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1. Introduction and preliminaries

In this paper, we will present two iterative schemes with errors which are proved to be strongly
convergent to a common element of the set of zero points of maximal monotone operators and
the set of fixed points of nonexpansive mappings with respect to the Lyapunov functional in
real uniformly smooth and uniformly convex Banach spaces. Moreover, it is shown that some
results proposed by Martinez-Yanes and Xu in [1] and Solodov and Svaiter in [2] are special
cases of ours. Finally, we will demonstrate the applications of our iterative schemes on both
finding the minimizer of a proper convex and lower semicontinuous function and solving the
variational inequalities.

Let E be a real Banach space with norm ||-|| and let E* be its dual space. The normalized
duality mapping J : E — 2F'is defined as follows:

Jx = {x* € E*: (x,x*) = ||x|* = ||x*||’} Vx€E, (1.1)
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where (x, x*) denotes the value of x* € E* at x € E. We use symbols “~ ” and “* ” to represent
strong and weak convergence in E or in E*, respectively.

A multivalued operator T : E — 2F" with domain D(T) = {x € E : Tx#@} and range
R(T) =U{Tx : x € D(T)} is said to be monotone if (x1 — x2, 1 — y2) > 0 for all x; € D(T) and
yi € Tx;, i =1,2. A monotone operator T is said to be a maximal monotone if R(J +rT) = E* for
all ¥ > 0. For a monotone operator T, we denote by T™10 = {x € D(T) : 0 € Tx} the set of zero
points of T. For a single-valued mapping S : E — E, we denote by Fix(S) = {x € E : S5x = x}
the set of fixed points of S.

Lemma 1.1 (see [3, 4]). The duality mapping J has the following properties.

(1) If E is a real reflexive and smooth Banach space, then J : E — E* is single-valued.
(2) Forallx e Eand A € R, J(\x) = AJx.

(3) If E is a real uniformly convex and uniformly smooth Banach space, then ]! : E* — E is also
a duality mapping. Moreover, | : E — E* and J™' : E* — E are uniformly continuous on
each bounded subset of E or E*, respectively.

Lemma 1.2 (see [4]). Let E be a real smooth and uniformly convex Banach space and let T : E — 25
be a maximal monotone operator. Then T~10 is a closed and convex subset of E and the graph of T, G(T),
is demiclosed in the following sense: for all {x,} ¢ D(T) with x, = x in E and for all y,, € Tx,, with
Yo — yinE*, x € D(T)and y € Tx.

Definition 1.3. Let E be a real smooth and uniformly convex Banach space and let T : E — 25
be a maximal monotone operator. For all r > 0, define the operator QF : E — E by Qlx =
(J+rT) ' Jx forall x € E.

Definition 1.4 (see [5]). Let E be a real smooth Banach space. Then the Lyapunov functional
¢ : Ex E — R* is defined as follows:

9(x,y) = x> -2(x,j(y)) + lyl> Vx,y €E, j(y) € Jy. (1.2)

Lemma 1.5 (see [5]). Let E be a real reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed and convex subset of E, and let x € E. Then there exists a unique element xy € C such
that ¢(xp,x) = min {¢(z,x) : z € C}.

Define the mapping Qc of E onto C by Qcx = xq for all x € E. Qc is called the general-
ized projection operator from E onto C. It is easy to see that Q¢ is coincident with the metric
projection Pc in a Hilbert space.

Lemma 1.6 (see [5]). Let E be a real reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed and convex subset of E, and let x € E. Then, forall y € C,

¢(y,Qcx) + ¢(Qcx, x) < p(y, x). (1.3)

Lemma 1.7 (see [6]). Let E be a real smooth and uniformly convex Banach space and let {x,} and
{yn) be two sequences of E. If either {x,} or {y,} is bounded and ¢(x,,y,) — 0as n — oo, then
xn—yni Oasn — oo.
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Lemma 1.8 (see [7]). Let E be a real reflexive, strictly convex and smooth Banach space and let T :
E — 2F be a maximal monotone operator with T-'0# @. Then forall x € E, y € T'0 and r > 0, one
has ¢(y, QT x) + p(Qlx, x) < ¢(y, x).

Lemma 1.9 (see [5]). Let E be a real smooth Banach space, let C be a convex subset of E, let x € E,
and let xg € C. Then ¢(xo,x) = inf {¢(z,x) : z € C} if and only if (z — xo, Jxo — Jx) > 0 for all
zeC.

Definition 1.10. Let E be a real Banach space. Then S : E — E is said to be nonexpansive with
respect to the Lyapunov functional if ¢(Sx, Sy) < ¢(x,y) forall x,y € E.

Remark 1.11. If E is a real Hilbert space H, then S is a nonexpansive mapping in the usual
sense: ||Sx - Sy|| < ||x —y| forall x,y € H.

Lemma 1.12. Let E be a real smooth and uniformly convex Banach space. If S : E — E is a mapping
which is nonexpansive with respect to the Lyapunov functional, then Fix(S) is a convex and closed
subset of E.

Proof. In fact, we only need to prove the case that Fix(S) # @. For all x, y € Fix(S) and t € [0,1],
let z = tx + (1 — t)y. Then we have
¢(z,52) = t(lxll” - 2(x, JSz) + ISzI”) + (1 = ) (IyIl* - 2(y, JSz) + |1Sz]”*)
— Hlx[* = (1= O)llylI* + |z

= tp(x, Sz) + (1 - )p(y, Sz) — tl|x||* - (1 - Dly|* + ||z (1.4)
<tp(x,z) + (1= ey, z) - thx]|* = A=)yl + |1zI
=¢(z,z)=0.

By using Lemma 1.7, we know that z = Sz, which implies that Fix(S) is a convex subset of E.
For all x,, € Fix(S) such that x, 5 x, it follows that o(Sx,, Sx) < ¢(x,,x) — 0. Lemma 1.7
implies that Sx, 2 Sxasn — 0. S0 x € Fix(S). O

2. Strong convergence theorems

Throughout this section, we assume that E is a real uniformly smooth and uniformly con-
vex Banach space, S : E — E is nonexpansive with respect to the Lyapunov functional
and weakly sequentially continuous and T : E — 2F is a maximal monotone operator with
T-10NFix(S) # 2.
Theorem 2.1. The sequence {x,} generated by the following scheme:
x0€E, 1ry>0,
Yn = Q;, (xn +en),
Jzn = anJx, + (1 - “n)]]/nr
U, = Sz, (2.1)
H, = (0 € B2 9(0,u,) < 9(0,20) < 0np(0,3) + (1~ 2,)p(0,3,+ 1)),
Wy={z€E:(z-xy Jxo— Jx,) <0},

Xn41 = QH,ow, X0 Y1 20,
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converges strongly to Qr-19nrix(s)Xo provided

(i) {an} C [0,1) is a sequence such that a,, <1 -6, for some 6 € (0,1);
(ii) {rn} C (0, +o0) is a sequence such that inf ,5or,, > 0;

(iii) {e,} C E is a sequence such that ||e,|| — 0 as n — oo.

Proof. We split the proof into five steps.
Step 1. Both H, and W, are closed and convex subsets of E.
Noting the facts that

0(v,20) S an (v, x,) + (1 - an) (v, x4 + €4)
= ||zn||2 - an”xn”2 - (1—ay)||xn+ en”2 <2v, Jzn—an Jxn— (1—an) ] (xn+en)), (22)

0(0,un) <9(v,20) = ||2al]” = Jtta]|® 2 200, J 20 — Jutn),

we can easily know that H,, is a closed and convex subset of E. It is obvious that W, is also a
closed and convex subset of E.
Step 2. T'0 N Fix(S) ¢ H, N W, for each nonnegative integer n.

To observe this, take p € T~'0(Fix(S). From the definition of the maximal monotone
operator, we know that there exists g € E such that yy = ,To(xo+eo). It follows from Lemma 1.8
that ¢(p, yo) < ¢(p, xo + ep). Then

¢(p,uo0) < 9(p,z0) < aop(p, x0) + (1= a0)p(p,yo) < aop(p, x0) + (1 - a0)p(p, xo0 + o),
(2.3)

which implies that p € H.

On the other hand, it is clear that p € W, = E. Then p € Hy N W, and therefore x; =
Qmynw, Xo are well defined.

Suppose that p € H,-1 N W, and x, is well defined for some n > 1. Then there exists
Yn € E such that y,, = QT (x, + e,). Lemma 1.8 implies that ¢(p, yu) < ¢(p, x, + €,). Thus

@(pun) < @(p,zn) < anp(p,xn) + (1= an)@(p, yn)

(2.4)
< @(p, zn) Sanp(p, xn) + (1=an) 9 (p, yn)
which implies that p € H,,. It follows from Lemma 1.9 that
(p—xn, Jxo = Jxu) = (p — QH,.0w,. X0, J X0 = JQH, . W, X0) <0, (2.5)

which implies that p € W,. Hence x,.1 = Qm,w,Xo is well defined. Then, by induction, the
sequence generated by (2.1) is well defined and T~'0 (N Fix(S) ¢ H, N W,, for each n > 0.
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Step 3. {x,} is a bounded sequence of E.
In fact, for all p € T'0N Fix(S) ¢ H, N W,,, it follows from Lemma 1.6 that

(P, Qw,x0) + ¢(Qw, X0, x0) < ¢(p, x0). (2.6)

From the definition of W,, and Lemmas 1.5 and 1.9, we know that x,, = Qw, xp, which implies
that @(p, x,) + @(x,, x0) < ¢(p, x0). Therefore, {x,} is bounded.
Step 4. w(x,) C T'0NFix(S), where w(x,) denotes the set consisting all of the weak limit
points of {x,}.

From the facts x, = Qw, X0, Xn+1 € W, and Lemma 1.6, we have

¢ (Xns1, Xn) + @(Xn, X0) < p(Xni1, X0)- (2.7)

Therefore, lim .o, p(x,, xo) exists. Then ¢(xp+1,x,) — 0, which implies from Lemma 1.7 that
Xp+1 — Xn £, 0asn — oo. Since Xn+1 € H,, we have

¢0(Xni1,Un) < O(Xni1,2n), (2.8)
@ (X1, 2n) < AP (Xni1, X0) + (1= ) 9 (Xp51, X + €1)- (29)

Notice that
O (Xns1, Xn + €) = Q(Xna1, Xp) = |20 + en”2 - ||x,,||2 +2(xni1, Joxn = J (30 + €4) ). (2.10)

Since | : E — E* is uniformly continuous on each bounded subset of E and |le,|| — 0, we know
from (2.10) that ¢(x,+1, x4 + €,) — 0, which implies that ¢(xp41,2,) — 0 by (2.9). Moreover,
(2.8) implies that ¢(xp41,1,) — 0 as n — oo. Using Lemma 1.7 , we know that x,.1 — 2 =0,
X1 — Uy — 0as n — oo. Since both J:E—E*and J7': E* — E are uniformly continuous on
bounded subsets, we have x, — v, % 0asn— oo. From Step 3, we know that w(x,)#@. Then,
for all g € w(xy,), there exists a subsequence of {x,}, for simplicity, we still denote it by {x;,}
such that x, = gasn — oo. Therefore, u, — q,z, — qandy, — gasn — oo.SinceS: E — E
is weakly continuous and u,, = 5z,, then g € Fix(S). From the iterative scheme (2.1), we know
that there exists v, € Ty, such that r,v, = J(x, +e,) — Jyn. Then v, % 0asn — oo. Lemma 1.2
implies that g € T10.
Step 5. xp, 5 q* = Qr10nFix(S)X0 as 1 — oo.

Let {x,,} be any subsequence of {x,} which is weakly convergent to g € T~*0 " Fix(S).
Since x,41 = Qn,nw, X0 and g* € T-'0N Fix(S) ¢ H,NW,, we have @ (xn41,x0) < (g*, x0). Then
it follows that

@ (X, q°) = (2, X0) +(x0,9") = 2(2xn = X0, Jq" = JX0)

2.11)
<9(q",x0) +¢(x0,9") —2(xn—x0,Jq" ~ JX0),
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which yields

lim sup ¢(xu, 9%) < @(q", x0) + ¢ (x0,4") = 2(q = x0,Jq" = J o) (2.12)

=2(q"-q,]9" - Jx) <0.

Hence ¢(x,,,q*) — 0 as i — co. It follows from Lemma 1.7 that x,,, > q* as i — oo. This means
that the whole sequence {x,} converges weakly to g* and each weakly convergent subsequence
of {x,} converges strongly to g*. Therefore, x, 5 q* = Qr-100 Fix($)X0 @S 1 — 0. O

Remark 2.2. If E is reduced to a real Hilbert space H and S = I, then Q! equals to JT =

(I +r,T)"". So the iterative scheme (2.1) is reduced to the following one introduced by Yanes
and Xu in [1]:

Xy € H chosen arbitrarily,
Yn = anxn + (1= an) J] (30 + €n),
Ho= o€ Hlya ol < |-l + 20 - a)(x-ven) 4 eal), 213)
Wy={z€H:(z-x,x —x,) <0},

Xns1 = Ph,ow,x0, VYn 2> 0.

They proved that, if T~10# @, then the sequence {x,} generated by (2.13) converges strongly
to Pr-19xo provided

(i) {an} C [0,1) is a sequence such that a, <1 -6 for some 6 € (0,1);

(ii) {rn} C (0, +o0) is a sequence such that inf,r, > 0;

(iii) {e,} C E is a sequence such that |le,|| — 0.

Remark 2.3. If E is reduced to a real Hilbert space H, a, = 0, e, = 0 and S = I, then (2.1)
includes the following iterative scheme introduced by Solodov and Svaiter in [2]:

xg € H,
0=v,+ rl_n(y"_x")' vy € Tyy,
H,={z€H:(z -y, v,) <0}, (2.14)
W, ={z€eH:(z-x,x0—x,) <0},

Xn+1 = P, ow, x0, VY1 2> 0.

They proved that, if T"10# @ and liminf .7, > 0, then the sequence generated by (2.14)

converges strongly to Pr-19xo.
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Corollary 2.4. Suppose that E and S are the same as those in Theorem 2.1. For i = 1,2,...,m, let
T; : E — 2F be maximal monotone operators. Denote D: = (", T, 0\ Fix(S) and suppose that
D # &. Then the sequence {x,} generated by

xo €E, rO,i>0/ i=1,2,...,m,
Yn,i = QrTn"li(xn +e,), i=12,...,m,
JzZni = ani]xn + (1 - Dln,i)]yn,i, i=1,2,...,m,
un,izszn,i, i=1,2,...,m,

Hyi={v€E:(v,un) <@(v,2ni) < anip(v,x,) + (1 - ani)p(v,xp+e,)}, i=12,...,m,

m
H, = ﬂ Hn,i/

i=1
Wy={z€E:(z-xy Jxo—Jx,) <0},
Xns1 = QH,ow, X0 Yn >0,
(2.15)

converges strongly to Qpxy provided

(i) {ani} C [0,1) is a sequence such that a,; <1 -6, for some 6 € (0,1),i=1,2,...,mand
n>0;1,2,...,

(ii) {rn,i} C (0, +o0) is a sequence such that inf 501, ; >0 for i =1,2,...,m;
(iii) {e} C E is a sequence such that ||le,|| — 0 as n — oo.
Similar to the proof of Theorem 2.1, we have the following result.
Theorem 2.5. The sequence {x,} generated by
xo€E, 19>0,
Yn=QF (xn+en),
Jzn = an]xo + (1= an) JYn,

n = Sz, (2.16)
H,={veE:¢(v,uy) <¢(v,z,) <anp(v,x0) + (1 —an) (v, xn + 1)},
Wy={z€E:(z-xy Jxo— Jx,) <0},

Xn+1 = Qm,ow, X0 Yn >0,

converges strongly to Qr-19 Fix(s)Xo provided

(i) {an} € [0,1) is a sequence such that a,, — 0 as n — oo;

(ii) {rn} C (0, +o0) is a sequence such that inf o1, > 0;

(iii) {e,} C E is a sequence such that ||e,|| — 0 as n — oo.
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Remark 2.6. 1f E is reduced to a real Hilbert space H and S = I, then the iterative scheme (2.16)
is reduced to the following one, which is similar to that in [1]:

Xo € H chosen arbitrarily,
Yn =anxo+ (1 - an)],Tn (xn +en),
H, = {veH: |y —o|* < [|x = o|I* + au(||x0]|* + 2(x, = x0,0))

+2(1= ) = v,e0) + (1= ) [lenll” = a2},

Wy, ={z€eH:(z—-x,x —x,) <0},

(2.17)

Xn+1 = Pg,aw,x0 Y 2> 0.

Corollary 2.7. Suppose that E, S, T;, and D are the same as those in Corollary 2.4. If D # &, then the
sequence {x,} generated by

X0 € E, 10,i > 0,

Yni = sz;,i(xn + en)/
Jzni = aniJxo+ (1= ani) JYni,
Uy, = Szn,i/
Hyi={veE:p(v,un) <¢(v,zni) < anip(v,x0) + (1 — ;) (v, x4 + €4) }, (2.18)

m

H, =(\Hui, i=12,...,m,
i=1

Wy={z€E:(z-xy Jxo— Jx,) <0},

Xn+1 = Qm,ow, X0 Vn 20,

converges strongly to Qpxy provided

(i) {ani} € [0,1) is a sequence such that a,; — 0asn — oo fori=1,2,...,m;

(ii) {rni} C (0, +o0) is a sequence such that inf 501, ; >0 fori=1,2,...,m;
(iii) {e,} C E is a sequence such that ||e,|| — 0 as n — co.
3. Applications to minimization problem

Definition 3.1. Let f: E — (oo, +oo] be a proper convex and lower semicontinuous function.
Then the subdifferential 0f of f is defined by

of (z) ={veE:f(y)>f(z)+(y—zv), Vye E} VzeE (3.1)
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Theorem 3.2. Let E, S, {a,}, {r,}, and {e,} be the same as those in Theorem 2.1. Let f : E —
(—00, +00] be a proper convex and lower semicontinuous function. Let {x,} be the sequence generated

by

X0 € E, o > 0,
. 1 » 1
Yy = arg m1n{f(z)+2—||zn|| ——(Z,](xn+en)>},
z€E T'n Tn

Jzn = an]xn + (1= an) JYn,
Un = Szp,
H,={veE:¢(v,u,) <¢(v,z,) < anp(v,x,) + (1 - an)p(v, x5 + 1)},
Wy ={z€E:(z-xy Jxo - Jxn) <0},

(3.2)

Xn+1 = QH,,anX() Vn > 0.
If (0f) 0N Fix(S) # @, then {x,} converges strongly to Q50 Fix(s) X0-

Proof. Since f: E — (-o0, +o0] is a proper convex and lower semicontinuous function, the sub-
differential Of of f is a maximal monotone operator from E into E*. We also know that

. 1 1
Y = arg min {f(z) b ozl (e e en)>} (3.3)
zeE I'n Tn
is equivalent to
1 1
0€0f(yn) + —~Jyn = —J (xu +en): (3.4)
Thus we have y, = Q?nf (x,, + e,) and so Theorem 2.1 implies that {x,} converges strongly to

Q(af)flon Fix($)X0 as 11 — oo. 0

Similarly, we have the following theorem.

Theorem 3.3. Let E, S, {a,}, {rn}, and {e,} be the same as those in Theorem 2.5. Let f:E —
(=00, +oo] be a proper convex and lower semicontinuous function. Let {x,} be the sequence generated

by

x0€E, 1ry>0,
. 1 1
Yo = arg min {f(z) bzl - L e G+ en)>},
z€E T'n Tn

Jzn = anJxo + (1 - an)]yn/

Uy = Sz, (3.5

H,={v€E:¢(v,uy) <p(v,z4) <anp(v,x0) + (1 - an)p(v,x, +en)},
Wn = {ZEE: (Z—xn,]xo—]xn) SO}’
Xni1 = QH,rw, X0 Yn > 0.

If (af)‘lo (N Fix(S) # @, then {x,} converges strongly to Q(af)flonFix(S)X().
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4. Applications on solving the variational inequalities

Definition 4.1 (see [4]). Let E be a real Banach space. A single-valued operator A : E — E* is
said to be hemicontinuous if it is continuous along each line segment in E with respect to the
weak* topology of E*.

Definition 4.2. Let E be a real Banach space and let C be a nonempty closed and convex subset
of E. Let A : C — E* be a single-valued monotone operator which is hemicontinuous. Then a
point u € C is said to be a solution of the variational inequality for A if

(y-u,Au)y >0, VyeC. (4.1)

We denote by VI(C, A) the set of all solutions of the variational inequality for A.

Definition 4.3. Let E be a real Banach space and let C be a nonempty closed and convex subset
of E. We denote by N¢(x) the normal cone for C at a point x € C, that s,

Ne(x)={x*€E*: (y-x,x*) <0, yeC}. (4.2)
In [8], it is proven that the operator T : E — 2" defined by

(4.3)

Ax+ Nc(x), x€eC,
Tx =
a, x¢C,

is a maximal monotone operator. It is easy to verify that T~1(0) = VI(C, A).

Theorem 4.4. Let E, S be the same as those in Theorem 2.1 and let C be a nonempty closed and convex
subset of E. Let A : C — E* be a single-valued monotone operator which is hemicontinuous. Let {x,)
be a sequence generated by

x0€E, 1ry>0,
1
Yo = VI<C,A+ (- G+ en))>,

Jzn = an]Jx, + (1 - “n)]]/nr

1, = Sz, (44)

H,={veE:p(vuy) <(v,z,) <anp(v,x,) + (1 = an)p(v,x, +en)},
W, ={z€E:(z-x, Jxo— Jx,) <0},
Xn+1 = Qm,ow, X0 Vn 20,
which converges strongly to Qvi(c,a)n Fix(s)Xo provided

(i) {an} C [0,1) is a sequence such that a,, <1 -6, for some 6 € (0,1);

(ii) {rn} C (0, +o0) is a sequence such that inf o1, > 0;

(iii) {e,} C E is a sequence such that ||e,|| — 0 as n — oo.
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Proof. Note that

Y =VI<C,A+ %(I—](xwen)))

1
<=><y—yn,Ayn+—(]yn—](xn+en))>zo VyeC n
n (4.5)
& J(xn+en) € TYn+ Jyn
S y,=(+ rnT)_lj(xn +ep) = QrTn (%0 +en),
where T is the same as that in Definition 4.3. Then the result follows from Theorem 2.1. O

Similarly, we have the following result.
Theorem 4.5. Let E, C, S and A be the same as those in Theorem 4.4. Let {x,} be a sequence generated
by
x0€E, 1r>0,
1
Yn = VI<C,A + r_(] = J(xn + en))>,
n

Jzn = an]xo + (1= an) Jyn,

u, = Sz,, (4.6)

H,={v€eE:p(v,u,) <p(v,z,)} <anp(v,x0) + (1 = an)p(v, x, + €n) },
W, ={z€E:(z-x, Jxo— Jx,) <0},

Xn+1 = Qm,nw, X0 Yn >0,
which converges strongly to Qvi(c,a)n Fix(s)Xo provided

(i) {an} C [0,1) is a sequence such that a,, — 0 as n — oo;

(ii) {rn} C (0, +o0) is a sequence such that inf ,5or,, > 0;
(iii) {e,} C E is a sequence such that ||e,|| — 0 as n — oo.

Remark 4.6. It will be interesting to consider similar problems when a single mapping ”S” is
replaced by an amenable semigroup S of mappings that are nonexpansive with respect to
the Lyapunov functional and to combine the iterative scheme for the fixed point set deter-
mined by a left regular sequence of means as demonstrated in the recent work [9] with that of
Theorem 2.1.
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