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We first give sufficient conditions for the permanence of nonautonomous discrete ratio-
dependent predator-prey model. By linearization of the model at positive solutions and
construction of Lyapunov function, we also obtain some conditions which ensure that a
positive solution of the model is stable and attracts all positive solutions.

1. Introduction

In the theoretical ecology, permanence and global stability of the population model are
very important. There are extensive literature related to these topics for differential equa-
tion models (see [3, 6, 7, 8, 9, 12] and the references cited therein). Recently, there has
been a tendency for some researchers in the field of difference equations to develop some
new methods which are analogous to those used in the study of differential equations.
(See, e.g., [1,2,4,5, 10, 11] and the references therein.)

In [5], Fan and Wang considered the following discrete periodic ratio-dependent
predator-prey model:

x1(k+1) =x1(k) eXp{a(k) — b(k)x, (k) — - c(k)xy (k) }’

(k)2 (k) +x1 (k)
fk)x1(k) }
(k)xy (k) +x1(k) )’

(1.1)

o(k+1) = xz(k)exp{ —d(o+ -

and establish sufficient conditions for the existence of a positive periodic solution of the
periodic system (1.1). In this paper, we will establish sufficient conditions for the per-
manence of system (1.1) and also obtain some conditions which ensure that a positive
solution of the model is stable and attracts all positive solutions.

First, we present two definitions.

Definition 1.1. System (1.1) is defined to be permanent if there are positive constants M
and m such that each positive solution {x;(k),x,(k)} of system (1.1) satisfies

m < limkinf xi(k) <limsupx;j(k) <M, i=1,2. (1.2)

k— o0
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Definition 1.2. System (1.1) is defined to be globally asymptotically stable if a positive
solution of system (1.1) is stable and this solution attracts all positive solutions.

Throughout this paper, we will assume that a(k), b(k), c(k), d(k), m(k), and f(k)
are bounded nonnegative sequences, and use the following notations: for any bounded
sequence {u(k)},

uM = supu(k), ul = inf u(k). (1.3)
keN keN

For biological reasons, we only consider solution {x; (k),x,(k)}, with x;(0) > 0, x,(0) > 0.
The organization of this paper is the following. In the next section, we establish the

permanence of system (1.1). In Section 3, we obtain the sufficient conditions which en-

sure that a positive solution of system (1.1) is stable and attracts all positive solutions.

2. Permanence

In this section, we establish a permanence result for system (1.1).

LemMma 2.1. For every solution {x,(k),x2(k)} of (1.1),

Ilim supx; (k) < By, %im supx,(k) < By, (2.1)

where

B1=max{aM exp(aM—l)}, Bz={fMBl fBy exp{dL+fM}} (2.2)

BT b mbdL’ mldL

Proof. Clearly, x;(k) >0 and x,(k) > 0 for k = 0. We first prove that

llim supx; (k) < By. (2.3)

To prove (2.3), we first assume that there exists an Iy € N such that x;(lp + 1) = x;(ly).
Then,

c(lo)x2 (k) -
a(IO) - b(l())xl(lO) - m(lo)xz(lo) +x, (ZO) > 0. (24)
Hence,
x1 () < 283 < ‘;—If (2.5)
It follows that
c(lo)x2(lo)
X1 (l() + 1) = X1 (l()) exp {a(lo) - b(lo)x1 (lo) - m(lo)xz(lo) 1 (l()) }
< x1(lp) exp {a(ly) — b(lo)x:(Ip)} (2.6)

exp (@M —1)

< x(Ip) exp {a™ — blx, (I} < o ,
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here we used

exp(a—1)

max {xexp(a—bx)} = , fora,b>0. (2.7)
xeR b

We claim that
X](k) < By, fork > lo. (28)

By way of contradiction, assume that there exists a py > [y such that x;(py) > B;. Then
Po = lo+2. Let po = Ip + 2 be the smallest integer such that x;(po) > B;. Then x;(po-1) <
x1(Po). The above argument produces that x;(py) < Bj, a contradiction. This proves the
claim. Now, we assume that x;(k + 1) < x;(k) for all k € N. In particular, limy_« x; (k)
exists, denoted by ¥;. We claim that x; < a™/b%. By way of contradiction, assume that
X1 > aM/bt. Taking limit in the first equation in system (1.1) gives

c(k)xa (k) B
m(k)xa (k) +x1(k)> =0, (2.9)

lim (a(k) —b(k)x; (k) —

— 00

which is a contradiction since

B B c(k)xy (k) _ M L=
a(k) — b(k)x; (k) m(k)xs (k) +x, (K) <alk)-bk)xi(k)<a b"x1 <0, fornmeN.
(2.10)
This proves the claim. Note that a™/b* < By. It follows that (2.3) holds.
Next, we prove that
%im supx, (k) < B,. (2.11)

At first, we assume that there exists an 19 € N such that x,(n9 + 1) = x,(ng). Then

f(”o)xl("o)

—d(ng) + (o) %2 (10 201 (o) > 0. (2.12)
Hence,
~dt) + LA
0/ (2.13)
% (10) = f(no)x1(no) _ fMB
200 (ne)d(ng) — mkdl
It follows that

[ (19)x1(no) }

xz(i’lo + 1) = xz(”o) exp{ - d(l’l()) + m(no)xz(no) + X1 (T’lo)

(2.14)

MpB
< {nLdLl exp{ —d-+ fM}.
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We claim that x,(k) < B for k > ng. By way of contradiction, assume that there exists a
qo > 1o such that x,(qo) > B,. Then qo = 1o + 2. Let gy > 1y + 2 be the smallest integer such
that x2(go) > Ba. Then x,(Go-1) < x2(go)- The above argument produces that x(go) < Ba,
a contradiction. This proves the claim. Now, we assume that x,(k + 1) < x,(k) for all k €
N. In particular, limk_ x> (k) exists, denoted by x,. We claim that x, < f¥B;/mtd". By
way of contradiction, assume that X, > fMB,/m!d". Taking limit in the second equation
in system (1.1) gives

(O Floxtk)
im ( AR+ ol +am )~ 2.15)
which is a contradiction since
) flxt) o fMB
d(k)+ %K)+ 21 (F) <-—d"+ i <0. (2.16)
It follows that (2.11) holds. This completes the proof. O
LEmMMA 2.2. Assume that
LM L M
a>—, fr>a”. (2.17)
Then
limkinf x1(k) = Dy, limkinf x;(k) = Dy, (2.18)
where
. L_ M/l M L_ M/l
D, = mln{ab#exp {aL —bMB, — %},ab#}’
fL aM fL aM fLD (2.19)
_ . - - M 1
D, = mln{ mMdm Dy, mMdgM exp{ ar mMB, + D, }}
Proof. We first show that
limkinf x1(k) = D;. (2.20)

According to Lemma 2.1, there exists a k* € N such that

x1(k) <Bi+€, x(k)<B,+e¢, for k > k*. (2.21)
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Firstly, we assume that there exists an Iy > k* such that x; (Ip + 1) < x,(lp). Note that, for
k> l(),

x1(k+1) = x; (k) exp {a(k) —blk)xi (k) — m<k>c$()zf§(+kil<k> }

> x1(k)exp {a(k) —b(k)x, (k) - ;((kk)) } (2.22)

M
> x, (k) exp {aL — My, (k) — W}

In particular, with k = [y, we have

L_ 1M M
a —b X](l()) - ﬁ <0, (2.23)
which implies that
L_ M/,L
x(h) =2 bCM/m (2.24)
Then
L_ My,,L M
x1(lp+1) = abC—M/mexp{aL—hM(B]+€)—%}. (2.25)
Let
L_ M/l M
e = b—Mmp{ (Bt e) - m_} 226)
We claim that
x1(k) < x1¢, fork > I. (2.27)

By way of contradiction, assume that there exists a pg > Iy such that x;(po) < x1¢. Then
Po = lo+2. Let P > Iy + 2 be the smallest integer such that x; (po) < x1¢. Then x;(po — 1) >
x1(Po). The above argument produces that x;(po) > x1¢, a contradiction. This proves the
claim. Now, we assume that x;(k + 1) > x; (k) for all k € N. In particular, limy_« x; (k)
exists, denoted by x,. We claim that

(a — cM/mt)

X, = i (2.28)
By way of contradiction, assume that
L_ M/l
y < Bz e/mt) (2.29)

M
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Taking limit in the first equation in system (1.1) gives

| ) L dn®) )
lim (a(k) bk (k) = - SR s ) <0, (2.30)
which is a contradiction since
| ) ST A
lim (a(k) — (kw1 (k) — ol o) 2 e -V =0 @3
This proves the claim. It follows that (2.20) holds.
Next, we prove that
lim inf x,(k) > D,. (2.32)

k— o0

At first, we assume that there exists an ng € N such that x,(ng + 1) > x,(n9). Note that,
for k > ny,

Xz(k-f—l):xz(k)exp{_d(k)_'_m f(k)XI(k) }

(k)x2 (k) + x1 (k)
FHD (2.33)
1
= xz(k)exp{ - d(k) + m}
In particular, with k = ng, we get
f(no) Dy
—d + <0, 2.34
(o) m(no)xz(no) + Dy (234)
which implies that
L_gM
xz(l/l()) = M M D,. (235)
Then
fL—aM e fLDy
x(ng+1) = M Dy exp d +—mM(Bz+€)+D1 . (2.36)
Let
I oM f'D
Xoe = oV g D exp av + (B, ¢) 4Dy |’ (2.37)

We claim that x; (k) = x;¢ for k = ng. By way of contradiction, assume that there exists
a qo = ng such that x,(qo) < x2¢. Then gqo = 1y + 2. Let o = np + 2 be the smallest inte-
ger such that x,(go) < x2¢. Then x2(go — 1) > x2(qo). The above argument produces that
x2(qo) = x2¢, a contradiction. This proves the claim. Now, we assume that x,(k+ 1) <
x,(k) for all k € N. In particular, limy_ . x> (k) exists, denoted by x,. We claim that

L _ M
./ —d

X =
=27 mMgM

D;. (2.38)
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By way of contradiction, assume that

L_dM

X, <

Taking limit in the second equation in system (1.1) gives

a FRxk) )
fim ( At o +m k) )~ (240)
which is a contradiction since
a f(k)xi (k) oM ftD,
d(k)+ m(xa (k) +x (F) > —dv + 4mM§2 D >0. (2.41)
It follows that (2.32) holds. This completes the proof. O

Now, by Lemmas 2.1 and 2.2, we can easily obtain the following result.

THEOREM 2.3. Assume that

L M Ly gM
a >ﬁ’ f > . (2.42)

Then system (1.1) is permanent.

3. Global stability

In this section, we derive sufficient conditions which guarantee that the positive solution
of (1.1) is globally stable. Our strategy in the proof of the global stability of the positive
solution of (1.1) is to construct suitable Lyapunov functions

THEOREM 3.1. In addition to the assumptions made in Theorem 2.3, assume further that
(1) there exist positive constant v and positive constants n;, i = 1,2, such that

c(k) _ f (k) f(k)D, _ c(k)
4m(k)D; ny 4D, N (m(k)BerBl)z m4m(k)D2} >y, (3.1)

min jil’llb(k) —m

for all large k, where D; and B; are given in Lemmas 2.1 and 2.2,
(ii) b(k)By < 1 and f(k) < 4 for all large k, where By is given in Lemma 2.1.

Then system (1.1) is globally asymptotically stable, that is, a positive solution of (1.1)
is stable and attracts all positive solutions.

Proof. Let {x{(k),x5 (k)} be a positive solution of (1.1). We prove below that it is uni-
formly asymptotically stable. To this end, we introduce the change of variables

ur(k) =xi1(k) =xi'(k), (k) = x2(k) — x5 (k). (3.2)
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System (1.1) is then transformed into

ul(k+1)=x1(k)exp{a(k)—b(k)xl(k)— etk (k) (k) }

m(k)xz (k) + x (k)
c(k)xi (k)x5 (k) }
ar(k)x3 (k) +xf (k) )’

w(k+1) = x,(k) exp { p (k)fg()lf)likil G d(k)}

: £t ()
e | a4

—xf (k)exp {a(k) — b(k)x} (k) -
(3.3)

which, by Taylor formula, can be rewritten as

(k1) = exp {a(k) ot - SR W5 }

m(k)x3 (k) +x7 (k)

o () e O (O () ) .
. (<1 P O s ) 4 ar )2 )

a (m(k)i(*k()]j)li];)*(k))zxf(k)uz(k) +f1(k,u(k))>,
2 1

wp(k+1) = exp{ flxi(k) d(k)}

(3.4)

m(x (k) + 7 ()
y ((1 _ FURmUk)xt (k) (k) )uz "
(mk)xs (k) + x5 (k)

L SRm) (x5 ()
(m(lx5 (k) + 7 (K)

() + fz<k,u<k>)),

where | fi(k,u)|/llull converges, uniformly with respect to k € N, to zero as [[u|| — 0. In
view of system (1.1), it follows from (3.4) that

ul(k+1):x;*(k+1)<<1_b(k)xik(k)+ c(k)xf (k)x3 (k) )ul

(k
(m(k)x3 (k) +xF (k))* ) 1 (k
c(k)xf (k) 1 (k, u(k))
" (mk)x3 () + 27 (0)) b+ X7 (k) >
fk)m(k)xi <k>xz<k>) us (k)
(m(k)xs (k) +xi (k) ) %3 (k)
fym(k)x; (k) )+ folk, u(k)) )
(m(k)xt (k) + x5 (k))* x5 (k)

)
)

(3.5)

uy(k+1) =x3 (k+1)<<
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where | f;(k,u)|/|lull converges, uniformly with respect to k € N, to zero as |lu|| — 0. We
define the function V by

uj (k)

us (k)
xi (k)

V (u(k)) = m +m x;‘(k) : (3.6)

where n; are positive constants given in (i). Calculating the difference of V along the
solution of system (3.5) and using (ii), we obtain

c(k) f)\
"4m(k)D, " 4D, )xl (k)

_ f()Dy c(k) >*
("2 (mkB, 2B " amD; 2P

|Alkut)| | fi(kuk)]
R 1 B e Y75 B

AV < — <n1b(k) -n

u (k) ‘
xi (k)

uz (k) 37
(k) ' 57

for large k.

Since | f;(k,u)|/|lull converges uniformly to zero as ||u|| — 0, it follows from condition (i)
and Theorem 2.3 that there is a positive constant y such that if k is sufficiently large and

lu()ll <y,

v < a0l o8
By [1], we see that the trivial solution of (3.5) is uniformly asymptotically stable, and so
is the solution {xj"(k),x5 (k)} of (1.1). Note that the positive solution {x(k),x,(k)} is
chosen in an arbitrary way. Proceeding exactly as in [11], we conclude that the positive
solution {x{*(k), x5 (k)} of (1.1) is globally stable. The proof is complete O
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