx) + S BE||Sex]|?
k=0 k=0

for all x € C. Then, for all z € F(T},,) and fix g € N F(Sk),

$(q,2) = ¢(q,Taz) = ¢ <q, J! <Z i) Sk2>> < Z Prd(q,5kz) < §(q,2), (3.32)
k=0 k=0
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that is,
) <q/ J! <Z ﬂﬁ]5k2>> = > Bi(q,Skz) = $(q, 2)-
k=0 k=0
By Lemma 2.9, we have z = Spz = S1z = --- = §,z. So
F(T,) c (F(Sk) VYneNuU{0}.
k=0
This implies that
F(T,) = (F(Sk) VneNuU{0},
k=0
and so

NF(T) = (F(s0 72

13

(3.33)

(3.34)

(3.35)

(3.36)

Then, by (3.31), we have that {T,} is a sequence of relatively quasi-nonexpansive mappings.

Let B be a bounded subset of C and let p € N2 F(Sk). By (2.5), we have

(|ISex|| - llpl)* < ¢ (p, Sex) < dp, x) < (IxIl + lIpll)>

and hence

|Skx|| < 2llpll +sup{llz| : z € B}

(3.37)

(3.38)

forall x € Band k € NU {0}. Let M = sup{||Skx|| : x € B, k € NU {0}}. For x € B and

n € NU {0}, we have

n+1

I Twax = JTaxt|| = || 3. Braa JSicx = 37 PrJ Sicx
k=0 k=0

<185 - BEIITSex]| + Bt [l Sex|
k=0

Il
B

k=0

<

M=

P

=0

n
< ZMZ |ﬁrl:+1 _ﬁrﬁl
k=0

16— B[] + <1 _ zm) S
k=0

B = pE M+ <zﬁs _ zﬁ,';H)M
k=0 k=0

(3.39)
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Therefore,

sup{||JTws1x — JTpx]|| : x € B} <2MZ |1 = Bil- (3.40)
k=0

It follows from (iii) that

S sup{[[J Tz~ JTux]| s x € B) <2M3) S [~ ] < oo (3.41)

n=0 n=0 k=0

By Lemma 2.7, we can define a mapping T by

Tx=1limT,x, VxeC. (3.42)

n—oo

Using the same argument presented in the proof of [17, pages 2357-2358], we have
n 0
lim > gy -p[=0, D p=1 (3.43)
"% k=0 k=0
For each x € C, the series 352, f*J Skx converges absolutely and

= lim
n—oo

” JTx - i B*JSkx
k=0

JTax- S pTSex
k=0

lim
n—oo

NISkx = > pFJSkx
=0 k=0

I/\

lim <Z 8% = B*| | Skx]| + Z ﬂk||]Skx||> (3.44)

k=n+1

I/\

Jim Zlﬁn B llISix]| + Jim. Z Bl Sex|

© k=n+1

/\

< hmZLﬁk pEIM + lim Z p*M = 0.

© k=n+1

This implies that

Tx =] <Z i ]Skx> vx e C. (3.45)
k=0
It is obvious that

ﬁF(sk) C F(T). (3.46)
k=0
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Let z € F(T) and fix p € N{ZoF(Sk). Then

¢(p,z) =d(p,Tz) = 4><P, 1<k§]ﬁ"]Skz>>
=0

(o (32)
=0

IA

k=0

Ms

lim <

=
Il

0

=

n— oo

k=0 k=n+1

Tim >’ B¢ (p, S¢2)
k=0

S 5p(p, Sk2)
k=0

0

<> Bp(p2)
-

=¢(p, 2).
It follows that

> B ISkz
k=0

By the strict convexity of E* and Lemma 2.10,
JSkz=JSpz=Jz VkeN.
Since ] is one to one,
Skz=S9pz=z VkeN.

So z € N2 F(Sk). Therefore,

F(T) ¢ (YE(S).
k=0

)gr;o<llpllz - 2<p,Z ﬁk]SkZ> +
k=0

lim <||p||2 - 2<n2ﬁ’vskz> + jpk||]5kz||2>
k=0

Brllpll* - 2§n: B*(p, JSkz) + Z ﬂk||5k2||2>
k=0 k=0

1im< Bd(p, Skz) + Z Brllpll?

2 [o/e]
= > B(l7Sk=|”
k=0

15

]Skz

)

(3.47)

)

(3.48)

(3.49)

(3.50)

(3.51)
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This together with (3.36) and (3.46) gives
F(T) = (\F(Tx) = (F(SK)- (3.52)
n=0 k=0

Hence, we obtain that {T,} satisfies all the conditions of our main theorem. Now, we have the
following result.

Theorem 3.4. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let {5} be a family of positive real numbers with indices n,
k e NU {0} with k < n such that

(1) 37y Bk =1 for every n e NU {0};
(ii) limy,— B = B* > 0 for every k € NU {0};
(iti) 3520 Sizo Byt — Bl < oo

Let {Sk} be a sequence of continuous relatively quasi-nonexpansive mappings with a common fixed
point and let Sy be the identity operator, one defines a sequence {T,} of relatively quasi-nonexpansive
mappings from C into E by

Tox =] <Z ﬁﬁfskx> (3.53)
k=0

forall x € Cand n € NU {0}. Then the sequence {x,} in C defined by (3.1) converges strongly to
Hng k(s Xo.

4. Deduced theorems

In Hilbert spaces, relatively quasi-nonexpansive mappings and quasi-nonexpansive mappings
are the same. We obtain the following result.

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let {T,} be a sequence
of quasi-nonexpansive mappings from C into E such that ;. F(T,) is nonempty and let {x,} be a
sequence in C defined as follows:

x€C, Cq4=Q41=C,

Yn = opXy + (1 - “n)Tnxnz

Crn=1{z€CranNQuar:||yn—2z| < ||xn—z||}, (4.1)

Qu={z€Cp1 NQu1:{(xn—2zx—x,) >0},

Xne1 = Pc,no, %0, n=0,1,2,...,
where {a,} is a sequence in [0,1) with limsup,_,_a, < 1. Suppose that for each bounded subset B
of C, the ordered pair ({T,}, B) satisfies condition AKTT. Let T be the mapping from C into E defined

by Tz = lim, T,z for all z € C and suppose that T is closed and F(T) = (;_oF(T). Then {x,}
converges strongly to Pr)xo.
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Proof. Since ] is an identity operator, we have

P, y) = llx -yl (4.2)

for every x,y € H. Therefore,

Tax —p|l < llx-pll &= ¢(p, Tux) < $(p, x) (4.3)

for every x € C and p € F(T,). Hence, T, is quasi-nonexpansive if and only if T, is relatively
quasi-nonexpansive. Then, by Theorem 3.1, we obtain the result. O

Corollary 4.2 (see [22, Theorem 2.1]). Let C be a nonempty closed convex subset of a Hilbert space
H. Let T be a closed quasi-nonexpansive mapping from C into E such that F(T) is nonempty and let
{xn} be a sequence in C defined as follows:

x€eC Ci1=01=C,
Yn = anxn + (1= ay)Txy,
Co={z € Cort N Qur [lyn = 2[| < [l - 2]}, (44)
Qn={2z€Cr1NQpu: (xp—2,x-x,) >0},
Xn+1 = Pc,no, %0, n=0,1,2,...,
where {a,} is a sequence in [0,1) with limsup, ,_a, < 1. Then {x,} converges strongly to Pg)xo.

We give an example of a countable family of quasi-nonexpansive mappings which are
not nonexpansive but satisfy all the requirements of our main theorem.

Example 4.3. Let E = R with the usual norm. For n € N, we define a mapping T,, on R by

. 1
0 1fx§;,

T,x = . (4.5)

1 .
— ifx>—
n? n2’

for all x € R. Then N;2,F(T,,) = F(T,,) = {0} and

|T.x-0| <|x-0] VxeR (4.6)

So {T,} is a sequence of quasi-nonexpansive mappings. Let z € R, then

-

0 if z< 57
n+1)
|Thi1z - Tpz| = 3 12 if % <z< lz, (4.7)
n (n+1) n
1 1 . 1
7 ey W
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for all n € N. It follows that

1

Z sup{|Tu1z - Tpz| : z € R} =Z 5 < 0. (4.8)
n=1 n=1 n
We now define a mapping T on R by
Tx =1limT,x=0 VxeR. (4.9)

n—oo

Hence, the sequence {T},} satisfies all conditions in our main result. We also note that each
T, is neither nonexpansive nor relatively nonexpansive. Actually, T, above fails to have the
condition (R3). Let {x,,} be a sequence define by x,, = 1/n* + 1/m. Then

1
Xy — X — Tyxpm = — — 0 as m — oo. (4.10)
m

F/
This implies that 1/n2 € F(T,,) and 1/n2 ¢ F(T},).
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