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The Euler equations, namely a set of nonlinear partial differential equations (PDEs),
mathematically describing the dynamics of inviscid fluids are numerically integrated by
directly modeling the original continuous-domain physical system by means of a discrete
multidimensional passive (MD-passive) dynamic system, using principles of MD nonlinear
digital filtering. The resulting integration algorithm is highly robust, thus attenuating the
numerical noise during the execution of the steps of the discrete algorithm. The nonlinear
discrete equations approximating the inviscid fluid dynamic phenomena are explicitly
determined. Furthermore, the WDF circuit realization of the Euler equations is determined.
Finally, two alternative MD WDF set of nonlinear equations, integrating the Euler

equations are analytically determined.
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1 INTRODUCTION

The problem of deriving the analytic solution of
nonlinear (NL) partial differential equations
(PDEs) is a rather difficult task. The problem has
not as yet been solved for the majority of cases. For
this reason a variety of numerical methods solving
discretized versions of the NLPDE:s (see e.g. [1-8]
and the references therein) have been developed.
The solution of such a numerical problem appears

to have many applications in fluid mechanics,
electromagnetics and thermodynamics. One impor-
tant set of NLPDEs is that of the Euler equations.
The Euler equations describe the dynamics of an
inviscid fluid, thus having a variety of applications
in fluid mechanics (industrial equipment, flight
systems, fan systems, etc.). The numerical solution
of this type of equations has attracted considerable
attention (see e.g. [1-8]). The first results regarding
the numerical integration of the Euler equations
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via Wave Digital Filters (WDFs) have been
reported in [9,10]. In [9] the reference circuit is
derived and the general guidelines for the deriva-
tion of an MD discretization of the Euler equations
for a polytropic fluid are presented. In [10],
simulation results are presented for the special case
of the 3-D (two spatial variables and one time
variable) Euler equations.

The discretization of ODEs (Ordinary Differen-
tial Equations) via WDFs appears to be a well-
established technique since the beginning of 70s
(see [11] and the references therein) . The advantage
of this technique is mainly based on the preserva-
tion of passivity when the continuous system is
transformed to the respective discrete approxima-
tion. This way the numerical errors in the iteration
of the steps of the discrete algorithm, simulating
the original system, appear to be attenuated [12].
This distinct advantage of the WDFs has also been
transferred to the case of deriving approximate
discretizations of PDEs [13—15]. The property of
preserving the passivity under discretization
appears to be rather important in the case where
the equations are NL or more important in the case
of NLPDEs. The nonlinearity of the original
system accentuates the numerical errors in the
iteration of the steps of the discrete algorithm,
thus yielding numerical instability. The approx-
imation of NLPDE:s via passive WDFs appears to
be a difficult problem not always solvable. The
present paper is devoted towards this aim.

In particular, the problem of numerically inte-
grating a special case of NLPDEs, namely the
Euler equations, is considered. The contribution of
the present paper can be summarized into the
analytic determination of the nonlinear discrete set
of equations approximating the Euler equations for
a polytropic fluid and the respective MD WDF
equations integrating the Euler equations. The
nonlinear discrete set of equations is proved to be
passive. Furthermore, the WDF circuit realization
of the Euler equations is determined. Finally, two
alternative MD WDF set of nonlinear equations,
integrating the Euler equations are analytically
determined.

2 THE EULER PARTIAL DIFFERENTIAL
EQUATIONS

Consider an inviscid compressible fluid. The
change in the momentum of the fluid flowing
through a control volume at any time instant, as
well as the dynamics expressing the conservation of
mass are governed by the following two partial
differential equations [16]:

9q Vp
Y ygvg=7-2 2.1
5 T4 Va=S = (2.1)
dp
PV .pg=o0, 22
5 TV (2.2)
respectively. The vector 7, =1, t, 13 ©]' is the

vector of the three spatial variables x, y,z and the
time #(t; = x,t, =y,t3 =2z). Based upon this
definition the well known nabla operator V is
expressed equivalently as follows:

o a9 a1
o 7
The velocity vector is denoted by ¢=[q1 ¢> ¢3]",
pis the density, f=[f; f> f3]" is the external forces
applied to the fluid inside the control volume, p is
the pressure of the fluid in the control volume.

In this section three equivalent expressions of the
Euler equations (2.1 and 2) will be presented. These
equivalent expressions will facilitate the passive
discretization algorithm that will be derived. It is
mentioned that the steps required for the deriva-
tion of the equivalent forms have first been
presented in [9]. For presentation purposes the
three equivalent expressions will be partitioned
into three different subsections.

2.1 Generalized Time

It is convenient to start with the transformation of
the time variable 7 to a new variable #z, having
dimension of a spatial variable [15]. This new
variable is defined by means of a function ¢4 equal
to the derivative g4 = g4(7) = dt4/df of the new
variable #4. The time variable ¢4 can be considered
as an arbitrary, for the time being, variable which
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will be specified later in order to facilitate the proof
of passivity. Similarly, the function g4 is for the
time being arbitrary. Hence, the vector 7, is trans-
formed to a new vector t=[t, t, t;3 t4]". Using this
new vector and the notation

0

D=[Dy D, D; D4]T; E/;

Dy = (k=1,2,3)
Eqgs. (2.1) and (2.2) can be rewritten equivalently as

follows:

NE

pakDrg + Vp = fp, (2.3)

1

M- 7

Di(pqx) + qaDap = 0. (24)

x~
I

1

2.2 Normalization

The goal of this transformation is to introduce new
arbitrary parameters in the Euler equations. These
parameters will be useful in proving passivity.
Consider the identity

VxD(yv/x) = xDy + 3 yDx (2.5)

holding true for every real functions x,y with x
scalar (x >0) and y vector. The above identity is
usually called normalization identity. Define the
following normalized quantities

Gi=li b =g p="0
1 92 43 q4\/5’ P pop’
2/a

. )2 A s aqT

= a— N = = —_— N
p=va . I=hhBl=" 0
where ug, po are positive constants and a = a(7) is
an arbitrary function of time. Using (2.5) Egs. (2.3)
and (2.4) take on the form

. 1

+Dp =5 J=1.23, (2.6)
4
ZDk(Ai =0 (2.7)
k=1 g4

2.3 Hadamard Transformation

Due to conservation of energy, physical systems
are usually passive. The systems of PDEs describ-
ing a physical system does usually not reflect
passivity. The property of passivity is necessary
for the discretization of the PDEs and the deriva-
tion of their numerical solution. This holds true
since a passive multidimensional (MD) circuit yield
a causal MD wave digital filter (WDF) which is
robust and stable [15]. In particular, in order
to obtain a MD passive circuit the following
Hadamard transformation is applied

t'=HY, (2.8)
where 1" = [t/ ¢} ¢} t]]" and where H is a suitable
orthogonal matrix defined by [9]

1 -1 -1 1
0 O = S R G
20-1 =1 1 1
TS S B

(2.9)

This is a transformation of the coordinate system
(including time). Defining the operators

0

Dy =—
oty

(k=1,2,3,4) (2.10)

and using the relations (2.9) and (2.10), the
following expression is derived

=H'D. (2.11)
From (2.11) and (2.9) the operators D/ may be
expressed in terms, of new derivative operators as
follows:

Dy =3(D{ = D), Do=YDE+ D),
D3=%(D” Dg),

Dy = (D] + D) = §(D§ + DY)

= LD} + DY) (2.13)
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or inversely

D/1/=D4+DI, D,2/=D4+D29 Dl3l:D4+D3,
Dy =D4y— D), D{=D4y—D; Df=D4—Ds.
(2.14)

The above relations can be considered as a
definition of the operators D} (i=1,2,3,4) in
terms of the operators D; (i = 1,2,3,4). Using the
above transformations and after some extensive
manipulations Eqgs. (2.6) and (2.7) may be rewritten
as follows:

7
Swi=f j=123, (2.152)
i=1

(2.15b)

10
E Ug; = 0’
i=1

where the variables u;; for j=1,2,3 are related to
the normalized velocities as follows:

uj; =/ LiD](\/Lig;), i=1,2,3,4,5
D! =Dy

(2.16a)
(2.16b)

w6 = D} (g; + P), w7 = Df,3(g;— p) (2.16¢c)

and for j=4, as follows

us; = /Lo;D!(v/Lo;p), i=1,23,4 (2.16d)

Uhirs = Uig, Usip7 = —Ui7, 1=1,2,3. (2.16e)

The parameters L; and L ; are given by

Li=pa o i=1,2,3,4,
U
L5 = 2(6 — 1),

vp—1 K
L(),‘=2 pA 1:[0’,‘—3+A—21—€,
p p

>

where K; and ¢ arbitrary real constants with £ > 1,
and where

U1 =q1 —q2 — g3 + 44,
U2 =—q1 +q» — g3+ qa,
U3 =—q1 —q2+ g3+ qa,

ups = q1+ 42+ g3 + qa,
y,=Lfdp_po [dp

g = Ry = = —
Y Vaq p) b ulp) p°

where for the derivation of the above relations it
has been assumed that the fluid is barotropic, i.e.
that the pressure is a unique function of the
density. Clearly this assumption covers the major-
ity of fluid mechanics phenomena. The variables
u; j, being a nonlinear transformation of the fluid
velocities are the unknowns in the linear system of
equations (2.15).

3 GENERALIZED KIRCHHOFF CIRCUIT
REALIZATION

It can easily be observed that the transformed
form of the Euler equations, namely the four
equations in (2.15) describe a generalized Kirchhoff
circuit [9] involving four loops, appropriately
interconnected.

The generalized Kirchhoff circuit involving the
four loops is shown in Fig. 1. The symbols L;, D}
(i=1,2,3,4,5) denote the operator applied to the
current §; (j=1,2,3) to yield the voltage u;; =
VL:D](v/Lig;) (see also (2.16a)). An analogous
definition holds for Ly, D/ (i=1,2,3,4 and 5),
D! (i=1,2,3,4,5). For more details see rela-
tions (2.16c) and (2.16d). The circuit in Fig. 1 is
passive if every element of the circuit is positive
ie. if

Ly,...,Ls >0, Loy, ..

GLuw >0, (3.0)

To analyze the above conditions consider the case
of a polytropic fluid, i.e. a fluid with pressure
depending upon the density by a relation of the
form: p=Cp" (where C,n are positive constants
real numbers with n>1). Using the assumption
that the fluid is polytropic and after some algebraic
manipulations, the conditions in (3.1) can be
expressed in form of denormalized variables as in
the following Lemma [9].
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3
FIGURE 1 Generalized Kirchhoff circuit.
LEMMA 3.1 If the following inequalities are
satisfied
3(” - l)pmax

Do Pmin
<2 <P — V3 man)s
2q4 - 2\/§qmax T aqs € (q4 qmaX)

(3.2)

where
Pmax = Maxp(1), gmax = max¢(1), pmax = max p(1)

then the circuit of Fig. 1 is passive.

LEMMA 3.2 The inequality in (3.2) is satisfied if
the generalized derivative of time qq4 is chosen to be

3(n — 1)pmax

>3
qda 2 \/—Qmax + 2omin

(3.3)

while the arbitrary parameters a and po can be
assigned to be

3(n—1
%: Q4\/ ( 2 )pminpmax-

(3.4)

Proof To prove the above relations, substitute
(3.3) and (3.4) into (3.2), to yield inequalities
identically true.

Combining Lemma 3.1 and Lemma 3.2, the
following theorem is established.

THEOREM 3.1 There always exists a passive gen-
eralized Kirchhoff circuit realization of the Euler
equations.

4 DISCRETIZATION ALGORITHM

In order to transform the circuit of Fig. 1 to an
equivalent reference WDF circuit the circuit must
first be discretized. To this end the trapezoidal rule
must be applied (see e.g. [16]) to the inductances
occurring in the circuit. With regard to the
trapezoidal rule it is important to point out that
it is one of the most accurate discretization rules.
Consider the case of an one dimension inductance

p=2

u = D(Li), Y

(4.1)
where 7is the original time variable, u is the voltage,
i is the current while L (the inductance coefficient)
is a constant. According to the trapezoidal rule, the
discretization takes on the form

(@) +u(i — To) = 22 [i(F) — i(f — To)],  (4.2a)

where Tj € R is the sampling period. The operator
mapping the discrete i to the discrete u is denoted
by RA(T)), ie.
u(f) = RA(Ty)i(f), R=2L/T,. (4.2b)
Since the inductances appearing in Fig. 1, are
strongly nonlinearly dependent upon the four
generalized spatial variables #{,¢},¢;,7; a more
generalized treatment has to be applied. Similarly,
to [11] consider the operator D = d(-)/0t{+
0(-)/0t) + 0(-)/0t; + O(:)/0t, differentiating the
argument quantity with respect to all elements of
the vector ¢/ = [t] #} ¢} ¢}]*. Furthermore, con-
sider the voltage, #(¢') defined by the following
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generalized inductance description:

7= E(t’)ﬁ(mf(l/)>’

where i(¢') is a generalized current. Apply the
general trapezoidal rule to the relation (4.3) to yield

(e (e
- % (Vi) - (VE) @ - 1],

where T’ is a vector of shift of the sampling having
the form

(4.3)

(4.4)

T =[T\ T, Ts Ty)' =aT,, To>0;

(4.5)

a=la a o a3]T, o; > 0.

The above sampling vector can be interpreted as
follows: Ty is the basic sampling period (scalar and
constant), T'=[T, T» Ts T4' is the vector of
sampling period for each transformed space and
time coordinate. The coefficients «; are the weight
coefficients for every sampling period respectively.
It is clear that as a; — 0 the discretization becomes
perfectly accurate. It is important to note that, in
many cases, since all elements of t' = [¢] #; ¢} #}]"
are in spatial dimensions the weighting coefficients
can be considered to be equal

aj=a', Ti=a'Ty= T(',.

The trapezoidal rule can be expressed in terms of
an operator, let A(7"){7-}, as follows

_2L(Y)

a(t') = ATH{r(e)i(t")}, #(t) T

(4.6)

In order to discretize the inductances in the
circuit of Fig. 1, i.e. the inductances

U = L,‘Di’{qj} (i=123,45) (j=12,3),
uje = Di{g;+py (j=123),

ui; =D} {4 —py (j=1,2,3),

us; = LoD[{p} (i=1,2,3,4),

the general trapezoidal rule is applied in accor-
dance to (4.6) to yield

ui(t') = AT {ri(t") (1)},
, _2L,’(ll)
ri(t') = T
(i=1,23,45) (j=12,3),

uig() = %A(T}'){@(r') LAY (=1.2.3),

(4.7a)

(4.7b)
uig(t') = AT/ 3){g(t') —p(")} (j=1,2,3),
(4.7¢)
usi(t') = A(T){ro(t")p},
roi(t') = EL"T#/) (i=1,2,3,4), (4.7d)
0

where the above shifting vectors (multidimensional
shifts) are defined by the relations

T =[T; 000]", T,=[0T)00],
T,=[00 T, 0], T;=[000T)]", (48)
Ts =Ty Ty Ty Tyl

T/ =[T5 00 T3]', 75 =[0 T3 0 T3],

TV =100 T, T)]", (4.92)
Ty =[0 Tj T3 0]', 7§ =[T5 0 T 0",
T! = [T}, T 0 0], (4.9b)

Based upon the discretization expressions in (4.7)
the discretized circuit, corresponding to the passive
circuit of Fig. 1, is derived to be the reference
circuit in Fig. 2 that follows. Based upon the
reference circuit of Fig. 2, the following set of
discrete equations is derived for the numerical
integration of the Euler equations.

7

Sult) =1, j=123,  (4.10a)
i=1

10
> (i) =0, (4.10b)
i=1

where the discrete voltages are defined in (4.7).
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AT Y NeweA(T )
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f* AT
A(T) 4}

A(T'){r,(t’)'}"'A(?){G(t')-}@z N,
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FIGURE 2 Reference circuit.

THEOREM 4.1 The set of nonlinear discrete equa-
tions approximating the Euler equations is the
multidimensional (M D) system of equations in (2.7)
and (2.10).

Remark 4.1 The MD system of equations in
(2.7) and (2.10) is in generalized state space
solvable form. Thus it can recursively be solved
around an area of the generalized time ¢'.

5 WDF REALIZATION

In this section the analytic and circuit forms of the
WDF realization of the reference circuit in Fig. 2,
or equivalently of the MD system of equations in
(2.7) and (2.10), will be derived. The analytic form
of the WDF realization is the formulation of the
numerical algorithm integrating the Euler equa-
tions. In order to derive a robust algorithm it is
suitable to adopt power waves instead of the
voltage waves usually preferred in wave digital
filtering [11]. Thus for a port of voltage u, current i
and nonconstant port resistance R > 0, the forward
a and the backward wave b are defined as follows:

ot + Ri _u—Ri
2VR’ 2VR '
The reference circuit in Fig. 2 can be analyzed into

four loops where only the forth loop is connected
to the other three. Based upon this observation and

(5.1)

Circuit
1
Adaptor N(1)
Circuit
0 Circuit
2
Adaptor N(2)
Circuit
3
Adaptor N(3)

FIGURE 3 WDF arrangement.

the theory of WDF [11], the reference circuit can be
realized by four WDF circuits where the fourth is
connected to the rest three by appropriate adap-
tors. Let Circuit i (=0, 1, 2, 3) be the WDF circuit
corresponding to the ith loop of the reference
circuit. Let N(i) (i=1,2,3) connecting the Circuit
i to the Circuit 0. Hence, the structure of the WDF
realization is that presented in Fig. 3. Realizing the
Connection i (Adaptor N(i)) and the Circuit i,
according to the WDF theory [11], the WDF circuit
in Fig. 4 is derived.

The arrangement of Fig. 3 contains 4 series
adaptors (0, 1,2, 3) according to the 4 mail loops in
Fig. 2, and additional adaptors marked N’(i) and
N"(i) (i=1,2,3). The required multiplier coeffi-
cients in these adaptors can be determined if the
corresponding port resistance are determined.
According to Fig. 2, and the results presented in
[9] the port resistances can be computed to be

2 4
R = — =
ik T(; Lka Rl,6 T6 ) (523)
k=1,2,3,4,5, i=1,2,3
2 4
Roy = f,)Lo,k, Rosti = ﬁ , (5.2b)
i=1,2,3, k=1,2,3,4

6
Rig=) Ry, i=123 (52
k=1
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According to (4.10), (4.7) and Fig. 4 the forward
waves, appearing in the adaptors (0, 1,2,3), are
expressed in terms of the backward waves at
previous “time” instants as follows:

aii (1, 13,63, 1) = by (¢t — T4, 13, 5, 14),

(5.3a)
i=0,1,2,3,
a2 (1,13, 13, 14) = bia (1], 15 = T, 15, 1), (5.3b)
i=0,1,2,3,
a3 (11 3, 15, 14) = bia (], 13, 15 = Tg, 14), (530
i=0,1,2,3,
sl ) =it = T,
i=0,1,2,3,
ais(t1, 13, 13, 14)
=bis(t] = To, t; = T 15— T 1 — T),
i=1,2,3. (5.3¢)

The equations defining the adaptors N'(i) and
N"() (i=1,2,3) are

aoai(t') = ag (1) + ajg(t'),

5.4a
a(t) = ~dhg () +alel), O
with
ai/,6(tl) = bil,6(t/ - T30,
(5.4b)
g 4i(t") = by g (t' = T}),
where
! ! l ! !
i6(t') = =5 (boa+i(t') + big (1)),
(5.4c)

1
boayi(t') = 5 (boari(t') — big(t')).

The equations of the three 7-port series adaptors
in the Circuits 1, 2 and 3 are

i=1,23 k=0,...,6,

(5.5a)

bik = aix — Vikdip,

Connection to Circuit (i-1)

a,’1 1
.1 ~
-10 Ry
g g
b) ; “0-1
a0,2 bg " b i6 Ri,Z
! - NGO e ay 2
4 ' ’ ' ] —l
b Ri7 |Bens B Rl R,
1“0,3 + Ro.4+i T3 T R, amé'j
-1 R, va, a LR .
» N 4+i a]\;-:?r,ﬁ Ris R,-, T
b %1 v —J a b ¢
a 3 i6 a
e o Adaptor N(i) 20-1
> s T
{04 i=1,2,3 O i
hie® 2 >,
1,
Circuit (0) wund!
'fio r
Connection to Circuit (i+1) b 0
Circuit (i)
FIGURE 4 Analytic WDF arrangement.
where
_ J 2Rk
a0 = Z Aiks ik = &
=0 > Rix
k=0
i=1,23, k=0,...,6. (5.5b)

The equations of the 7-port series adaptor in the
Circuit 0 are

6
box = a0k —Yokdop, boy=— <Z bo + 50,0) ;
=1

k=1,...,6, (5.6a)

7
oo = Zao,k, Yok =——3—IS&, k=1,...,6.
k=t > Rok
k=1
(5.6b)
We are now in position to establish the following
theorem.

THEOREM 5.1 The WDF circuit realizing the
Euler equations is the circuit in Figs. 3 and 4. The
set of discrete M D equations numerically integrating
the Euler equations is the set of Egs. in (5.3)—(5.6).

It is convenient to express the set of MD
equations numerically integrating the Euler
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equations in terms of discretized currents and
voltages of the reference circuit in Fig. 2. To this
end we present the general formula expressing the
voltage u and the current i in terms of the forward
and backward waves a and b as well as the
resistance port R, i.e. the formula

a->b
TR
Clearly, relation (5.7) is the inverse of the relation
(5.1). Expressing for each port, the port voltage in
terms of the corresponding incident wave, the
corresponding port resistance, and the loop
current, and recalling that the sum of the loop

voltages is zero, the following equations are
derived

s 5
2> ani/Rak—ir Y Rax
=0 =0

u=(a+b)VR, i=

(5.7)

=2ay6v/Rrs — Rasire, A=1,2,3, (58a)

4 4
2 Z ao e/ Rojx — P Z Ro

=1 =1
7
=Y [2a0x+/Roj — Rogiox) (5.8b)
=5

where

ire = (are — brgs)//Russ

iO,k = (ao7k—b0,k)/\/R()7 , A= 1,2,3, k= 5,6,7.

The set of equations in (5.8) can be expressed
equivalently as follows:

5 5
2Y ane/Rok —dr ) Rog
k=0 k=0

= 2ay 4,3/ Roasr — Roara(gr — P)
+2a5 7/ Rrs — Ras(gr +5), A =1,2,3.

(5.9a)
4 4
2 Z ap i/ RO,k —-p Z RO,k
k=1 =1
3
=3 [2"6,4+A\/ Ro4+x — Roara(Gr — p)
pu
+2a; 67/ Rrs — Rys(Gx + 13)]. (5.9b)

The set of equations in (5.9a and b) is equivalent to
the set of equations in (5.5) and (5.6), respectively.
The equations in (5.9) have the advantage that at
any instant they have to be solved with respect to
the original unknowns p and ¢, of the Euler
equation (2.15).

In what follows and after substituting the port
resistances by their values, the set of equations in
(5.5), (5.6) and (5.9) can be rewritten as follows:

2
2 =laiq aip a3 a14 ais)
Ty

- 1/2 7
. Q1 —q2—q3t+qa
(Pa‘]4 ) )

Uy

1/2
A Q1T 42— g3+ q4
(Pa% 2 >

Uy
v o 1/2
(ﬁaq4 q1 42:—43-“]4)
u
0
12
(ﬁaq4fI1+l12+2(I3+fI4>
u
0
I 2(e - 1) |
4q, [4paq}
- 241
qJéﬁ[ 0 e+
~ 49 1/2
paqs
2 -2
+ a1,0<u%T(,) 5)
8 /T T!
— o G55+ Al g5 — il =o.
Ty | ™ 2 © 2 qav/a

(5.10a)

2
2 [=lax1 ap a3 ars ars)
To

( QI"QZ_‘]3+(]4)1/2_
4 2

Uy
(A 4—ql+lI2—(J3+fI4>1/2

paq 2

% o 1/2
R QG —q2+q3+qa
(Pa% 5 )

Uy

2
Uy

[2(e — 1))
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4q, [4paq;
— -2 1
T e

~ 42 1/2
pPa g
2 -2
+ a2’0<u(2)T6 6)

66\/7(/) / \/T(;__ q2 }:0.

2 Y T uva

T

2
2 |=las1 azp a3 aza azs]
To

_ 12 T
.1 —q2—q3+qa
(Pa(h ) )
Uy

1/2
. 41+ —q3+qs
(9‘1(14 1 ) q)
Uy

(5.10b)

2

12
x| (. —q—gta+
(paq4 a9 —q@+q3 614>
Uy

172
A~ + + +
( ' AQ+q+4qs3 614)

g
i 2(e —1)]'? 1
4qs  [4paq;
- -2 1
9 Tova [ g ety

) 1/2
Pa 4y
2a -2
wom (=)

[a67\/2_+ VT q3]=0.

!/
362

To qar/a
(5.10c)
2 i[a app a03 do4)
T 0,1 do2 doj Qo4
vp—1q —q@—q3+qa K, 12
Pl T
p Vags P
vp—l-qi+ -+ aq K\
2 3+——e
y p Vags p?
vp—1—q1—q+qs+q4 K, 1/2
2— -3+5-¢
Vaqs P
(2'//3*1!11+(I2+Q3+614_ K1—5>1/2
L p vags P i

8 “ V,f)—l K]
g
8 T
__T—(’) 2[a05+a16+a06+a26+a07+a36]
g1+ ¢ +q3}
0, 5.10d
qav/a (5:10d)
a,‘,l(t’):b,Yl(t’—Tl’), i:0,1,2,3, (5.106)
aip(t') = bi,z(t’ — Tﬁ), i=0,1,2,3, (5.10f)
a,,g(t’) = b,"3(t/ — Té), i=0,1,2,3, (510g)
aia(t') = b,~,4(t’ — Té), i=0,1,2,3, (5.10h)
ai,5(t’) = bi’S(l/ — Té), i=1,2,3. (5101)
1
a0,4+i(t ) z (bO 4+i + bl 6)( T3+,)
1 .
+ 5 (boasi = big)(t' = T7),  (5.10))
1
aps(t') = =5 (boa+i + b o)t = T3,)
1
-z-(bo 4i — b,’ys)(t/ - Ti”)' (5101()

Clearly, all variables in (5.10a—d) are functions of
the generalized time ¢’ except the constants T}, a
and e, which has to be specified for the faster
convergence of the algorithm.

Based upon the above system of equations the
following theorem is established.

THEOREM 5.2 The MD WDF integration of the
Euler equations is the set of nonlinear MD equa-
tions in (5.10) and (5.7).

From the computational point of view, the
problem of solving the Euler equations has been
reduced to that of solving a nonlinear algebraic
system of equations.

6 CONCLUSIONS

In this paper the problem of numerically integrat-
ing the Euler equations has been studied. A
numerically stable and numerically robust discre-
tization has been derived, via appropriate passive
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WDF realizations. The analytic expression of the
nonlinear discrete equations, approximating the
Euler equations, is determined. The nonlinear MD
WDF equations numerically integrating the Euler
equations are analytically determined. The present
results appear to contribute to the numerical
solution of many fluid dynamic problems as well
as in controlling distributed parameter flight
systems. Work is under progress for the expression
of physical properties of the Euler equations in
terms of the respective MD WDF equations.
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